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Abstract 
It is not economical, nor practical, to design structures to remain elastic following a 
major earthquake event. Therefore, traditional seismic design methodologies require 
structures to respond inelastically by detailing members to accommodate significant 
plasticity (“plastic hinge zones”). It can be appreciated that, while life-safety of the 
occupants is ensured, structures conforming to this traditional design philosophy will 
be subjected to excessive physical damage following an earthquake. Thus, the direct 
costs associated with repair and the indirect costs associated with business 
interruption are expected to be great. Adding to this, structures located within a near-
field region, close to a surface rupture, can be subjected to large velocity pulses due to 
a ground motion characteristic known as forward directivity in which a majority of the 
earthquake’s energy arrives within a very short period of time. Conventionally 
constructed systems are, in general, unable to efficiently deal with this ground motion. 
 
In the last two decades, advanced solutions have been developed to mitigate structural 
damage utilising unbonded post-tensioning within jointed, ductile connections, 
typically combined with hysteretic damping. While there is a growing interest 
amongst the engineering fraternity towards more advanced systems, their 
implementation into mainstream practice is slow due to the lack of understanding of 
unfamiliar technology and the perceived large construction cost. However, even 
considering such emerging construction technology, these systems are still susceptible 
to excessive displacement and acceleration demands following a major velocity-pulse 
earthquake event.  
 
In this research, the behaviour of advanced post-tensioned, dissipating lateral-resisting 
systems is experimentally and analytically investigated. The information learned is 
used to develop a robust post-tensioned system for the seismic protection of structures 
located in zones of high seismicity within near-field or far-field regions. 
 
A series of uniaxial and biaxial cyclic tests are performed on 1/3 scale, post-tensioned 
rocking bridge piers, followed by high-speed cyclic and dynamic testing of five 1/3 
scale, post-tensioned rocking walls with viscous and hysteretic dampers. The 
experimental testing is carried out to develop and test feasible connection typologies 
for post-tensioned rocking systems and to improve the understanding of their 
behaviour under cyclic and dynamic loading. 
 
Insights gained from the experimental testing are use to extensively refine existing 
analytical modelling techniques. In particular, an existing section analysis for post-
tensioned rocking connections is extended to assess the response of post-tensioned 
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viscous systems and post-tensioned connections under biaxial loading. The accuracy 
of existing macro-models is further improved and a damping model is included to 
account for contact damping during dynamic loading. 
 
A Direct-Displacement Based Design (DDBD) framework is developed for post-
tensioned viscous-hysteretic systems located in near-field and far-field seismic 
regions. The single-degree-of-freedom (SDOF) procedure is generic and has 
applications in new design and retrofit, while the multi-degree-of-freedom (MDOF) 
procedure is developed specifically for continuous bridge systems. Detailed design 
guidelines and flow-charts are illustrated to encourage the knowledge transfer from 
this report and to promote the use of emerging technology. 
 
Combining the information gathered from experimental testing, modelling and design, 
a probabilistic seismic hazard analysis is performed on three post-tensioned viscous-
hysteretic bridge systems. In all cases, the post-tensioned bridge systems are shown to 
be more feasible than a traditional monolithic ductile bridge. Furthermore, while a 
post-tensioned hysteretic bridge is shown to be the most economic solution, the 
viscous-hysteretic system becomes more advantageous as the cost of fluid-viscous-
dampers reduces. 
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Nomenclature 
a βc 
a(t) System acceleration at time t 
Ae Area of effectively confined core 
Acc Area bound by the centreline of the peripheral hoops (confined core) 
Ag Gross area of the section 
Apt Area of prestressing tendon 
Ar Aspect ratio of the section (He/lw) 
Ashx Transverse reinforcement ratio providing confinement in the x-direction 
Ashy Transverse reinforcement ratio providing confinement in the y-direction 
  
bex Length of effectively confined core in the x-direction 
bey Length of effectively confined core in the y-direction 
B Width of a rectangular section 
  
c Neutral axis depth 
cvd 
Damping coefficient of the supplementary viscous damper (local 
element level) 
Cc Resultant concrete compression force 
Cc Critical damping 
CVD 
Damping coefficient of the system (global level) due to the 
supplementary viscous devices. 
CVD,i Damping coefficient of DOF i 
Ce Confinement effectiveness coefficient 
  
dvd Distance from centreline of section to damper group 
dpt,i Distance from the centreline of the section to the post-tensioned tendon 
dpt Distance from the centreline of the section to the post-tensioned tendon 
D Depth of a rectangular section or diameter of a circular section 
  
Ems Young’s modulus of elasticity of mild steel reinforcement 
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Ept Young’s modulus of elasticity of prestressing reinforcement 
Ec Young’s modulus of elasticity of concrete 
Esec 
Secant modulus of elasticity of confined concrete to peak confined 
concrete stress 
  
fyh Yield stress of transverse/hoop reinforcement 
fs,ms Stress in mild steel reinforcement 
fc Longitudinal concrete compression stress (confined or unconfined) 
f’c Maximum unconfined concrete compressive stress 
f’cc Maximum confined concrete compressive stress 
fl Lateral confining stress 
fl,e Lateral confining stress within the effectively confined core 
fl,i Lateral confining stress within the ineffectively confined core 
fl,m 
Lateral confining stress within the ineffectively confined core due to 
perimeter cover protection providing a moderate level of confinement. 
fpt,i Stress in the post-tensioned tendon 
fpt,y Yield stress of prestressing reinforcement 
fms Mild steel stress 
fy,ms Mild steel stress at yield 
fu,ms Mild steel ultimate stress 
fx,ms Mild steel stress at a strain of εx,ms 
fpt Post-tensioned steel stress 
fy,pt Post-tensioned steel stress at yield 
fu,pt Post-tensioned steel ultimate stress 
fx,pt Mild steel stress at a strain of εx,pt 
F Applied lateral load 
Fvd Force in the viscous damper element 
FVD,sys 
Equivalent viscous damper force at the effective height of the SDOF 
substitute structure 
Fvd Force in viscous damper  element (local level) 
FVD,sys Equivalent system force due to viscous damper elements 
Fdamp,i Viscous damper force of damper group i 
F1 Larger lateral confining stress of two directions 
F2 Smaller lateral confining stress of two directions 
  
hw Height of the section (vertical plan) 
hcx Length between centreline of peripheral hoops in x-direction 
hcy Length between centreline of peripheral hoops in y-direction 
H Clear cantilever height 
Nomenclature  xix 
He Height to effective mass 
Hi Height at level i 
Hn Height of structure at level i=n 
  
Ie Effective second moment of area of the section i.e. Ie=κIg 
  
jd0.5lw Internal lever arm to the centreline of the section 
jdapprox Approx internal lever arm of the section 
jdpt,i Internal lever arm to the post-tensioned tendon duct i 
jD Internal lever arm to the centroid of the viscous damper forces 
jdvd,i Internal lever arm to viscous damper group i 
  
kpt,i Axial stiffness of post-tensioned tendon group i 
Ke Effective stiffness of the SDOF system at the target displacement 
Kred 
Tendon axial stiffness modification factor to account for elastic 
shortening of the precast element 
  
lsp Strain penetration length 
lub or lub,pt Unbonded length of the post-tensioned tendons 
lub,ms Unbonded length of the mild steel reinforcement 
lw Section length (depth in the horizontal plane specific to a wall section) 
Lp Plastic hinge length 
  
me Effective mass 
mi Mass at level i 
M Applied Moment 
Mn Nominal moment capacity of the rocking section 
Mn,pc Nominal moment capacity of the precast element 
Mi Moment demand 
Mdec Decompression section moment 
Mvd Viscous damper moment contribution of the section 
  
nvd Total number of supplementary viscous dampers within the section 
nvd,i Total number of viscous dampers at location i 
nvis Total number of viscous damper groups 
npt Total number of post-tensioning tendons in section 
npt,i Total number of post-tensioning tendons at duct i 
nduc Total number of tendon ducts (groups) 
N Axial load 
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P Lateral load 
Pi Applied load at DOF i 
P Power factor describing the non-linear strain-hardening curve of steel 
  
Rξ Damping constant used within the EVD formulation 
  
s Spacing of the transverse reinforcement sets (centre to centre spacing) 
Sξ% ξ% damped, spectral response: displacement, velocity or acceleration 
S5% 5% damped, spectral response: displacement, velocity or acceleration 
  
tw Section width 
t time 
T Period of the system 
Te Effective period of the SDOF system at the target displacement 
Tpt,0 Total initial post-tensioning force within the section 
Tpt,req Total post-tensioning force required at the design displacement/rotation 
Tpt Total post-tensioning force within the section 
  
v(T,ξ) Damped spectral velocity 
v(T,5%) 5% damped spectral velocity 
vr 
Design velocity of the SDOF system at the effective height (global) 
when ∆(t)=∆r 
vd Pseudo-spectral velocity of the SDOF system corresponding to ∆d 
vvd Velocity of the viscous damper element 
vdv  Average velocity of all viscous dampers in the section 
v(t) Velocity at time t 
Vb Design base shear of the system 
Nomenclature  xxi 
α Concrete stress block factor (Whitney Stress Block Analogy) 
α Spectral displacement damping reduction power coefficient for DDBD 
α Viscous damper velocity power coefficient 
α1 Confinement factor 
α2 Confinement factor 
  
β Concrete stress block, length factor 
βvd Ratio between the system damping coefficient and the local damping coefficient, βvd = Cvd/cvd 
βvd,i Ratio between the damping coefficient at the top of the pier and the local damping coefficient, βvd,i = Cvd,i/cvd 
  
χ Dimensionless neutral axis depth χ=c/D 
  
δi Normalised displacement at level i 
∆i Displacement of level i 
ivd ,
•∆  Velocity of viscous damper group i  
∆e Elastic displacement 
∆ Displacement 
∆(t) System displacement at time t 
∆d Design displacement at the effective height 
∆d,ξ Target/design displacement of the SDOF substitute 
∆εpt,i Strain increment due to tendon elongation 
∆i Displacement at level i 
∆pt,i Displacement elongation of the post-tensioned tendon 
∆ls Limit state displacement 
∆y Yield displacement 
∆r Design displacement of the SDOF system for post-tensioned viscous systems 
∆Tpt,i Total tendon force increment due to tendon elongation 
∆vd,i Displacement of the viscous damper group i 
∆vd Viscous damper displacement at centroid of viscous damper force 
  
εc Concrete compression strain at the extreme edge of the section 
εcc Concrete compression strain corresponding to the peak confined compressive stress 
εco Concrete compression strain corresponding to the peak unconfined compressive stress 
εsp Spalling strain of concrete 
εdc,c Concrete compression limit for the damage control limit state 
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εdc,c Concrete compression limit for the damage control limit state 
εc,ls Limit state strain of concrete in compression 
εs,ls Limit state strain of steel in tension 
εs Steel strain 
εs’ Steel strain in compression 
εsu Steel strain at the ultimate stress 
εx,ms Mild steel strain on strain-hardening portion of monotonic curve 
εms Mild steel strain 
εy,ms Mild steel strain at yield 
εsh,ms Mild steel strain hardening 
εu,ms Mild steel strain at ultimate stress 
εpt Post-tensioned steel strain 
εy,pt Post-tensioned steel strain at yield 
εu,pt Post-tensioned steel strain at ultimate stress 
εx,pt Post-tensioned steel strain on strain-hardening portion of monotonic curve 
εsh,app Apparent strain hardening due to cyclic loading 
  
φdec Decompression curvature 
φο Section over-strength action due to material over-strength characteristics 
φ Bridge displaced shape  
φls,c Curvature corresponding to concrete compression limit state 
φls,s Curvature corresponding to reinforcement tension limit state 
φy Yield curvature 
φBL Base shear reduction factor to account for a bilinear loading envelope 
21−Φ  Geometric relationship between damper forces within group 1 and 2 
32−Φ  Geometric relationship between damper forces within group 2 and 3 
  
γvd Geometric constant relating system velocity to damper velocity 
Γ∆ Rigid body displacement/rotation reduction factor 
  
η Spectral reduction factor 
ηdisp Spectral displacement reduction factor 
ηvel Spectral velocity reduction factor 
  
kφ Yield curvature coefficient 
  
λ Moment ratio defined as ( ) msNpt MMM +=λ . Also referred as the re-
centring ratio. 
Nomenclature  xxiii 
λ Constant to convert secant stiffness damping to tangent stiffness damping in DDBD. 
  
µ Dimensionless moment demand 
µ∆ Displacement ductility 
  
ρv Transverse reinforcement ratio 
ρax Transverse reinforcement ratio providing confinement in the x-direction 
ρay Transverse reinforcement ratio providing confinement in the y-direction 
  
θ Base rotation of the section (assuming rigid cantilever action) or lateral drift of the system θ = ∆d/He 
θd Design inter-storey drift or building drift ratio 
θrb Design base rotation of the section reduced to account for elastic displacements (rigid body rotation) 
θr Design base rotation, reduced for non-zero velocity 
θ∆ P-∆ stability index 
  
ω Circular natural frequency or angular velocity 
Ω 
Ratio of the supplementary damping coefficient Cvd to the critical 
damping Cc of the system, defined as the Supplementary Damping Ratio 
(SDR), Ω = Cvd/Cc 
  
ξel Elastic component of equivalent viscous damping ratio 
ξvd Viscous damper component of equivalent viscous damping ratio 
ξhyst Hysteretic component of equivalent viscous damping ratio 
ξeq Equivalent viscous damping ratio 
disp
eqξ  Equivalent viscous damping ratio appropriate to the damped displacement 
vel
eqξ  Equivalent viscous damping ratio appropriate to the damped velocity 
ξss Equivalent viscous damping ratio of the superstructure 
ξi Equivalent viscous damping at DOF i 
ξel,i Elastic damping at DOF i 
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1. Introduction and Scope of the Research 
1.1. INTRODUCTION 
The importance for design engineers to provide modern societies with structures that 
have a superior level of performance for resisting a major earthquake event has 
become widely accepted. Engineers are required to design structures, which will not 
only remain operational after a major earthquake event, but should also limit direct 
costs associated with repair and indirect financial loss associated with business 
operation and downtime. 
 
As seismological research continues to create a better understanding of the energy 
characteristics of earthquakes, the objective stated above becomes more difficult to 
achieve. For example, ground motions recorded within 10-20km of an earthquake’s 
rupture surface are shown to contain an earthquake characteristic known as forward 
directivity, where a majority of the earthquake’s energy arrives to a site in a very short 
period of time (Somerville [2005]). One such condition for forward directivity exists 
when a strike-slip rupture (such as the San Andreas Fault in California) propagates 
towards a site. The surface waves arriving at the site located perpendicular to the fault 
surface (fault normal) can contain one or two large velocity pulses (Somerville et al. 
[1997]). An example of this is the 1992 Landers earthquake in California’s Yucca 
Valley where peak ground velocities upwards of 1300mm/s were recorded at the 
Lucerne Station located 1.1km from the surface rupture. These ground motions are 
termed “near-field” events. 
 
In light of the growing demand for high-performing structures, major developments to 
the construction of seismic resisting systems utilising dry, jointed, ductile connections 
within precast concrete structures have been heavily researched over the last two 
decades. Precast jointed systems are constructed with unbonded post-tensioned 
tendons to induce a controlled rocking mechanism in place of a region of significant 
plasticity (“plastic hinge”). This controlled rocking confines all of the deformation to 
a number of “gap openings” throughout the structure, as opposed to the inelastic 
response of multiple plastic hinge zones (PHZ) in traditional monolithic concrete 
construction, precast concrete emulation of monolithic concrete construction. This 
significantly reduces direct costs associated with structural repair and indirect costs 
associated with downtime and business disruption.  
 
Research conducted within the United States PREcast Seismic Structural Systems 
(PRESSS) program in the late 1990’s demonstrated the seismic performance of post-
tensioned jointed systems through a number of structural sub-assembly tests, 
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concluding with the construction of a 5-storey, precast, post-tensioned frame and wall 
building tested at the University of California, San Diego (Priestley et al. [1999]). The 
findings from this research program led to this technology being recognised within 
seismic design provisions within the United States (ACI-T1.2-03 [2003]) and New 
Zealand, (NZS3101 [2006]), while design guidelines are available in Europe (EC8 
[2004]) and Japan (AIJ [2004]). Several buildings have been built world-wide 
utilising this technology, with the tallest being the 39-storey Paramount Apartment 
Building in San Francisco, California (Englekirk [2002]). In Italy, several on site 
applications, specific to gravity-load-dominated frames, have developed a variation of 
PRESSS technology adopting a draped tendon configuration, referred to as a 
“Brooklyn System” (Pagani [2001], Pampanin et al. [2004]). The Dominican 
Republic, in central America, presented the first building in literature constructed 
using post-tensioned coupled walls (Stanton et al. [2003]). Industry interest is also 
developing in New Zealand, where currently one multi-storey building is under 
construction in Wellington adopting post-tensioned frames in one direction and post-
tensioned coupled walls in the other (Cattanach and Pampanin [2008]). 
 
Post-tensioned systems are inherently suited to displacement-based design methods, 
as damage is directly correlated to displacement. Displacement-based design has been 
developed extensively, culminating in the following state-of-the-art publications: fib 
[2003] and Priestley et al. [2007]. While in their infancy, current seismic design codes 
are slowly adopting displacement-based design methods (EC8 [2004]). Further 
evidence is given by Appendix B of NZS3101 [2006], which permits the use of a 
displacement-based design approach for the design of post-tensioned jointed systems. 
 
In spite of the developments involving precast, post-tensioned construction, the 
seismic risk is still significant considering velocity-pulse ground motion 
characteristics. An alternative means of dealing with excessive earthquake demands is 
to alter the input energy by removing/dissipating, or modifying the structural 
response, with the addition of supplementary dampers. Fluid viscous dampers, steel 
hysteretic elements and friction devices are typically used as supplementary damping; 
the latter being experimentally implemented into post-tensioned systems (Kurama 
[2004]). More recently, a combination of hysteretic and viscous devices have emerged 
as the new generation, seismic-resisting system for the protection of structures located 
in seismic regions whose hazard is consistent with the near-field characteristics 
mentioned above (Kam et al. [2007]). 
 
However, with this in mind, the use of emerging seismic-resisting systems and 
materials into engineering practice faces inevitable inertia from industry. Typically, 
the design community is slow to adopt solutions that are less common in mainstream 
engineering: especially those falling outside the current building code, those that 
require detailed prescriptive design guidelines and independent peer review. 
Furthermore, in general, insurance companies do not recognise building performance 
as a means of assessing premiums. It is to this end that the decision to use advanced 
technology comes down to the engineer’s ability to convey the benefits to the client 
and the client’s risk adversity to the type of investment the structure represents.  
 
Considering the extensive experimental validation, design provisions/guidelines and 
on-site applications, it is likely that a broad use of this technology will be embraced in 
the near future. 
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1.2. RESEARCH MOTIVATION  
Current technology is widely available to satisfy the growing demand required of 
engineers to provide communities with superior levels of structural performance 
during an earthquake. As more advances are made in seismic engineering, the 
available technology becomes more cost-competitive when compared to traditional 
construction practice: further financial benefits can be associated with the improved 
response of the system considering the seismic risk applied over the working life of 
the structure. High performing systems will be designed to operate more efficiently as 
they are tuned to their direct application. As a result, the seismic demand imposed 
onto a structure (maximum displacements and accelerations) can be significantly 
reduced, thereby reducing material costs and construction time. However, in 
developing this new technology, design recommendations are required to ensure the 
technology is appropriately utilised. 
1.3. OBJECTIVES AND SCOPE OF THE RESEARCH 
The objective of this research is to provide a refined understanding on the 
experimental response, modelling, design and feasibility aspects of post-tensioned 
rocking systems implementing viscous and hysteretic damping for systems located in 
regions of high seismicity. The objectives required to meet this demand are be listed 
below into four areas 
 
1 The research aims to experimentally understand the cyclic and dynamic 
characteristics of post-tensioned, viscous-hysteretic systems through 
scaled subassembly tests. Attention is given to investigate alternative 
connection typologies for post-tensioned connections to maximise their 
efficiency. 
 
2 Existing analytical models are extensively refined to describe the 
monotonic, cyclic and dynamic behaviour of post-tensioned viscous-
hysteretic systems 
 
3 Displacement-based design procedures are developed for single-degree-
of-freedom (SDOF) and multi-degree-of-freedom (MDOF) post-tensioned 
hysteretic-viscous systems and extensively verified against a number of 
prototype bridge examples. 
 
4 The feasibility of these advanced solutions is studied using a probabilistic 
seismic loss assessment of three advanced prototype system located in a 
region of high seismicity in New Zealand. 
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1.4. OVERVIEW 
Chapter 2 presents a number of recent experimental and analytical investigations 
undertaken on post-tensioned rocking systems. While the list is relatively exhaustive, 
little literature exists on dynamic testing and developing robust connection details. A 
detailed discussion is presented in Chapter 3 on existing performance-based design 
methodologies and Direct Displacement-Based Design. The mechanics of rigid 
rocking blocks are discussed, following with a description of current modelling 
techniques for post-tensioned rocking systems. 
 
Chapter 4 presents a series of uniaxial and biaxial cyclic test results on 1/3 scale post-
tensioned bridge piers. Chapter 5 follows with high-speed cyclic testing on five post-
tensioned walls with hysteretic and viscous dampers. Chapter 6 concludes the 
experimental testing with free-vibration and shake-table testing of five post-tensioned 
precast concrete walls. 
 
The information gathered from the experimental testing is compiled in Chapter 7 to 
refine existing monotonic, and cyclic modelling techniques. In both cases, uniaxial 
and biaxial modelling techniques are discussed and found to compare very well to the 
experimental. 
 
Chapter 8, 9 and 10 develop a detailed displacement-based design framework for 
single-degree-of-freedom (SDOF) and multi-degree-of-freedom (MDOF) post-
tensioned systems with viscous and hysteretic damping located in regions of high 
seismicity. 
 
Finally, in Chapter 11 a prototype bridge system is developed and a detailed 
probabilistic seismic loss assessment is performed to determine the feasibility of 
advanced post-tensioned rocking bridge systems. 
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2. Recent Investigations into the Behaviour of Jointed, 
Precast, Post-Tensioned Rocking Structures 
2.1. THE JOINT U.S.-JAPAN PRESSS RESEARCH PROGRAM 
The collaboration of the joint U.S.-Japan research program in the early 1990’s under 
the title of the PREcast-Seismic-Structural-Systems (PRESSS) program was a major 
force in the development of jointed ductile precast connections, Priestley [1991]. The 
intent of this major research program was to improve the inelastic response, analytical 
modelling, design recommendations, and to improve the understanding of “ductile” 
precast buildings. The US.PRESSS program was divided into three phases (Priestley 
[1991]); Phase I was concerned with the conceptual development and evaluation of 
newly proposed structural concepts, specifically concerning practicality, economy and 
seismic performance (ductility and dissipation capabilities). This was followed by 
Phase II involving detailed experimental studies of precast components and sub-
assemblages, paralleled with analytical studies. Phase III involved the testing of a 
60% scale, multi-storey precast building having both structural moment resisting 
frames and shear wall elements.  
 
Phase II and III of the research program deals entirely with experimental confirmation 
and analytical modelling. As part of the inter-program co-ordination of the 
US.PRESSS program, the National Institute of Standards and Technology (NIST), 
carried out numerous experimental tests related to Phase II. One of the earlier tests 
carried out by the PRESSS program is discussed in Priestley and Tao [1993]. They 
present the experimental results of a pre-stressed, pre-cast beam-column-joint sub-
assembly with fully grouted post-tensioned tendons carried out at NIST. While 
comparable ductility demands to monolithic reinforced concrete elements could be 
achieved, the response was subjected to extensive stiffness degradation, pinching and 
hence unreliable energy dissipation. Furthermore, as the tendons are likely to exceed 
the limit of proportionality (yielding in tension), the shear transfer mechanism at the 
beam interface may be lost, resulting in a loss in the gravity load carrying capacity. 
Priestley and Tao [1993] then proposed the idea of partially unbonded post-tensioning 
tendons, whereby the tendon would be debonded for some length either side of the 
beam-column joint. This would reduce the strains in the tendon, and provide a non-
linear elastic response with a marked increase in stability. The system however would 
have relatively little energy dissipation and be the subject of large concrete 
compressive strains. It is for this reason special detailing at the beam end region, 
consisting of spiral reinforcement, was suggested. Based on a number of non-linear 
time-history analyses (NLTHA), and the force-displacement relationships adopted, 
they stated that the difference in displacement response between a non-linear elastic 
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pre-stressed concrete frame with unbonded tendons, and an equivalent reinforced 
concrete frame, may be less than 38%. 
 
The natural progression within phase II of the PRESSS program was to provide a 
similar system with fully debonded (unbonded) tendons. Thus, Priestley and MacRae 
[1996] constructed and tested a 67% scale pre-cast, post-tensioned interior and 
exterior beam-column joint subassembly with unbonded tendons. While the 
experimental results indicated a stable force-displacement response up to 4% of inter-
storey drift, the units were subjected to significant stiffness degradation (initial 
stiffness reduced by approx 65% at a design inter-storey drift ratio of 2.5%). It is 
likely this degradation resulted from crushing of the beam cover concrete and inelastic 
compression stresses in the concrete at the beam end region, in addition to cracking 
within the column, joint and beam elements. The beam end regions were detailed with 
special spiral confinement reinforcing (2.5% by volume), while joint transverse 
reinforcement was keep to a minimum as it was envisaged that joint shear would be 
resisted entirely by a single diagonal strut from corner to corner of the joint due to the 
pre-stressed nature of the system. Diagonal shear cracking developed within the joint, 
but stabilised as the lateral load reached a maximum - this was in addition to yielding 
of the transverse reinforcement. It is for these reasons that the authors suggest to adopt 
a more conservative design approach for the design of the joint transverse 
reinforcement. 
 
The inter-program co-ordination of the PRESSS program allowed a number of 
experimental tests to run in parallel. Cheok and Stone [1994] tested a total of twenty 
33% scale, precast beam-column joint subassemblies consisting of both post-
tensioned tendons (bonded, partially debonded and fully unbonded) and mild steel 
reinforcement (bonded, partially debonded or fully unbonded). This work was also 
reported in similar publications by Stone et al. [1995] and Stanton et al. [1997]. Of the 
20 tests conducted, 4 specimens were accepted for a second round of proof testing and 
are discussed in detail. The four specimens comprised of two mild steel reinforcement 
ratios and two different material types: grade 60 (fy = 414MPa) and a ductile grade of 
stainless steel (fy = 304MPa). All four specimens had partially grouted post-tensioned 
tendons, grouted over a length equal to 37.7% of the bay length. Furthermore, the 
mild steel was either fully bonded or de-bonded over a length equal to 50mm at the 
connection interface. The mild steel units were found to perform well, with first 
rupture of the mild steel occurring at 2.9% for one unit and 3.5% for the second unit, 
with the tendons remaining elastic in both tests. The stainless-steel units did not 
perform well as the strain capacity of the stainless steel was reduced because 
deformed ribs were machined along the bar to help improve bond performance. In one 
test, rupture occurred at a lateral drift ratio of 2.0% while in the second test bond 
failure occurred at lateral drift ratio of 2.0% due to a relatively optimistic anchorage 
length. In all cases the tendons remained elastic except for the test unit having bond 
failure which was tested to 6.0% of lateral drift. Losses within the tendon load were 
recorded in all four specimens as a result of strain penetration within the grouted 
portion of the tendon (in addition to yielding of the tendons for one specimen), 
reducing the average strain over the unbonded length. However, given the reduction 
in tendon load, it was concluded that the gravity load carrying capacity (due to 
friction) could still be maintained. 
 
 
Chapter 2: Previous Studies on Post-Tensioned Systems 2.3 
El-Sheikh et al. [1999] presented two analytical models to model the experimental 
lateral response of a single NIST beam-column joint test, one being a fibre element 
model, the second being a lumped plasticity spring model. In general, both models 
were able to accurately capture the experimental response – including the initial 
stiffness and lateral strength. El-Sheikh et al. [1999] divided the push-over response 
of a post-tensioned frame into three (displacement) limit states. These three limit 
states were defined via a tri-linear representation of the moment-rotation behaviour of 
the beam-column connections; 1) the linear limit state, defining a reduction in lateral 
stiffness from the initial elastic stiffness of the system; 2) the yield limit, 
corresponding to yielding of the unbonded post-tensioned tendons; 3) the ultimate 
limit state, being failure of the confined concrete due to rupture of the spiral 
reinforcement (or rupture of the post-tensioned reinforcement). A design procedure is 
outlined by associating the three displacement limit states with three corresponding 
seismic design intensities (elastic, design and survival). The proposed design adopts 
an equivalent lateral force procedure (as per BSSC [1997]) and is based on the equal 
displacement principle for ductile structures in order to respect the three structural 
displacement limit states. The elastic design spectrum is reduced by the response 
modification factor, R = 8 for “special moment resisting frames with ductile 
connections”. However, the non-linear time-history analyses revealed that the equal 
displacement principle violated the design requirements for frame structures located 
on medium or soft soil conditions in regions of high seismicity. 
 
In addition to pre-cast beam-column joints, the PRESSS program also investigated the 
behaviour of pre-cast, post-tensioned walls within Phase II. Much of this work was 
carried out at Lehigh University, Pennsylvania. The experimental results of Mueller 
[1986], presented by Armouti [1993], were used to validate a fibre model used within 
the DRAIN-2DX program reported by Kurama et al. [1998]. Mueller [1986] 
constructed and tested five precast, concrete walls of 1/3 scale; one wall being 
representative of an unbonded, post-tensioned precast concrete wall appropriate for an 
analytical comparison with a fibre model. The precast wall comprised of 3 segments, 
where only the pre-stressing bars crossed each precast wall panel. That is, the only 
form of inelastic deformation would come from material nonlinearity of the concrete 
and post-tensioning steel in addition to friction within the PVC grouted ducts 
(assumed to be unbonded). That is, the longitudinal reinforcement was curtailed 
within each precast element and did not pass between the precast wall panels. The 
precast wall was constructed with spiral reinforcement around the toe regions to 
confine the concrete under excessive axial strains. It was for this reason that the 
concrete was modelled as a multi-linear inelastic spring using the confinement model 
of Mander et al. [1988]. The experimental results exhibited a significant amount of 
stiffness degradation and material non-linearity (with an appreciable amount of 
energy dissipation). The fibre model accurately captured the cyclic behaviour, albeit 
for under predicting the loading branch: this was attributed to errors in accurately 
recording the experimental lateral load. Kurama et al. [1998] concluded that while the 
experimental test verification was not based on unbonded tendons (the tendons were 
grouted within smooth electrical conduits), the fibre model required further 
verification with more experimental tests to fully confirm its accuracy. 
 
Kurama et al. [1999] proposed a seismic design approach for precast concrete walls 
with unbonded post-tensioned tendons. A performance-based design approach was 
developed, incorporating structural limit states and a seismic hazard based on the 
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equivalent lateral force method in BSSC [1997]. In particular Kurama et al. [1999] 
provided a number of structural limit states that should be satisfied considering two 
seismic design intensities. For a design level event (corresponding to an immediate 
occupancy performance level) the yield displacement (and lateral capacity) of the wall 
should not be exceeded: this corresponds to yielding of the post-tensioned tendons. 
Furthermore, inter-storey displacements should be limited to prevent damage to the 
non-structural elements. For the survival limit state (corresponding to the collapse 
prevention performance level) yielding of the tendons can be accepted, however, the 
self-centring capability of the system should be preserved to some extent. The 
displacement should not exceed the maximum displacement capacity of the wall 
(corresponding to fracture of the special confinement reinforcement) and crushing of 
the precast panel should be avoided (in those regions of concrete not having special 
confinement reinforcement). Furthermore, at the survival limit state, shear slip of the 
precast wall panel units is to be avoided and the lateral displacements of the gravity-
load carrying elements should be controlled to ensure their vertical load carrying 
capacity is not compromised. 
 
Using a fibre-element model, Kurama et al. [1999] investigated the lateral load 
behaviour of precast walls with unbonded post-tensioned tendons by varying a 
number of structural parameters. The initial post-tensioned force, amount of 
prestressed reinforcement, wall length, location of the post-tensioning tendons, 
unbonded length and the confinement reinforcement ratio were investigated. Kurama 
et al. [1999] commented on the effect these parameters have on three design limit 
states corresponding to: 1) onset of softening; 2) yielding of the prestressed 
reinforcement; and 3) rupture of the confinement reinforcement. Kurama et al. [1999] 
concludes by stating that the equal displacement assumption provides some 
correlation to time history analysis for walls located on stiff soil sites only and noted 
that further research is required to improve this estimation. The base shear was found 
to be significantly influenced by higher modes for post-tensioned walls due to the 
elongation of the modal periods when the structure entered the non-linear range. 
 
Further analytical studies were also carried out by Kurama [2000] investigating the 
application of unbonded post-tensioned walls utilising linear viscous dampers 
connected to adjacent column braces. A fibre model was verified against a finite 
element model using nonlinear rectangular plane-stress elements in addition to 
gap/contact elements within the finite element program ABAQUS. Kurama [2000] 
proposed a design procedure using an Acceleration Displacement Response Spectrum 
(ADRS), combined with non-linear time-history analyses subjected to increasing 
white noise intensity. 
 
As part of Phase III of the PRESSS program, a 60% scale, five-storey precast test 
building was designed and tested at the University of California, San Diego (UCSD). 
The test building comprised of precast moment resisting frames in one direction and 
post-tensioned coupled walls in the orthogonal direction, as reported in Priestley et al. 
[1999] and pictured in Figure 2.1. In particular, the coupled walls provided strength 
and dissipation through the use of U-Shaped Flexure Plates (UFP) fixed between the 
two walls and activated via the relative vertical displacement incompatibility between 
the two wall elements. This form of dissipation was found to be extremely stable and 
efficient following component testing carried out under the NIST program and 
reported in Priestley [1996]. The building was tested under a pseudo-dynamic loading 
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protocol, simulating the response to real earthquake excitation. Furthermore, as the 
earthquake intensity was increased, push-over tests were carried out after each major 
event to determine the structure flexibility and energy dissipation characteristics. 
Three design intensity earthquake records were run through the structure with a fourth 
record equal to 150% of the design intensity to represent the response under a 
maximum credible event. The structure experienced only minor damage to the cover 
concrete at the toe of the coupled wall, along with some cracking and deformation of 
the adjoining precast floor units at each floor level. In general, a simple macro model 
(using lumped plasticity modelling techniques) was able to accurately model the time 
history response, however, higher modes associated with contact stiffness at the base-
foundation rocking interface were sensitive to the spring stiffness adopted in the 
model, Conley et al. [1999]. Furthermore, it was found that in order to return a proper 
agreement between the experimental results and the analytical model, the inclusion of 
an external column element was required to represent the out-of-plane stiffness of the 
orthogonal frames. It was concluded that the use of UFP plates provided an 
outstanding level of structural performance, while the performance of the structure 
further verified the displacement-based design methodology for precast buildings. 
 
 
 
Figure 2.1 Five storey precast post-tensioned frame building tested at the University of 
California, San Diego (Priestley et al. [1999]) 
 
 
2.2. POST-TENSIONED, PRECAST WALL SYSTEMS 
A significant amount of experimental and analytical work on precast concrete systems 
with unbonded post-tensioning has been investigated outside of the PRESSS program. 
In particular, Rahman and Restrepo [2000] tested three half scale unbonded post-
tensioned precast concrete wall units at the University of Canterbury, Figure 2.2. The 
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post-tensioned walls were tested with and without grouted mild steel reinforcement. 
Unit-1 was detailed with two unbonded post-tensioned tendons each stressed to 
approximately 95kN. The experimental response was very stable, with some stiffness 
degradation as a result of crushing of the cover concrete and tendon losses. The toe 
regions were adequately detailed for the expected high concrete compression strains. 
This limited damage to crushing of the cover concrete. Unit-2 was detailed with two 
unbonded post-tensioned tendons each stressed to approximately 95kN in addition to 
two grouted mild steel reinforcing bars. The mild steel bar had a machined diameter 
of 12mm over a length of 200mm to confine the inelastic strain to the machined 
region. The experimental response was very stable with some stiffness degradation 
due to damage to the cover concrete and losses within the post-tensioning tendons. 
Furthermore, rupture of one dissipater occurred at 3% of drift. Unit 3 was identical to 
unit 2 except for a more heavily detailed toe region, anticipating higher concrete 
strains resulting from a) 16mm diameter mild steel dissipaters, b) 200kN additional 
post-tensioning representing gravity loading. The experimental response was stable 
with almost no strength deterioration but significant stiffness degradation. 
Furthermore, residual deformations were almost completely non-existent. Again, 
damage was limited to loss of cover concrete and minor flexural cracking. 
 
 
 
Figure 2.2 Post-tensioned rocking wall tested at University of Canterbury, Rahman and Restrepo 
[2000] 
 
 
Similar work by Holden [2001], also carried out at the University of Canterbury, 
investigated the cyclic response of two precast concrete wall specimens. One wall unit 
combined unbonded post-tensioned tendons (using carbon fibre tendons) and grouted 
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mild steel reinforcement, with details being similar to the walls tested by Rahman and 
Restrepo [2000]. This hybrid wall was detailed with steel base plates at the toe of the 
wall welded to a diagonal strut made from steel bars which met at the middle of the 
wall, Figure 2.3. The steel diagonal strut was designed to resist the large compression 
forces as the wall rocked from toe to toe. The second specimen was an emulation of a 
cast-in-place monolithic wall: this was used as a benchmark to compare the response 
of the hybrid wall. The experimental response of the hybrid specimen was found to 
have very little energy dissipation, significant stiffness degradation and significant 
pinching. Holden [2001] concluded that the poor behaviour was associated with a 
combined bearing/push-out failure of the internal steel dissipaters beneath the 
foundation block. This prevented the mild steel from yielding in compression, 
limiting the equivalent viscous damping to approximately 3.5%-8% for the 3rd and 1st 
cycle respectively. The hybrid unit sustained virtually no cosmetic damage, and 
residual deformations were negligible. 
 
 
 
Figure 2.3 Detailing of a post-tensioned wall, providing load paths for the high compression 
forces during rocking, Holden [2001] 
 
 
2.3. POST-TENSIONED MASONRY WALL SYSTEMS 
Further work at the University of Canterbury investigated the response of a masonry 
infilled wall coupled to an adjacent reinforced concrete frame. Toranzo-Dianderas 
[2002] designed and tested a three-story, 40% scale, masonry infilled frame upon the 
shake-table at the University of Canterbury which was designed to rock at the top of 
the foundation. The shake-table test is pictured in Figure 2.4 (a). The infilled frame 
was designed to behave as a rocking wall, coupled to an adjoining frame. The coupled 
frame was detailed to allow for pin-like behaviour of the ground floor columns and 
slab-beam elements. This minimised damage to the adjacent frame. The rocking wall 
incorporated one of two types of energy dissipation; the first being a confined bar 
yielding in tension and compression, while the second was a machined flexural arm 
located at the rocking interface of the confined masonry wall, Figure 2.4 (b). The 
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confined bar did not guarantee dependable behaviour as a result of buckling. The 
flexure device was very stable; however, it required a larger cross-section to in order 
to achieve the desired section capacity. Toranzo-Dianderas [2002] noted that when the 
lateral drift exceeded 1.10%, the stiffness of the system increased due to the stiffening 
effects of the slab-beams. This stiffening effect, combined with higher mode effects, 
resulted in base shears in the order of 2-3 times greater than the design base shear. 
Furthermore, the system was designed to insure the over-turning moment due to 
gravity was greater than the steel damper moment capacity: this ensured re-centring 
was always achieved, limiting damage to flexural hinging of the slab-beams (and 
column base), without compromising their gravity load carrying capacity. Unbonded 
post-tensioned tendons were not used, axial load comprised of gravity loading alone. 
 
 
 
Figure 2.4 Dynamic testing of a rocking confined-masonry wall tested at the University of 
Canterbury, Toranzo-Dianderas [2002] 
 
 
Additional research on rocking masonry wall structures was carried out by Wight et 
al. [2006] at North Carolina State University (NCSU). A total of four post-tensioned, 
masonry wall elements were tested on the shake-table at NCSU Constructed Facilities 
Laboratory. The voids within the concrete masonry walls were partially grouted and 
the tendons were unbonded over their entire length. Wight et al. [2006] found that the 
response of the systems was found to be very desirable for seismic performance due 
to the non-linear elastic response and the low damage each of the wall systems 
sustained. Wight et al. [2006] concluded by stating that the initial post-tensioning of 
the tendons had a significant influence on the maximum response of the masonry 
wall. In particular it was noted an 84% reduction in the peak response was achieved 
for a 37% increase in the initial post-tensioning – although, this study on the effects of 
initial post-tensioning was limited to a single earthquake excitation. 
 
2.4. POST-TENSIONED PRECAST BRIDGE PIER SYSTEMS 
Similar post-tensioning concepts have been investigated for the seismic design of 
bridge structures; more specifically, bridge pier systems. Mander and Cheng [1997] 
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tested near full scale rocking bridge pier specimens designed to rock from toe to toe 
under lateral displacements at the State University of New York, Buffalo. The pier 
unit was located on a steel angle beneath each toe to directly engage rocking about 
each corner. A number of post-tensioning configurations were tested (constant axial 
load, with and without unbonded post-tensioned tendons). While no form of 
dissipating mechanism was directly activated due to rocking of the pier, a 9.5mm 
thick rubber pad was sandwiched between each steel toe of the pier and the steel 
foundation angles. With the exception of the rubber insert, each of the five 
configurations tested had a very stable force-displacement behaviour, little energy 
dissipation and negligible residual deformations. The rubber insert increased the 
energy dissipation slightly but suffered degradation due to damage of the rubber pads. 
Equivalent viscous damping of less than 5% for the post-tensioned only solutions was 
achieved whereas 10% damping was achieved having a rubber interface. Analytical 
predictions were based on over-turning moments taken about the toe of the pier: these 
predictions could accurately capture the lateral push-over response of the pier. 
Mander and Cheng [1997] also proposed a design strategy for rocking bridge pier 
systems using a capacity spectrum/push-over approach. Energy dissipation is assumed 
to consist of contact/radiation damping related to a coefficient-of-restitution. A 
relationship between the coefficient-of-restitution and pier geometry allows an 
estimate of the equivalent viscous damping to be determined, with and without post-
tensioning. A spectral demand curve (acceleration vs. displacement: ADRS curve) is 
computed based on a damped response spectra (a function of viscous damping) and 
compared with the lateral capacity of the pier system. The intersection of the capacity 
with the demand defines the performance point of the system. Furthermore, an 
iterative procedure was developed which computes the expected maximum 
displacement response for a given peak ground acceleration (PGA). 
 
The lateral response of precast post-tensioned bridge piers was investigated at the 
University of California, San Diego by Hewes and Priestley [2001]. Four circular 
hollow precast segmental bridge piers were constructed and tested (each pier was 
tested twice) with steel confining jackets located around the segments at the 
foundation rocking interface. Lateral drift ratios of 6.0% were achieved with minimal 
damage. Rocking was not confined entirely to the foundation: in fact, rocking was 
also measured between the first and second precast segments above the foundation. 
As a result, some spalling of the cover concrete was observed within the unconfined 
precast segment not having any steel jacket. 
 
Numerical work on bridge piers was carried out by Palermo [2004]. A Displacement-
Based Design approach (DBD) was developed for the seismic design of bridge 
structures incorporating unbonded post-tensioned tendons and mild steel dissipation. 
An already existing member compatibility approach (Pampanin et al. [2001]) was 
modified to define the lateral push-over capacity of “controlled rocking” bridge pier 
connections with unbonded post-tensioned tendons. The modified member 
compatibility approach was validated against a beam-column joint test carried out at 
NIST during Phase II of the PRESSS program discussed above. This member 
compatibility approach was implemented within a FORTRAN code and design tables 
were created to relate section properties (moment-rotation, neutral axis position, steel 
stress) to a number of performance limit states (as a function of the section geometry). 
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2.5. CONCLUSIONS 
While there is a general acceptance regarding the desirable behaviour of precast 
systems with unbonded post-tensioned systems, the degree of damage sustained to the 
structural elements and the efficiency (and stability) of the energy dissipation lies 
within the detailing and design of the critical rocking regions. Detailing of the rocking 
toe region, anchorage of the dissipation (either internally or externally) and tendon 
details appear to vary from test to test. A standardised method is required to maximise 
the efficiency of precast systems with unbonded post-tensioned tendons. 
 
To a greater extent, while significant analytical and experimental work has been 
carried out on precast systems with unbonded post-tensioned tendons (with or without 
energy dissipation), little work to confirm the dynamic response has been carried out.  
A significant amount of analytical work has focused on relatively complex fibre-
element models in addition to simple macro-models (discussed in greater detail in the 
following chapter). While the complex modelling techniques are very accurate, they 
require a degree of competency to be used correctly. Simple macro models appear 
extremely attractive as they can achieve comparable accuracy at a fraction of the 
computational cost.  
 
Moreover, while supplementary viscous dampers have been investigated within 
precast systems, little work has been devoted to experimental testing and to the 
development of adequate and simple design procedures. The combination of both 
hysteretic and viscous dampers has great potential for the seismic protection of 
structures located in either near-field or far field seismic regions. Furthermore, precast 
systems with unbonded post-tensioning appear to be an attractive solution in which to 
implement this hysteretic-viscous combination. 
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3. A Discussion on Existing Performance-Based Design 
Philosophies and Analysis Techniques for Post-Tensioned 
Rocking Systems 
3.1. INTRODUCTION 
This introductory chapter presents existing Performance-Based Earthquake 
Engineering (PBEE) design methodologies, with an emphasis on Direct 
Displacement-Based Design (DDBD). PBEE has been widely accepted as a means of 
quantifying the performance of a system over the working life of a structure. 
Traditional seismic design will typically consider two performance objectives 1) an 
ultimate limit state considering strength, and to a lesser extent displacements and 2) 
the serviceability limit state considering deflection, cracking and vibration etc. PBEE 
identifies multiple performance objectives (generally three or more) to encompass a 
set of anticipated hazards over the working life of the structure. PBEE will be 
presented in the context of post-tensioned rocking systems, which is the focus of this 
thesis. Following from a discussion on existing design procedures, the mechanics of 
rigid rocking blocks is presented. Finally, existing section analysis and modelling 
techniques for post-tensioned connections are presented in the form of lumped 
plasticity modelling methods or more complex distributed plasticity models. 
3.2. PERFORMANCE-BASED DESIGN FRAMEWORK 
Performance-based earthquake engineering (PBEE), assigns a series of structural 
performance levels to a set of seismic hazards; SEAOC [1999], FEMA [2003], fib 
[2003a], Priestley et al. [2007]. This technique is summarised in Figure 3.1 (a) where 
individual material strain limits are first defined. Each material limit state defines a 
specific structural limit state i.e. yielding, spalling of the cover concrete etc. Each 
structural performance level groups together a number of material limit states of 
similar damage. From here, each structural performance level is associated with a 
specific seismic hazard such that the expected level of structural/non-structural 
damage has some probability of being exceeded within the working life of the 
structure: this is defined as a performance objective. The earthquake intensity at a site 
is related to the annual rate of such an event being exceeded. Common intensity 
measures include peak ground acceleration (PGA) or spectral acceleration at the 
fundamental period of the structure (Shome and Cornell [1999]). The relationship 
between earthquake shaking and the annual rate of exceedance defines the seismic 
hazard. Generally three or more performance objectives are defined for the structure, 
from frequent events causing little damage to very rare events causing significant 
damage: this is known as a performance matrix. An example of such a performance 
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matrix is presented in Figure 3.1 (b), reproduced from the Californian SEAOC manual 
(SEAOC [1999]). In this example, three sets of performance objectives are illustrated 
for structures of various importance levels (Basic to Safety-Critical). Similar design 
philosophies have been incorporated into design guidelines in the United States for 
the design of new structures  (FEMA [2003]) and for the rehabilitation of existing 
structures (FEMA [1997], FEMA [2000]). In addition to these documents a number of 
documents have been published refining the performance-based philosophy to its 
current state-of-the-art; Kurama et al. [1999], El-Sheikh et al. [1999], fib [2003a], fib 
[2003b], Priestley et al. [2007]. 
 
 
 
Figure 3.1 Basic concepts of performance-based earthquake engineering 
 
 
3.3. DIRECT-DISPLACEMENT-BASED DESIGN (DDBD) PRIESTLEY ET 
AL. [2007] 
Direct displacement-based design (DDBD) falls under the umbrella of Performance-
Based Earthquake Engineering (PBEE). As per PBEE, a performance level within 
DDBD is defined as an explicit level of structural (and non-structural) damage 
corresponding to an earthquake intensity having a specific probability of exceedance. 
Damage is generally related to displacements, which in turn, are related to member 
curvatures and hence, material strains. The DDBD procedure was developed 
recognising that damage is primarily related to displacements, resulting in a more 
intuitive design methodology. Modern Force-Based Design (FBD) is a rather 
developed procedure (over a period of decades) originally adopted as it appeared 
compatible with conventional gravity load analysis; that is, both dealt directly with 
forces. FBD was developed, somewhat incorrectly, on the premise that inelastic 
(ductile) structures are subjected to displacements equal (or at least similar) in 
magnitude to an elastically responding system: this defines the equal displacement 
approximation (Newmark [1960]). Various researches have shown this relationship 
rather loosely, if at all, fits this trend (Carr [2003], Priestley et al. [2007]). The 
maximum displacement response from a series of time history analyses (THA) are 
presented in Figure 3.2 for three different hysteresis rules, each having the same 
loading envelope; a Flag-shaped hysteresis, a Takeda hysteresis, and an inelastic 
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bilinear rule. Each of the three systems were designed to the EC8 loading spectrum 
for a force reduction factor of four (R=4, note in EC8 this factor is defined as the 
behaviour factor q). Seven spectrum compatible ground motions were subjected to 
each system for elastic periods ranging from 0.25-2.5sec. The maximum displacement 
is presented as a ratio to the average peak elastic displacement. The following can be 
concluded from Figure 3.2 
 
The equal displacement rule states that each of the three systems should have a value 
of 1.0. This rule is increasingly violated for systems with decreasing hysteretic energy 
dissipation (area-enclosed within the force-displacement response). It can be seen that 
the displacement response is heavily dependant on the type of structural system; the 
use of a single global force reduction factor, let alone one based on a rather crude 
approximation, should not be considered. The equal-displacement relationship is 
increasingly violated for periods less than 0.75sec. In fact, some seismic loading 
codes (such as New Zealand, NZS1170.5 [2004]; Europe, Eurocode:8 [2003] and the 
United States, FEMA [2003]) recognise this period dependency and define force 
reduction factors based on an equal-energy (or an equal acceleration) rule within this 
period range. 
 
 
 
Figure 3.2 Ratio of inelastic to elastic displacement for different hysteresis rules (Priestley et al. 
[2007]) 
 
 
Further inconsistencies between structural behaviour and Force-Based Design (FBD) 
are evident in the manner in which the relationship between strength and stiffness is 
treated in FBD. It can be shown that the stiffness of a reinforced concrete (R.C) 
section is proportional to its strength. FBD adopts effective member stiffness based 
almost entirely on geometry; for beams, the New Zealand Concrete Standard suggests 
effective section stiffness modifiers of 0.32-0.40, while for columns the range is 0.3-
0.8 depending on the level of axial load acting on the section. In hind site, these 
values represent typical reinforcement ratios: relationships are provided for 
reinforcement ratios outside the norm. The fundamental structural period is generally 
estimated, either by empirical equations, or by modal/structural analysis based on the 
above stiffness modification factors. The structural period determines the lateral 
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design coefficient and the loads to be applied to the structure. As the lateral loads 
define the internal design actions, iteration is clearly required as the reinforcement 
content, which dictates both the strength and stiffness of the section, is not known 
prior to the analysis. When it comes to distributing lateral forces throughout the 
structure, FBD will proportion them relative to the effective (cracked) elastic stiffness 
of each structural element. In contrast, DDBD intuitively recognises that the forces 
applied to a ductile system should be proportioned according to the relative strength 
of each structural element. Proportioning forces according to relative strength will 
result in a more consistent (and regular) distribution of reinforcement and utilise the 
full strength of each structural element. 
3.3.1. An Overview of the DDBD Procedure, Priestley et al. [2007] 
An outline of DDBD is presented in Figure 3.3, highlighting four key steps. The first 
two steps (a) and (b) convert the multi-degree-of-freedom (MDOF) system into an 
equivalent single-degree-of-freedom (SDOF) system. The inelastic first mode shape δi 
describes the displacement profile of the MDOF system at the design drift. The 
DDBD procedure will be presented in terms of a low-rise frame building below. The 
mode shape δi is a function of the structural system (frames, walls, dual systems etc): 
for a low-rise frame building (less than five levels) the normalised mode shape is 
assumed be linear with height where Hi is the height to level i and Hn is the total 
height of the structure. 
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Given the displacement profile δi, the displacement ∆d of the effective mass can be 
determined 
 
∑
∑
=
=
∆
∆
=∆ n
i
ii
n
i
ii
d
m
m
1
1
2
 3.2 
 
The effective mass me and the effective height He are determined from the following 
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The next step (c), relates energy dissipation to the peak displacement response. The 
energy dissipation is computed from the system ductility µ which in turn is computed 
from an estimation of the yield displacement ∆y. The energy dissipation is heavily 
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dependant on the type of structural element within the system i.e. walls, frames, RC, 
steel etc. The system ductility µ is used to evaluate the Equivalent Viscous Damping 
(EVD) ξeq of the structural system. This is used to estimate the expected reduction in 
peak displacement response (when compared to an elastic system). In Eq.(3.5) the 
elastic displacement response spectrum ∆d,5%(T) is reduced by the factor η, which 
accounts for the equivalent viscous damping within the system ξeq during the 
excursion to the peak displacement. 
 
ηξ ⋅∆=∆ )()( %5,, TT dd  3.5 
 
Where η is defined as 
 
eqξη += 2
7  3.6 
 
Finally, in Step (d) the effective period Te, being the secant period to the target 
displacement ∆d, is inferred from the reduced displacement spectrum ∆d,ξ(Te). The 
stiffness of the equivalent elastic SDOF system Ke is computed. 
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The design base shear Vb is then calculated. 
 
deb KVF ∆==  3.8 
 
The base shear is proportioned up the height of the structure according to the inelastic 
mode shape δi and the mass at each level mi. 
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Figure 3.3 DDBD procedure for seismic resisting systems (Priestley et al. [2007]) 
 
3.3.2. Comparison Between FBD and DDBD 
This section will provide an example of the design parameters and response of four 
single-degree-of-freedom (SDOF) systems, each designed to DDBD and FBD. 
Following the design, each system is subjected to 15 recorded far-field ground 
motions that are later used in the thesis. The four SDOF systems include two elastic 
periods (T1 = 0.4sec and T1 = 1.5sec) and two ductility levels (µ = 1.25 and µ = 4). 
The New Zealand seismic loadings code NZS1170.5 [2004] is used to define the 
elastic design spectrum. For DDBD the elastic spectrum is reduced according to η in 
Eq.(3.6), while for FBD the elastic spectrum is reduced according to the ductility 
reduction factor kµ following the seismic provisions of NZS1170.5 [2004]. The design 
is carried out for a seismic hazard having a zone factor z = 0.28, risk factor R = 1, 
near-fault factor N(T1,D) = 1, soil class C, and for consistency all systems include a 
structural performance factor of Sp = 1.0. The resulting design peak ground 
acceleration is Sa(T = 0) = 0.372g. 
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For FBD the elastic response spectrum is reduced according to Eq.(3.10) and 
Eq.(3.11) below, depending on the fundamental period of the structure T1. 
 
For T1 ≥ 0.7s (for soil class C) 
 
µ=uk  3.10 
 
For T1 < 0.7s (for soil class C) 
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1
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For DDBD the elastic response spectrum is reduced according to η in Eq.(3.6), where 
the EVD ξeq is computed from Eq.(3.12) below (the constant in Eq.(3.12) is specific 
to an R.C frame structure). 
 
⎟⎟⎠
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A summary of the key design parameters are presented in Table 3.1 comparing each 
of the four systems designed to FBD and DDBD. The common structural properties 
between the FBD and DDBD system is the design ductility µ, the fundamental period 
T1 and the system mass me. This example gives some insight into whether FBD or 
DDBD will result in a larger design base shear Vb. While FBD has a large spectral 
reduction at the fundamental period, DDBD has a small spectral reduction at the 
effective period. The following conclusions are made 
• DDBD tends to require a lower base shear for short periods of any ductility 
level. 
• For medium-long periods and high ductility, DDBD requires a larger base 
shear 
• For nominally elastic structures (limited ductility) DDBD requires a reduction 
in base shear when compared to FBD regardless of the fundamental period. 
• As the ductility approaches µ = 1 (elastic design) DDBD reduces to an elastic 
design compatible with FBD having µ = 1. 
 
A summary of the model parameters and time history analysis (THA) response is 
presented in Table 3.2. The mean peak displacement response, when subjected to 15 
ground motions ∆THA, is compared to the expected design displacement ∆des resulting 
from FBD and DDBD. The following conclusions are made; 
• DDBD results in a more uniform and predictable response when compared to 
FBD for all short and medium-long periods of any ductility. 
• For medium-long periods designed with large ductility, FBD underestimates 
the base shear considerably. As a result, the THA displacements are 41% 
larger than that estimated from the design. On the other hand, DDBD requires 
a larger base shear for the same system; the THA displacements are within 9% 
of the design displacement. 
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• For medium-long period structures with limited ductility, both the FBD and 
DDBD return maximum displacements that are comparable with the design.  
• By comparing the design base shear with the THA response, it can be seen 
that DDBD is a more consistent design methodology providing structures with 
more uniform risk.  
 
 
Table 3.1 Seismic design summary for four systems considering FBD and DDBD 
 System 1 System 2 System 3 System 4 
µ 4 4 1.25 1.25 
T1 [sec] 0.4 1.5 0.4 1.5 
 
me [tonne] 750 750 750 750 
kµ 2.71 4.00 1.14 1.25 
1/kµ 0.368 0.250 0.875 0.800 
Ki [kN/m] 184969 13173 184794 13159 
Vb/wt = Cd(T1) [g] 0.244 0.061 0.579 0.197 
∆y [m] 0.010 0.034 0.023 0.110 
FBD 
µ∆y [m] 0.039 0.136 0.029 0.138 
∆d [m] 0.037 0.161 0.025 0.125 
∆y [m] 0.010 0.040 0.020 0.100 
ξeq 0.185 0.185 0.086 0.086 
η1 0.585 0.585 0.813 0.813 
Te [sec] 0.8 3.0 0.45 1.68 
DDBD 
Vb/wt = Cd(Te) [g] 0.230 0.072 0.496 0.179 
 VDDBD/VFBD 0.943 1.181 0.856 0.908 
1 No lower limit was applied to the spectral reduction factor η  
 
 
Table 3.2 Time history analysis summary of four systems designed to FBD and DDBD 
 System 1 System 2 System 3 System 4 
µ 4 4 1.25 1.25 
T1 [sec] 0.4 1.5 0.4 1.5 
 
me [tonne] 750 750 750 750 
 VDDBD/VFBD 0.943 1.181 0.856 0.908 
∆y [m] 0.010 0.034 0.023 0.110 
Ki [kN/m] 184969 13173 184794 13159 
Fy [kN] 1795 449 4260 1449 
∆des = µ∆y [m] 0.039 0.136 0.029 0.138 
 ∆THA [m] 0.035 0.192 0.024 0.142 
∆THA/∆des 0.894 1.411 0.846 1.032 
FBD 
Error -10.6% 41.1% -15.4% 3.2% 
∆y [m] 0.010 0.040 0.020 0.100 
Ki [kN/m] 184969 13173 184794 13159 
Fy [kN] 1693 530 3646 1316 
∆des = ∆d [m] 0.037 0.161 0.025 0.125 
 ∆THA [m] 0.038 0.176 0.024 0.139 
∆THA/∆des 1.036 1.090 0.969 1.111 
DDBD 
Error 3.6% 9.0% -3.1% 11.1% 
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3.3.3. The Structural Performance Factor Sp within DDBD 
This section on DDBD concludes with a discussion on the correct use of the structural 
performance factor Sp within a DDBD framework. The New Zealand seismic loading 
standard (NZS1170.5 [2004]) incorporates a structural performance factor Sp to 
reduce the elastic design spectrum for ductile structures. NZS1170.5 [2004] accounts 
for the poor relative performance of brittle/low ductile structures by increasing their 
design loads by a factor of 1/0.7 (Page 9, NZS1170.5 [2004] commentary). 
Considering a design at the Ultimate Limit State (defined by NZS1170.5 [2004]) Sp is 
a function of the system’s design ductility µ and construction material. For steel 
structures with µ > 1.25 and for R.C. structures with µ > 3 Sp is equal to 0.7, 
otherwise Sp is equal to 0.9. For R.C. structures with µ < 3, Sp can be relaxed to a 
value of 0.7 provided the potential plastic hinge regions are detailed as ductile 
elements. Unless specified in the appropriate materials code, NZS1170.5 [2004] 
specifies that the structural performance factor Sp is equal to 0.7 unless 1.0 < µ < 2.0, 
in which case is, Sp is defined by Eq.(3.13). 
 
µ3.03.1 −=pS  3.13 
 
In general, ductile structures will be designed such that the elastic design spectrum is 
reduced by 30% (Sp reduction) in addition to the reduction associated with ductility. 
In NZS1170.5 [2004] Sp is incorporated within the calculation of the design base 
shear by reducing the design acceleration spectrum in Eq.(3.14) 
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Where; 
 Cd(T1)  = horizontal design coefficient  
 Z  = site hazard factor [g] 
 C(T1)  = elastic hazard spectrum 
 Sp  = structural performance factor 
 kµ  = ductility reduction factor 
 
For DDBD, and considering steady-state harmonic motion, the elastic (5% damped) 
displacement spectrum is computed from the acceleration design spectrum of 
Eq.(3.14) as follows 
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Hence, the (effective) period is proportional to the inverse of Sp, 
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For DDBD the base shear is proportional to the inverse of the effective period 
squared. Therefore, the base shear will be proportional to Sp squared. That is, for 
DDBD the Sp reduction is accounted for twice in the base shear calculation. 
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It follows, considering a DDBD of two systems on two different sites (defined by two 
seismic hazards) having the same effective period, the base shear is proportional to 
the square of the peak ground acceleration (Z) of the two sites, i.e. Eq.(3.18), Priestley 
[2002]. 
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Similarly, a FBD of two systems on two different sites having the same elastic period 
(and ductility), the base shear is proportional to the peak ground acceleration (Z) of 
the two sites as follows 
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For DDBD to be seen as compatible (or competitive) with FBD, the Sp factor should 
be retained when computing the base shear Vb. However, the author understands that 
the Sp reduction is a base shear reduction factor, not a seismic hazard reduction factor. 
It is for this reason, specific to DDBD, the Sp factor should not be used to reduce the 
elastic response spectrum Cd(T1) of Eq.(3.14), but added to the base shear calculation 
of Eq.(3.20) as follows, 
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In doing so, the elastic design displacement spectrum of Eq.(3.21) is no longer 
reduced by Sp, but is accounted for when computing the base shear Vb. 
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3.4. ROCKING BEHAVIOUR OF RIGID BODIES 
3.4.1. The Behaviour of Inverted Pendulum Structures, Housner [1963] 
The mechanics of a rigid block was first investigated in detail by Housner in 1963. By 
equating moments about point O in Figure 3.4, the free-vibration equation of motion 
can be written as Eq.(3.22). 
 
)sin(0 θαθ −⋅−= WRI &&  3.22 
 
Where 
 I0  = mass moment of inertia about point O 
 θ&&   = angular acceleration of the block in rad/s2 
All other terms are defined in Figure 3.4. 
 
 
 
Figure 3.4 Housner's rocking block 
 
 
The response of a rigid block under free vibration is highly non-linear; the period of 
the system is highly dependant on the rotation amplitude θ. The relationship 
describing the period is shown in Figure 3.5 (a), where θ0 represents the release 
amplitude. As the release amplitude θ0 approaches α, the period extends to infinity 
before over-turning. The period is equal to zero when the release amplitude is zero 
(assuming a rigid block). By equating moments about the rocking toe O, the lateral 
response, in terms of overturning moment versus base rotation is easily computed and 
shown in Figure 3.5 (b). Intuitively, the negative bilinear stiffness of the system 
implies a highly non-linear, unstable system. 
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Figure 3.5 Mechanical properties of a rigid rocking block 
 
 
If there is no energy lost during rocking, the system would oscillate indefinitely at the 
period defined by the release amplitude. In reality, some energy is lost during rocking 
defined as contact damping. Housner expresses this energy loss as the ratio of the 
kinetic energy before and after impact and assumes the impact is purely inelastic, i.e. 
no elastic rebound force occurs (no bouncing) 
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The coefficient of restitution e is defined by Eq.(3.24) 
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Where 
 2θ&   = angular velocity immediately after impact 
 1θ&   = angular velocity immediately before impact 
 
Housner went on to show that by equating moment equilibrium immediately before 
and after impact, the change in kinetic energy is related entirely to the geometry of the 
block 
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A relationship is derived relating the amplitude θ after n successive rocking impacts 
when released from an initial amplitude θo. 
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( )[ ]201111 φφ −−−−= nn r  3.26 
 
Where 
 n  = number of impacts from release 
φ  = dimensionless amplitude, α
θφ = , where φ0 defines the dimensionless 
release amplitude and φn is the dimensionless amplitude after n 
impacts. 
 
In a later publication, Priestley et al. [1978] related this reduction in kinetic energy to 
equivalent viscous damping derived considering free-vibration of rocking blocks. 
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Eq.(3.27) can be approximated with the following empirical equation 
 
)ln(34.0 req −=ξ  3.28 
 
Tso and Wong [1989a] note that the highly non-linear nature of rocking blocks gives 
rise to complicated dynamic characteristics during forced or earthquake excitation. 
Makris and Konstantinidis [2001] and Makris and Konstantinidis [2003] dispute the 
use of Eq.(3.28) for the design of rocking blocks. They argue that the dynamic 
characteristics of a rocking system are not compatible with a response spectrum 
derived from either a single-degree-of-freedom inelastic bilinear oscillator or an 
elastic damped oscillator. The conclusion that the rocking response is quite different 
to that of a traditional elastic or ductile structural response has been supported by 
Aslam et al. [1980] and was further confirmed after experimental tests were found 
difficult to repeat. Makris supported his argument with numerical analyses indicating 
that at a 1.6% change in the excitation amplitude resulted in a 125% change in 
displacement (rotation) response, whereas similar increases to the response of a 
bilinear oscillator would be minimal. Following these studies by Makris and 
Konstantinidis [2001] the use of a rocking spectrum was suggested as a design tool 
for rocking blocks. 
 
Experimental studies have shown that the reduction in kinetic energy predicted by 
Eq.(3.24) is almost always greater than that observed during testing. Housner’s 
theorem states that the impact must be purely inelastic; however, free-vibration 
studies have shown that some energy is returned to the rocking system via elastic 
bouncing during impact, Evison [1977]. On the contrary, other experimental studies 
noted other sources of energy dissipation, such as friction within the system, resulting 
in greater energy loss than that predicted by Eq.(3.24), Tso and Wong [1989b]. 
 
Aslam et al. [1980] provided a practical extension of the pure rocking block by 
locating prestressed tendons within the centre of the rocking block to increase the 
stability of the system (Figure 3.6). 
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Figure 3.6 Aslam et al. [1980] post-tensioned rocking block 
 
 
The addition of the post-tensioned tendons dramatically improves the overturning 
response of the block. Figure 3.7 compares the lateral response of a post-tensioned 
block with a pure rocking block. In Figure 3.7 the distance from the rocking toe to 
each post-tensioned tendon group is defined as di, the total (initial) prestressing force 
is denoted as TPT,0, while the stiffness of each tendon group is defined as K. 
 
 
 
Figure 3.7 Moment rotation response of a post-tensioned rigid block 
 
The addition of prestressed tendons has two key advantages; first, the bilinear 
stiffness is significantly increased: if the tendon stiffness K is large enough the 
bilinear stiffness will be positive. Second, toppling of the block is prevented. While 
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the system is still non-linear, the dynamic characteristics are now more consistent 
with traditional ductile systems. In the case of a prestressed rocking block, the rocking 
spectrum is no longer appropriate and the use a traditional response spectrum can be 
adopted for design. 
 
Another extension to the free-standing block was carried out by Makris and Zhang 
[1999] by adding ductile elements at the edge of the rocking section (Figure 3.8). The 
addition of the ductile elements adds strength and energy dissipation to the section, 
increasing the overall stability. Makris and Zhang [1999] found that the ductile 
restrainers provided only a marginal improvement to the response under a sine-pulse 
acceleration time history (representing a simplified near-fault ground motion). Under 
these ground motion events the level of mechanical damping has little relevance, 
rather the strength and stiffness of the loading envelope is of greater importance. The 
lateral response of Figure 3.8 is graphically illustrated in Figure 3.9. 
 
 
 
Figure 3.8 Makris and Zhang [1999] restrained post-tensioned rocking block 
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Figure 3.9 Makris and Zhang [1999], moment rotation response of a restrained post-tensioned 
rigid block 
 
 
3.4.2. Conclusions Specific to the Rocking Response of Rigid Blocks 
This thesis is concerned with post-tensioned rocking systems. The peculiarities of 
free-standing blocks are of little relevance to post-tensioned systems whose dynamic 
characteristics are more akin to that of traditional ductile systems. Post-tensioned 
systems have a larger bilinear stiffness: this increases the stability of the system by 
mitigating/preventing toppling. Hence, this suggests that a conventional response 
spectrum, as opposed to a rocking spectrum, is more appropriate. 
 
The coefficient of restitution (defining the energy lost during impact) is a useful 
concept when modelling rocking blocks based on the fundamentals of block 
mechanics, i.e. by numerically solving the equation of motion for an inverted 
pendulum. A more practical alternative for design and modelling is to equate this 
energy loss to equivalent viscous damping (EVD). While it is argued that the 
coefficient of restitution can not be related to EVD for free-standing rocking blocks, 
such a relationship may be valid for post-tensioned systems whose dynamic 
characteristics are similar to traditional ductile systems. 
 
3.5. MODELLING TECHNIQUES FOR POST-TENSIONED ROCKING 
SYSTEMS 
3.5.1. Lateral Response of Post-Tensioned Connections 
The lateral response of a generic post-tensioned system is discussed below and 
illustrated in Figure 3.10. The lateral response is characterised by a number of discrete 
points. 
 
Decompression is the deformation state where the strain at the outer most fibre 
approaches zero and uplift (rotation) of the base is initiated. The neutral axis depth is 
located at the edge of the section (c = Lw) and is characterised by a sudden reduction 
in stiffness when compared to the initial (gross) section stiffness. 
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Geometric non-linearity occurs when the neutral axis of the section approaches the 
mid height of the section (c = Lw/2) and defines a further reduction in stiffness. 
 
Yielding of the mild steel reinforcement can occur either before or after the geometric 
non-linearity point depending on the section dimensions and location of the steel 
reinforcement within the section. While some stiffness is lost the system still retains 
significant post-yield stiffness due to the elongation of the prestressed reinforcement 
along the rocking interface. 
 
Yielding of the prestressed reinforcement will result in a total loss in stiffness. 
Prestressing tendons are inherently brittle with minimal strain ductility. The re-
centring capacity of the section can be jeopardised if the prestressed reinforcement 
yields: this reduces the effective tendon prestressing force. Some permanent 
displacements may be tolerated for very rare earthquake events. A reduction in the 
prestress force can be detrimental in some cases, such as a beam-column joint relying 
on shear transfer through friction at the rocking beam interface. 
 
Rupture of the mild steel reinforcement can generally be manipulated or controlled 
for hybrid sections by specifying an appropriate yielding region (unbonded length). 
Rupture of the mild steel will, in general, not equate to a total loss in stability as a 
significant proportion of strength is provided by the post-tensioned tendons (and 
possibly additional mild steel reinforcement that has not yet ruptured). For this reason 
rupture of the mild steel may be tolerated for rare events. This is especially the case if 
the dissipation is in the form of external (replaceable) devices where the full structural 
integrity can be reinstated immediately following a major earthquake event. 
 
Rupture of the prestressed reinforcement or confinement reinforcement will result in 
a sudden loss of lateral stability and defines the ultimate limit of the structure.  
 
Other structural performance limit states include sliding of the rocking interface, shear 
failure of the precast wall panels and sliding shear between the precast wall panels; 
however, these can be prevented or minimised considering higher mode effects and 
over-strength actions during design. 
 
 
 
Figure 3.10 Structural limit states of a post-tensioned rocking system 
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3.5.2. Section Analysis Methods for Post-Tensioned Rocking Connections 
The curvature at a rocking interface is infinite, violating Bernoulli theory that “plane 
sections remain plane”. Therefore, a moment-curvature analysis of a post-tensioned 
rocking system is not applicable; rather, a moment-rotation analysis is performed. 
Furthermore, due to the unbonded nature of the post-tensioned tendons and the 
partially unbonded region along the grouted mild steel reinforcement, strain 
compatibility between the concrete and steel is violated. This incompatibility requires 
the introduction of an alternative compatibility condition at a global (member) level. 
A full step-by-step method to compute the moment-rotation response of a jointed 
ductile connection (post-tensioned, rocking, dissipating) was developed as part of the 
PRESSS program by Pampanin et al. [2001]. This was later implemented within fib 
[2003b], the New Zealand Concrete Design Standard, NZS3101 [2006] and the 
American Concrete Manual, ACI:T1.2-03 [2007]. This procedure considers a global 
member-compatibility condition and is referred to as the Monolithic Beam Analogy 
(MBA). The MBA analogy illustrated in Figure 3.11 assumes that the lateral 
displacement of a post-tensioned (PT) ductile connection ∆pt is equal to that of an 
Equivalently Reinforced Monolithic (EM) connection ∆mono for the same lateral load, 
Eq.(3.29). 
 
monopt ∆=∆  3.29 
 
If the geometry and reinforcement between the two elements is also identical the 
elastic displacements will be equal: leaving only the plastic (rigid) displacement. The 
rigid plastic displacement components of a post-tensioned (PT) and monolithic (EM) 
connection are equated, Eq.(3.30) 
 
( ) ( )pcantpymonocantimp LLLL 5.0−−= φφθ  3.30 
 
 
Where 
θimp  = rotation at the rocking interface 
 Lcant  = cantilever length of the element 
 Lp  = plastic hinge length of the monolithic element 
 
An equivalent concrete strain εc can be computed within the PT connection by 
rearranging Eq.(3.30) and recognising that the curvature of the section is given by 
ccεφ = , 
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Where 
εc  = hypothetical concrete strain within the precast, post-tensioned system 
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 c  = depth of the neutral axis at the rocking interface 
 
The plastic hinge length can be approximated below from Priestley et al. [2007] 
 
spspcantp LLkLL 2≥+=  3.32 
 
Where 
 k  = a measure of the spread of plasticity, ( ) 08.012.0 ≤−= yu ffk  
 Lsp  = the length of strain penetration, bysp dfL 022.0=  
 fy  = yield stress of the longitudinal reinforcement 
 fu  = ultimate stress of the longitudinal reinforcement 
 db  = diameter of the longitudinal reinforcement 
 
 
 
Figure 3.11 The Monolithic Beam Analogy (MBA) 
 
This analogy was later revisited by Palermo [2004] forming the revised Monolithic 
Beam Analogy (rMBA). The revised analogy recognises that the post-tensioned 
system is inherently more flexible than the Equivalent Monolithic (EM) element. 
Consider the two elements in Figure 3.11 having a lateral load (less than yield) 
applied to the top of the cantilever. The elastic displacement of both cantilevers will 
be the same if the geometry and reinforcement is identical for both; however, the PT 
system has additional flexibility due to the gap opening at the rocking interface. The 
principle behind the rMBA is that prior to the decompression displacement the 
concrete strain distribution is identical within the two sections. For lateral loads 
greater than the decompression displacement the additional monolithic displacement 
(beyond decompression) is equal to the rigid rotation displacement of the post-
tensioned element. Palermo [2004] discretely divides the analogy into three regions 
which is explained with the aid of Figure 3.12 
 
The first region relates strains of a EM connection to a PT connection for curvatures 
less than the yield displacement ∆y of the EM section. In this region, the maximum 
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concrete strain at the extreme fibre within the hybrid post-tensioned element εc,pt and 
the monolithic element εc,mono are identical and given by Eq.(3.33). 
 
20,,
D
monomonocptc ⋅+== φεεε  3.33 
 
Where 
ε0  = initial compression strain within the section due to the presence of 
axial load and/or initial post-tensioning. 
D  = depth of the section 
φmono  = curvature in the EM section at the base of the cantilever due to the 
applied load F 
 
The system is linear up until decompression, requiring only a single calculation at the 
onset of rotation where θ = 0. The force, displacement and concrete strain at 
decompression are given by Eq.(3.34), (3.35) and (3.36) respectively. 
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Where 
 Mdec  = decompression moment  
 N  = applied axial load  
 TPT,0  = initial post-tensioning force 
 φdec  = decompression curvature 
 B  = width of the rectangular section 
 Ec  = elastic modulus of concrete 
 
The second region relates compression strains within an EM connection to the strains 
within a PT connection between the decompression and the yield displacement of the 
EM system. The lateral displacement of the PT element ∆pt is given by  
 
ecantimppt L ∆+⋅=∆ θ  3.37 
 
Where 
 ∆e  = elastic flexural displacement of the cantilever element 
θimp  = rotation at the rocking interface 
 Lp  = plastic hinge length of the monolithic element 
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The displacement of the monolithic element is given by  
 
3
2
cantmono
mono
L⋅=∆ φ  3.38 
 
For a given lateral load, the displacement of a post-tensioned system will be greater 
than an equivalent monolithic system with identical geometry and reinforcement, i.e. 
∆pt > ∆mono. Applying the rMBA theory: “the additional displacement beyond the 
decompression displacement ∆dec of a monolithic element is equal to the rigid rotation 
displacement θimpLcant of a post-tensioned system”, yields Eq.(3.39) below 
 
33
22
cantdeccantmono
decmonocantimp
LLL ⋅−⋅=∆−∆=⋅ φφθ  3.39 
 
By rearranging Eq.(3.39) the hypothetical concrete strain at the extreme edge of the 
PT connection is given by 
 
c
L deccant
imp
c ⎥⎦
⎤⎢⎣
⎡ += φθε 3  3.40 
 
The rotation limits about which this strain relationship is valid for can be derived from 
Eq.(3.39) and is given by 
 
( )
3
0 cantdecyimp
Lφφθ −<<  3.41 
 
The third region relates compression strains within the EM connection to those within 
the PT connection for displacements greater than yield of the EM connection. The 
displacement of the PT system remains unchanged from Eq.(3.37) above, while the 
displacement of the monolithic element is given by 
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⎞
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2
p
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L
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Referring again to the rMBA analogy above, the displacement increment is equated 
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By rearranging Eq.(3.43) the hypothetical concrete strain at the rocking base of the 
hybrid connection can be computed below 
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This strain relationship is applicable within the following range of θimp. 
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As mentioned, strain compatibility is violated at the rocking interface; therefore, the 
steel strains are computed from the imposed displacements along the rocking 
interface, Palermo [2004]. If the steel strain is less than yield εy then the following 
equation is adopted 
 ( )
spmsub
imsimp
ims ll
cd
34,
,
, +
−= θε  3.46 
 
Where; 
εms,i  = strain in the ith mild steel layer. 
dms,i  = distance from the compression edge of the section to the ith mild steel 
layer  
 lub,ms  = unbonded length of the mild steel 
 
When the strain in the mild steel exceeds the yield strain εy, the following expression 
is adopted. 
 ( )
spmsub
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lcd
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,
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Where αi is an elastic strain ratio defined as 
 
ys
ims
i E
f
εα ⋅=
,  3.48 
 
Because αi is a function of the actual mild steel stress fms,i, iteration between Eq.(3.47) 
and (3.48) is required. The value of αi is generally not much greater than 1.0 and αi 
converges rapidly. Alternatively, recognising that the second term (2/3lspαiεy) in the 
numerator of Eq.(3.47) is very small in comparison to the first term, Eq.(3.47) can be 
simplified to the following expression 
 ( )
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Similarly, the strain in the post-tensioned tendons is computed from 
 ( )
ptub
iptimp
ptipt l
cdn
,
,
0,,
−⋅+= θεε  3.50 
 
Where 
 εpt,0  = strain in the tendons due to the initial post-tensioning 
 n  = number of gap openings along the tendon unbonded length 
dpt,i  = distance from the compression edge of the section to the ith tendon 
layer 
 lub,pt  = unbonded length of the tendon 
 
Once the strains can be defined throughout the section any non-linear (or linear) 
stress-strain relationship can be adopted for the concrete and steel to compute the 
resultant compression force within the concrete, mild steel stresses and tendon forces 
to satisfy translation equilibrium (force equilibrium). The moment capacity of the 
section can be computed at each rotation increment to define the entire loading 
envelope for the section. When computing the moment capacity of the section, it is 
typically computed about the centroid of the concrete compression region. In doing 
so, the relative moment contributions from the mild steel and post-tensioning can be 
computed to define the re-centring ratio λ. 
 
ms
NPT
M
MM +=λ  3.51 
 
Where 
 MPT  = post-tensioned tendon moment contribution 
 MN  = axial load moment contribution 
 Mms  = mild steel moment contribution 
 
The re-centring ratio gives an indication of residual deformations and the energy 
dissipation capacity of the section. A larger re-centring ratio will guarantee minimal 
residual displacements; however, less energy will be dissipated leading to larger 
maximum displacements. In fact, this re-centring ratio has been incorporated within 
two design codes; the Appendix of the New Zealand concrete design standard 
(NZS3101 [2006]) and, although in a slightly different form ( totalms MM=β ), the 
American ACI manual of concrete practice (ACI:T1.2-03 [2007]). In the New 
Zealand concrete design standard, hybrid post-tensioned systems are to be designed to 
ensure the re-centring ratio is greater than α0. The factor α0 accounts for a possible 
increase of the mild steel moment due to strain hardening and is equal to 1.15, i.e. 
λ ≥ 1.15. The ACI manual of concrete practice specifies that the mild steel (special 
reinforcement) moment contribution must not exceed 50% of the total moment 
capacity of the section in both directions, i.e., 5.0≤totalms MM , or λ ≥ 1.0. 
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Figure 3.12 Three regions of the revised monolithic beam analogy (RMBA) 
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3.5.3. Cyclic Modelling Techniques for Post-Tensioned Rocking Connections 
A variety of modelling techniques exists for post-tensioned rocking systems ranging 
from simple lumped plasticity models to complex finite element models. A summary 
of the current methods are presented. 
(a) Lumped Plasticity Models 
Lumped plasticity models, comprising of rotation springs in parallel, have been 
extensively developed to model the moment-rotation response of post-tensioned 
rocking systems, Pampanin et al. [2001], fib [2003b], Palermo et al. [2005a]. The 
physical layout of such a model is illustrated in Figure 3.13 having two rotational 
springs in parallel of zero length located at the rocking interface. The 
column/beam/wall element is modelled as an elastic Giberson frame element with 
appropriate (effective/cracked) section properties. Macro models of this sort require a 
proper understanding of the physical problem to yield sensible results. To start with, a 
section analysis (described in Section 3.5.2) must be carried out. In doing so, the 
various moment-rotation components of the section can be disaggregated into the 
mild steel contribution and prestressed (and/or axial load) contribution. An 
appropriate non-linear hysteresis rule is calibrated to each of the moment components. 
Generally a bilinear or trilinear non-linear elastic hysteresis rule is used to model the 
tendon/axial moment response. For the mild steel, the type of non-linear inelastic 
hysteresis model depends on the type of dissipation adopted. For internally grouted 
reinforcement a Modified Takeda (Otani [1974]) hysteresis rule can be used to 
account for bond degradation between the mild steel and concrete. The non-linear rule 
in Figure 3.13 is a Ramberg-Osgood steel rule (Ramberg and Osgood [1943]) 
representative of a system with external dissipaters. 
 
 
 
Figure 3.13 Lumped plasticity model consisting of two rotational springs in parallel 
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(b) Multi(axial)-Spring Models 
An early version of a multi-axial spring model consisted of two axial springs 
positioned along the rocking interface of a post-tensioned coupled wall system. The 
model in Figure 3.14 represents two post-tensioned wall systems coupled with U-
Shaped flexural plates, Conley et al. [1999]. Two elastic compression-only springs are 
located beneath each of the precast walls and located at the centroid of the resultant 
compression force (one spring is located at each end of the wall and positioned within 
the contact region during uplift). This method is an approximation of the actual 
rocking response of each wall as the base is assumed to pivot about the centroid of the 
compression block. In reality the “pivot” point is located at the neutral axis within the 
section; hence, the tendon elongation and internal moment can be non-conservatively 
overestimated. 
 
 
 
Figure 3.14 Two spring model of a precast, post-tensioned coupled wall, Conley et al. [1999]. 
 
 
More detailed macro-models utilising multiple axial springs located along the rocking 
interface of a post-tensioned connection have been investigated by Kim [2002], Spieth 
et al. [2004], Palermo et al. [2005b]. Kim implemented a multi-spring element that 
was available in the computer program DRAIN-2DX (Prakash et al. [1993]). This 
element had nine uniformly distributed spring elements of equal strength and stiffness 
located along the rocking interface in Figure 3.15 (only two of the nine springs is 
pictured for clarity). The axial springs were modelled as compression-only, elastic-
perfectly plastic springs having a yield displacement corresponding to a strain of 
0.004. The elongation of the mild steel, tendons and beam elongation is inherently 
captured within such a model. The mild steel is modelled as a simple bilinear 
relationship with discrete springs located at the rocking interface. The tendons are 
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modelled as truss elements, where the ends are attached to the anchorage points in the 
real system. The initial post-tensioned force in the tendon is accounted for by 
pretensioning the truss element in the computer program. The beam and column 
elements are modelled as elastic frame elements with appropriate section properties 
while the joint is modelled as rigid bar elements. 
 
 
 
Figure 3.15 DRAIN-2DX model for a hybrid joint, Kim [2002] 
 
 
Spieth et al. [2004] carried out a finite element analysis to determine the required 
length of the cantilever element that can be used to define the axial stiffness of the 
multi-spring element. The analysis studied the strain distribution within the element to 
determine the depth of the disturbed strain region. A value of one quarter of the 
element depth was found to give reliable results with the response being relatively 
insensitive to an increase in length of 200%. During this work a multi-spring element 
was added within the element library of the finite element program, Ruaumoko (Carr 
[2005]). This element has the option of 2-10 individual springs in addition to various 
weighting options for spring stiffness and spring distribution within the element. This 
multi-spring model was also used to model a post-tensioned concrete wall and beam 
column joint, providing further validation of the model, Palermo et al. [2005b]. 
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Figure 3.16 Multi-spring element within Ruaumoko, Carr [2005]. 
 
 
(c) Fibre Element and Finite Element Models 
Fibre element models have been used to capture the response of unbonded post-
tensioned beam-column joint subassemblies, El-Sheikh et al. [1998] and post-
tensioned walls, Kurama et al. [1998]. Both studies were concerned with unbonded 
post-tensioned tendons only, i.e. there was no partially grouted mild steel 
reinforcement passing the rocking interface. A fibre element model divides an 
element into a number of segments along its length. Each segment consists of a 
number of discrete fibre layers. Each fibre represents either concrete or bonded steel 
reinforcement and associates an appropriate uniaxial material stress-strain relationship 
with each fibre. The number of segments and fibres can be increased to improve the 
accuracy of the analysis. The stress and strain at each fibre is monitored about the 
mid-section of each segment. The fibre element adheres to the principle that plane 
sections remain plane; therefore, (strictly-speaking) are unable to capture the 
rocking/uplift mechanism of a post-tensioned system. Rather, the uplift/gap-opening 
of a rocking system is accounted for by the integration of the tension strain throughout 
the segment length. A fibre element segment is located adjacent to the column with 
zero tension strength and stiffness and no bonded reinforced steel elements. One of 
the key input parameters required for a fibre element model (besides the material 
stress-strain relationships) is the length of this “rocking” segment Lcr. This “rocking” 
segment length Lcr differs to the plastic hinge length Lp in reinforced concrete. El-
Sheikh proposed that the crushing length Lcr is equal to twice the depth of the 
concrete stress block (less the depth of the unconfined concrete), but not greater than 
the confined depth of the member between the outer confinement reinforcement. The 
influence of Lcr on the moment-rotation response of a beam-column joint analysis is 
shown in Figure 3.18; five multiples of Lcr are shown from 0.25 to 2.7. A variation of 
±100% makes a significant difference to the strength and ultimate displacement 
capacity of the section. In a similar study on post-tensioned walls, Kurama used a 
length Lcr equal to the thickness of the confining spiral reinforcement (at the rocking 
toe) and also recognised that the strength and displacement capacity was dependant on 
this length. 
 
Finite element models have been used to model the response of post-tensioned precast 
walls by Kurama [2000] and Allen and Kurama [2002] using the ABAQUS package. 
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Gap/contact elements are located at the rocking interface between the foundation and 
wall elements to allow uplift. The finite element model compared well to an 
equivalent fibre element model, where the lateral response and the uplift and contact 
during rocking were well in agreement. 
 
 
 
Figure 3.17 Fibre element model of a post-tensioned beam-column joint subassembly (modified 
from El-Sheikh et al. [1998]) 
 
 
 
Figure 3.18 Influence of the length of the “rocking” fibre segment on the moment-rotation 
response 
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3.5.4. Conclusions on Modelling Post-Tensioned Rocking Systems 
Three types of modelling techniques for post-tensioned rocking/dissipative systems 
were presented above. The first technique presented was a moment-rotation section-
analysis approach to evaluate the monotonic lateral response of post-tensioned 
systems considering a global member-compatibility requirement known as the 
Monolithic Beam Analogy (MBA). This technique is capable of being implemented 
into an Excel spreadsheet or Matlab code. The second type of model was a lumped 
plasticity macro model considering either rotational springs in parallel or multiple 
axial, compression only springs located along the rocking interface. These macro-
models are developed to capture the non-linear cyclic response of post-tensioned 
rocking systems. Both macro models must be calibrated to a monotonic section-
analysis; however, they are simple to implement and very fast computationally. A 
distributed plasticity fibre or finite element model was also discussed. These models 
can be accurate; however, with respect to the fibre element method, rocking and gap 
opening is accounted for via a homogeneous concrete fibre segment (no bonded 
reinforcement). While recommendations exist regarding the length of this segment, 
the value is relatively arbitrary and the response is sensitive to what length is used in 
the analysis. The finite element model is likely to provide the most accurate solution 
as there is minimal ambiguity; the user simply enters the appropriate material 
relationship in addition to setting up the geometry of the model. The downside is the 
large computational cost of such an exercise to set up the model in addition to the 
time needed to carry out the analysis. 
 
It is for this reason that the multi-spring macro-model appears to be the most 
attractive solution. The accuracy that can be achieved is very high and the speed at 
which the model can be created and run is unsurpassed. The only unknown parameter 
within the model is the axial stiffness of the multi-spring unit. A technique is 
developed within this thesis to define this axial stiffness via calibration to a 
monotonic section-response. A similar calibration could be carried out for a fibre-
element model; however, the accuracy achieved with a macro model is likely to be 
similar. 
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4. Uniaxial and Biaxial Quasi-Static Testing of Post-
Tensioned Bridge Piers 
4.1. INTRODUCTION 
This chapter presents the experimental response of seven 1:3 scale post-tensioned 
bridge piers with internal and external mild steel dissipaters (tension-compression-
yielding dampers). The bridge piers are tested under uni-directional and bi-directional 
quasi-static cyclic loading. The cyclic response of the post-tensioned bridge piers are 
compared to a benchmark monolithic ductile pier having comparable reinforcement 
and lateral strength. One of the outcomes is to investigate a number of post-tensioned 
rocking connection typologies including internal, external and replaceable mild steel 
yielding elements. 
 
The experimental testing indicates that a) each of the post-tensioned bridge piers 
suffer a marked reduction in damage when compared to the monolithic pier, and b) 
the post-tensioned piers can achieve similar levels of maximum lateral displacement 
during an earthquake. 
4.2. DESIGN OF THE PROTOTYPE BRIDGE PIER SYSTEM 
The prototype bridge system is illustrated in Figure 4.1. The single cantilever bridge 
pier forms part of a large span bridge system. While the bridge system has a relatively 
short span and pier height, the numbers represent an example for a proof of concept 
only: little attention should be given to the actual geometric details. The single-
degree-of-freedom (SDOF) equivalent prototype pier has a height of 4.8m and a total 
participating gravity deck load of 1800kN. 
 
 
 
Figure 4.1 Prototype bridge system 
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The prototype bridge pier is designed to a Direct Displacement-Based Design 
(DDBD) methodology (Priestley et al. [2007]). DDBD uses an equivalent elastic 
single degree of freedom substitute structure with secant stiffness to the target 
displacement. Three displacement objectives were chosen during design, 
corresponding to three seismic hazard levels (return periods): 1000 years, 1425 years 
and 2000 years. The design objectives are summarised in Figure 4.2(a) & (c) via a 
Demand-Capacity spectra (note that the spectral ordinates are damped spectral 
ordinates). The NZS1170.5 [2004] seismic hazard parameters (corresponding to a 
2000 year return period) are tabulated in Figure 4.2(b). It should be recognised that P-
∆ loads are not accounted for in design as the experimentally applied axial load did 
not induce second order moment demands. A summary of the design calculations is 
presented in Appendix A for a return period of 2000 years. 
 
 
NZS1170.5 [2004] Hazard 
Parameter 
Z 0.334 
Soil C 
TR 2000 years 
R 1.7 
D 20km 
N(T1,D) 1.0 
Sp 1.0 
Cd(T1=0) = PGA 0.578  
(b) Seismic hazard parameters 
Return Period 
[years] 
Design Drift 
[∆d/Lcant] 
1000 2.0% 
1425 2.6% 
2000 3.4%  
             (a) Demand-Capacity spectra (c) Design displacement objectives 
Figure 4.2 Displacement-Based Design summary of the benchmark bridge pier 
 
 
A benchmark monolithic ductile pier (MON) was designed to achieve the 
performance objectives tabulated in Figure 4.2 above of 0.3g: corresponding to a 
lateral capacity of 60kN for the test specimen. In general the post-tensioned (PT) piers 
were designed to achieve a similar objective; that is, a lateral capacity of 60kN; 
however, the strength of a PT system is highly dependant on the target displacement 
due to the high post-yield stiffness. The lateral strength of the PT piers was chosen to 
correspond to a value of 60kN at a lateral drift of 2.0%. From a displacement-based 
design point of view this would account for the lower level of hysteretic damping 
inherent of a PT system: at drift ratios exceeding 2.0%, the lateral capacity continues 
to increase, compensating for the lower level of equivalent viscous damping. To add 
to this, one post-tensioned pier (HBD4) was designed to be under-strength by 
approximately 15% to recognise the larger displacement capacity of a PT system. 
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4.3. STRUCTURAL DETAILS AND CONSTRUCTION OF THE BRIDGE 
PIER TEST SPECIMENS 
A total of seven post-tensioned bridge piers and three benchmark bridge piers were 
tested. Details of each specimen are summarised in Table 4.1, where QS refers to 
Quasi-Static testing, 2D refers to uniaxial and 3D refers to biaxial testing. 
 
Each of the post-tensioned bridge piers was tested from a single precast pier element. 
Each end of the precast element was specifically constructed to allow both ends to be 
tested with a number of different rocking connection details. One end of the post-
tensioned pier had a concrete surface (pier specimens HBD1, HBD2 & PT1), while 
the other end had a steel surface (pier specimens HBD3-HBD5 & PT2). The steel 
interface was created by casting a 25mm steel plate into the base of the pier, welded to 
the longitudinal reinforcement. 
 
 
Table 4.1 Bridge pier details 
Test Description Axial load /Initial post-tensioning Mild steel dissipaters 
Testing 
protocol 
MON Benchmark ductile pier 
200kN, constant 
axial load control 
Cast-in-place construction: 16-D10 
grade 300MPa reinforcement. 
2D QS 
3D QS 
HBD1 Hybrid, internally grouted 
200kN: 2 tendons 
at 100kN each 
(0.538fpu) 
4-D16 longitudinal bars grouted 
with 50mm unbonded length 2D QS 
HBD2 
Hybrid, internally 
grouted and 
threaded 
300kN: 4 tendons 
at 75kN each 
(0.403fpu) 
4-12.5mm diameter machined 
reinforcement (Grade 500MPa) 
with 50mm fuse length. Threaded 
into foundation, grouted into pier. 
2D QS 
HBD3 
Hybrid, internally 
threaded (semi-
replaceable) 
300kN: 4 tendons 
at 75kN each 
(0.403fpu) 
4-13.5mm diameter machined, 
internally-located bars. Threaded 
into pier, bolted to underside of 
foundation. 
2D QS 
HBD4 
Hybrid, external 
dissipation 
(replaceable) 
300kN: 4 tendons 
at 75kN each 
(0.403fpu) 
4-10mm diameter mild steel 
machined dissipaters (Grade 
300MPa). 75mm machined fuse 
length. 
2D QS 
HBD5 
Hybrid, external 
dissipation 
(replaceable) 
300kN: 4 tendons 
at 75kN each 
(0.403fpu) 
8-8mm diameter mild steel 
machined dissipaters (Grade 
300MPa). 115mm machined fuse 
length. 
2D QS 
3D QS 
PT1 HBD1, with no dissipation 
200kN: 2 tendons 
at 100kN each 
(0.538fpu) 
- 2D QS 
PT2 HBD4, with no dissipation 
300kN: 4 tendons 
at 75kN each 
(0.403fpu) 
- 2D QS 3D QS 
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4.3.1.  Monolithic, Ductile Benchmark Pier: MON 
The benchmark specimen represented a well designed bridge pier designed according 
to the New Zealand Concrete Design Standard: NZS3101:2006 [2006]. 
 
The prototype bridge pier had an 1800kN tributary deck weight, 4.8m pier height and 
1.05m square cross-section as shown in Figure 4.1. The test specimen, therefore, 
required an axial load of 200kN, a cantilever length of 1.6m and a square cross-
section of 0.35m. During the experimental test, the axial load was monitored and was 
maintained at 200kN. 
 
The pier was detailed with 16-D10 (10mm diameter, Grade 300MPa, deformed bars) 
longitudinal reinforcement and R6 (6mm diameter, Grade 300MPa, smooth bars) 
transverse reinforcement spaced at 50mm centres (each stirrup set consists of three 
rectangular hoops, resulting in four legs in both directions): refer Figure 4.3. 
Construction of the benchmark specimen was carried out in two stages. First, the 
foundation was cast, then after one week the pier element was cast. The concrete on 
the surface of the foundation was roughened prior to curing. This was to encourage a 
bond to develop between the “old” and “new” concrete during casting of the pier in 
the second pour. While a single pour would prevent the formation of a “cold joint”, it 
was more practical to cast the pier in two stages (Figure 4.4). 
 
Three monolithic piers were construction: one for unidirectional testing, one for 
bidirectional testing and a third pier for future pseudo-dynamic testing. 
 
 
 
Figure 4.3 Monolithic bridge pier, geometry and reinforcement details 
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Figure 4.4 Construction of the monolithic bridge pier 
 
4.3.2. Hybrid Bridge Pier with Internal, Grouted, Reinforcement: HBD1 
The post-tensioned pier HBD1 is detailed with 4-D16 internally grouted mild steel 
reinforcement. The 4-D16 longitudinal bars were cast into the foundation as starter 
bars and then grouted within the pier once lowered onto the foundation. Two post-
tensioned tendons were located in the centre of the pier (Apt = 100mm2 per tendon), to 
provide a total post-tensioned force of 200kN (0.538fpu per tendon; fpu = 1860MPa). 
The initial post-tensioned force of 200kN corresponds to the gravity deck load of the 
prototype test specimen and, hence, represents unstressed tendons within the full-scale 
prototype post-tensioned pier. The structural details of HBD1 and images of the as-
built test specimen are presented in Figure 4.5. A 30mm steel angle (2mm wall 
thickness) was cast around the toe of the precast pier element to provide protection of 
the highly strained cover concrete during rocking. Figure 4.7 illustrates how the steel 
angle assembly was embedded into the precast element: a total of eight reinforcing 
bars were welded to the angle assembly. Shear transfer between the pier and 
foundation was primarily resisted by friction and dowel action of the grouted mild 
steel bars; however, a metallic semi-spherical ball was mechanically fixed to the top 
of the foundation and a socket was match-cast within the centre of the precast pier 
(refer Figure 4.6 and Figure 4.9 (b) & (d)). This spherical key would help to relocate 
the pier to its original position during unloading but provided no shear transfer during 
uplift of the pier unless significant sliding occurred. Additional shear keys were 
located at each corner of the pier to control torsion induced by differential yielding of 
the mild steel elements. These shear keys, shown in Figure 4.6 (b), were particularly 
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important for the post-tensioned piers with external mild steel elements (construction 
details presented later) as torsion-sliding was difficult to prevent when relying on 
dowel action alone.  
 
The reinforcement within the precast pier element (above the rocking interface) was 
identical to the reinforcement within the monolithic pier (Figure 4.4), but did not 
cross the rocking interface. The foundation was constructed with a 20mm steel plate 
cast into the top surface (Figure 4.8 (d)) to give the rocking surface sufficient 
robustness for a large number of tests. The precast pier was lowered into position on 
the foundation after it was fixed to the laboratory strong floor (Figure 4.9). When in 
place, the tendons were post-tensioned and the starter bars were grouted. 
 
 
 
Figure 4.5 Post-tensioned pier HBD1 structural details 
 
 
 
Figure 4.6 Shear transfer mechanism and torsion control for the post-tensioned piers 
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Figure 4.7 Steel angle assembly at the base of the rocking pier to prevent damage to the cover 
concrete 
 
 
 
Figure 4.8 Reinforcement details of the foundation and pier elements 
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Figure 4.9 Assembly of HBD1 
 
4.3.3. Hybrid Bridge Pier with Internally Grouted & Threaded, 
Reinforcement: HBD2 
The post-tensioned pier HBD2 was identical to HBD1 with the exception that the 
mild steel bars were threaded into foundation concrete inserts (not grouted within the 
pier as cast in-situ starter bars). Furthermore, four post-tensioned tendons provided a 
total initial post-tensioned force of 300kN (four tendons at 0.403fpu), refer Figure 
4.10 (a). The mild steel bars were 4-HD20 (20mm diameter, Grade 500MPa) 
longitudinal reinforcement with a reduced diameter of 12.5mm over a length of 50mm 
(Figure 4.10 (b)). A thread was created at one end of the mild steel bars so they could 
be threaded into the cast in-situ foundation inserts (M20 TCM concrete inserts). After 
the mild steel bars were threaded into the foundation, the precast pier was lowered 
into position on the foundation and post-tensioned (Figure 4.11). The mild steel bars 
were then grouted within the precast pier (Figure 4.12). The idea behind threaded 
dissipaters was to improve the level of flexibility during design. The machined 
portion of the mild steel bar allows for greater control over the mild steel moment 
contribution. 
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Figure 4.10 Post-tensioned pier HBD2 structural details 
 
 
 
Figure 4.11 Details of the threaded dissipaters, HBD2 
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Figure 4.12 Assembly of HBD2 
 
 
4.3.4. Post-Tensioned Bridge Pier with Internal, Semi-Replaceable Dissipaters: 
HBD3 
The third post-tensioned pier (HBD3) was constructed with semi-replaceable 
dissipaters located internal to the foundation. One end of the mild steel dissipater was 
threaded into the underside of the precast pier, while the other end was bolted to a 
connection located on the underside of the foundation. Four post-tensioned tendons 
were again stressed to a total initial post-tensioning force of 300kN: 0.403fpu per 
tendon (Figure 4.13). The mild steel bars were considered semi-replaceable because, 
in their current configuration, the pier would need to be de-stressed and uplifted from 
the foundation in order to remove and replace the mild steel bars. 
 
The internal dissipaters were fabricated from 20mm mild steel bar and had a fused 
region in the middle of the bar to control/confine the inelastic steel strains. The fused 
region had a diameter of 13.5mm over a length of 75mm. The length of the fused 
region was chosen to limit the strain in the mild steel and prevent premature rupture. 
Little attempt was made to prevent buckling of the internal dissipaters: the 20mm 
diameter mild steel bars were located within the foundation within 25mm diameter 
PVC ducts. Ideally, the entire PVC duct should have been epoxy injected; however, 
this was too difficult to achieve. The mild steel bars were threaded at each end; one 
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end was screwed into a concrete insert located on the underside of the pier (Figure 
4.15 (a)). With the mild steel bars protruding from the underside of the pier, it was 
lowered onto the foundation. Each mild steel bar passed through a PVC duct within 
foundation and was bolted to the underside of the foundation after the post-tensioning 
load was applied (Figure 4.15 (d)). 
 
 
 
Figure 4.13 Post-tensioned pier HBD3 structural details 
 
 
 
Figure 4.14 Internal mild steel dissipaters of HBD3 
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Figure 4.15 Assembly of HBD3 
 
 
4.3.5. Post-Tensioned Bridge Piers with External Replaceable Dissipaters: 
HBD4 and HBD5 
Two post-tensioned bridge piers were constructed with external replaceable tension-
compression-yielding (TCY) dampers. The two piers differed in the number of 
external TCY dampers that were attached to the pier. HBD4 had four TCY devices 
attached to the pier while HBD5 had eight TCY devices (refer Figure 4.16 and Figure 
4.17). Four post-tensioned tendons were each stressed to 75kN (0.403fpu): Figure 
4.16 (a) shows the details of the generic pier section, while the two different damper 
arrangements are shown in Figure 4.16 (b). Details relating to the fabrication and 
testing of the TCY dampers are discussed in Section 4.4.  
 
The TCY dampers were fabricated from 20mm mild steel bar with a yielding region 
of specific diameter and length. Specific to HBD4, the TCY dampers had a fused 
diameter of 10mm over a length of 75mm. For HBD5 the TCY dampers had a fused 
diameter of 8mm over a length of 115mm. The installation procedure of the dampers 
into the pier is shown in Figure 4.18. Strain-gauges allowed the strain to be monitored 
while the dampers were bolted into position to ensure they were not pre-yielded 
before testing. 
 
The TCY dampers were connected to a steel bracket mounted to the side of the 
precast pier (Figure 4.16 (a)). A total of eight 25mm diameter, high-strength, threaded 
rods held a steel bracket to each of the four faces. Relying on shear friction to transfer 
force can be extremely unpredictable, hence, the steel and concrete were roughened 
and a film of high strength epoxy (Hilti RE500) was applied to the surface of the 
concrete and steel prior to installation. This ensured that there was no movement of 
the steel bracket relative to the concrete surface. The foundation end of TCY damper 
was bolted to a block on top of the foundation. The steel block was bolted to the 
Chapter 4. Quasi-Static Testing of Post-Tensioned Bridge Piers 4.13 
foundation with 12mm, 880MPa threaded rods epoxy-cast into the foundation to an 
embedment depth of 250mm. 
 
The steel plate detail at the rocking interface of HBD4 & HBD5 is illustrated in 
Figure 4.19. A 25mm steel plate was welded to the longitudinal reinforcement of the 
precast pier.  
 
 
 
Figure 4.16 Structural details for post-tensioned piers HBD4 and HBD5  
 
 
 
Figure 4.17 Dissipater connection details for HBD4 and HBD5 
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Figure 4.18 Installation of the external dissipaters 
 
 
 
Figure 4.19 Steel plate detail at the rocking base of HBD4 and HBD5 
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4.4. FABRICATION AND TESTING OF THE EXTERNAL MILD STEEL 
DAMPERS 
The tension-compression-yielding (TCY) dampers were fabricated at the Civil 
Engineering Laboratory at the University of Canterbury from 20mm diameter mild 
steel bar. A yielding region is machined along bar with a reduced diameter over a 
specified length. The process is illustrated in Figure 4.20: the bar was first placed in a 
lathe and fused length was “turned” to the desired diameter. Next, the steel dissipater 
was strain gauged (for instrumentation purposes only). A 34mm (outside diameter) 
tube, with a wall thickness of 2mm, was located over the machined area of the steel 
bar and temporarily fixed in place. Epoxy was then injected into a hole located at the 
bottom of the steel tube to ensure all the air was expelled out of the opening at the top. 
The fabrication process was relatively simple and cheap, the most time consuming 
and expensive exercise was strain gauging (which is not required in practical 
applications). 
 
 
 
Figure 4.20 TCY damper manufacturing process 
 
 
Prior to the pier testing, the dampers were individually tested to characterise their 
stability under cyclic loading and energy dissipation capacity. The test setup for the 
TCY damper is shown in Figure 4.21 (a). A 250kN Instron test-rig was used to 
impose a displacement time-history similar to what was expected when tested within 
the actual bridge pier, Figure 4.21 (b). Three different TCY dampers, with varying 
fuse diameters, were tested to determine the effectiveness of the anti-buckling tube 
(Table 4.2).  
 
Four TCY damper tests (damper Group C) are presented in Figure 4.23 plotting the 
axial force versus axial displacement cyclic response. The four damper specimens 
were identical in terms of geometry but fabricated from different steel batches. The 
response is very stable and capable of providing a large amount of dependable energy 
dissipation. Furthermore, the anti-buckling system worked well: pinching is not 
evident and the response is very stable.  
 
Consider the response of the two TCY damper tests C3 and C4 (Figure 4.23 (c) & (d) 
respectively). These two dampers were subjected to net negative displacements. 
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Negative displacements were expected for the TCY dampers located on the external 
faces of the post-tensioned pier HBD5. The test results indicate a sudden increase in 
stiffness when the damper is subjected to negative displacement demands. This can be 
explained with the illustration in Figure 4.22. As the damper is compressed into the 
negative range, the larger diameter of the bar comes into contact with the surrounding 
epoxy increasing the stiffness of the damper in compression. In Figure 4.22 k1 refers 
to the elastic stiffness of the mild steel bar alone, while k2 refers to the additional 
stiffness provided by the epoxy. The elastic stiffness in compression is the sum of k1 
and k2 until compression yielding occurs, in which case the stiffness in compression 
reduces to k2, the stiffness attributed to the epoxy alone. 
 
The typical failure mechanism of the TCY damper was rupture of the mild steel 
within the fused region due to low-cycle fatigue (Figure 4.21 (c)). While buckling is 
observed, the buckled length is very short (Figure 4.21 (c) indicates an effectively 
buckled length of approximately 3-3.5 bar diameters). This allowed the damper to 
yield efficiently in compression during unloading. 
 
Multiple cyclic dissipater tests revealed that the strain at rupture typically occurred in 
the region of 100x10-3-140x10-3mm/mm. 
 
 
Table 4.2 Details of the TCY damper test groups 
 TCY damper detail Corresponding test 
Group A 13.5mm fuse diameter, 75mm fuse length - 
Group B 10.0mm fuse diameter, 75mm fuse length HBD4 
Group C 8.0mm fuse diameter, 115mm fuse length HBD5 
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Figure 4.21 TCY damper testing  
 
 
 
Figure 4.22 The effect of the epoxy, anti-buckling system increasing the axial stiffness of the TCY 
dampers in compression 
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Figure 4.23 Cyclic testing of TCY dampers (Group C). Test specimen C1 & C2 positive 
displacements only, Test specimens C3 & C4 positive and negative displacements 
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4.5. EXPERIMENTAL LABORATORY TEST SET-UP 
4.5.1. Uniaxial Quasi-Static Laboratory Test Set-Up 
The experimental cantilever test pier is illustrated in Figure 4.24. The test set-up was 
identical for both the post-tensioned (PT) and the monolithic test specimens. Specific 
instrumentation schemes were adopted depending on whether rotation or curvature 
was measured during each test. During testing of the monolithic benchmark pier 
(MON) the 200kN axial load was kept constant to represent the gravity deck load. For 
the PT test specimens the initial post-tensioning represented the summation of the 
gravity deck load and the initial post-tensioned force within the prototype pier. As the 
PT piers displaced laterally the axial load increased as a result of tendon elongation 
due to the gap opening along the rocking interfaced. 
 
 
 
Figure 4.24 Experimental test set-up 
 
The quasi-static loading regime consisted of three cycles at each specified lateral drift 
ratio, followed by a single intermediate cycle at a small drift ratio (Figure 4.25 (b)). 
The procedure defining the loading protocol was adopted from the ACI 
recommendations “Acceptance criteria for moment frames based on structural testing” 
ACI [2001]. This standard defines the minimum experimental evidence that must be 
satisfied to construct structural systems outside the requirements of ACI 318-99. The 
document provides a number of prescriptive pass/fail criteria. On completion of the 
3rd and final cycle at a drift ratio not less than 3.5% (being the typical MCE 
displacement demand for moment resisting frames), the system must satisfy the 
following 
• The peak force in any given loading direction must exceed 75% of the 
maximum force in the same loading direction. 
• The relative energy dissipation (ratio of energy dissipated to an equivalent 
elasto-plastic system) shall exceed 1/8 (0.1275). 
• The secant stiffness from -3.5% to 3.5% of lateral drift shall exceed 0.05 times 
the initial stiffness of the system (determined from the elastic cycles at the 
beginning of the test protocol). 
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Figure 4.25 Quasi-static test-rig and displacement controlled testing protocol 
 
 
(a) Measuring Lateral Displacements 
Lateral displacements at the top of the pier were measured by rotary potentiometers 
fixed to independent steel frames, located in line with the hydraulic actuators. 
 
(b) Measuring Lateral and Axial Loads 
The lateral load was directly measured via a 150kN load cell attached at the end of the 
hydraulic actuator. The tendon loads were measured using 150kN load cells that were 
specifically fabricated to fit beneath each tendon anchorage. 
 
(c) Computing Curvatures and Rotation 
Curvatures were not directly measured up the height of the monolithic pier, rather 
rotations were measured at 200mm intervals up the height of the pier to a distance of 
800mm above the foundation (Figure 4.26 (a)).  
 
With respect to the instrumentation up the height of the monolithic bridge pier in 
Figure 4.26 (a), the rotation relative to points 1 and 2 is given by Eq.(4.1). All linear 
potentiometers were arranged such that extension recorded a positive numeric value. 
 
x
BA
mon
∆−∆=−21θ  4.1 
 
It follows that the average curvature between points 1 and 2 is computed from 
Eq.(4.2) 
 
21
2121
−
−− =
hmon
θφ  4.2 
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Figure 4.26 Instrumentation to record rotation 
 
The rotation at the base of the post-tensioned bridge piers can be determined by 
Eq.(4.3) for positive rotations in Figure 4.26 (b) and Eq.(4.4) for negative rotations. 
 
21−
+ ∆−∆=
x
BAve
PTθ  4.3 
32−
− ∆−∆=
x
BCve
PTθ  4.4 
 
(d) Computing the Neutral Axis Depth 
It was not necessary to define the neutral axis depth within the monolithic bridge pier. 
However, the neutral axis depth c could be readily computed along the base of the 
post-tensioned piers from the instrumentation layout in Figure 4.26 (b). For positive 
rotations the neutral axis depth can be computed from Eq.(4.5), while for negative 
rotations Eq.(4.6) is used. The formulation of Eq.(4.5) and Eq.(4.6) is presented as a 
ratio of the section depth χ = c/D. The behaviour of the neutral axis depth provides a 
better understanding of the section response for analytical modelling purposes. 
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4.5.2. Biaxial Quasi-Static Laboratory Test Set-Up 
The uniaxial test-rig was extended to two directions for biaxial testing in Figure 4.28. 
The uniaxial ACI protocol described in Section 4.5.1 was used to determine the lateral 
drift amplitudes in both the N-S and E-W direction during biaxial testing. The 
combined displacement time-history of both the N-S & E-W actuators results in a 
clover displacement path shown in Figure 4.27. The radius r at any point is described 
by the function )2sin()( θθ ⋅= Rr . The magnitude of the maximum displacement at 
each cycle is defined by R and located at an angle of 45 degrees to the principal axis. 
The x and y co-ordinates are therefore given by )cos()()( θθθ ⋅= rx  and 
)sin()()( θθθ ⋅= ry  respectively. The largest x and y displacement component occurs 
at an angle less than 45 degrees: approximately equal to 36 degrees. Three complete 
cycles of the clover-shape were circumscribed during each specified drift level. This 
was quite a demanding loading protocol as the pier was subjected to a total of six 
excursions into the positive and negative x-axis and y-axis during each specified drift 
level. 
 
 
 
Figure 4.27 Biaxial displaced profile 
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4.6. MATERIAL PROPERTIES 
4.6.1. Mild Steel Reinforcement 
Monotonic tension testing was carried out on the five types of mild steel 
reinforcement used as dissipaters within the post-tensioned piers as well as the 
longitudinal reinforcement within the monolithic (MON bridge pier. The mild steel is 
listed below 
 
• Longitudinal reinforcement within MON (and the precast longitudinal 
reinforcement within the PT pier) 
• Grouted longitudinal reinforcement used in HBD1 
• Grouted, fused longitudinal reinforcement used in HBD2 
• Mild steel bar used in HBD3 and HBD4 
• Mild steel bar used in HBD5 
 
At least three test specimens were selected from each steel group, with the average 
material properties summarised in Table 4.3. 
 
 
Table 4.3 Average mild steel material properties 
 E fy fu εy εsh εu 
MON 187000MPa 317MPa 433MPa 0.00170 0.030 0.20 
HBD1 194000MPa 304MPa 450MPa 0.00157 0.022 0.20 
HBD2 218500MPa 568MPa 704MPa 0.00260 0.016 0.08 
HBD3 190000MPa 320MPa 460MPa 0.00170 0.026 0.20 
HBD4 190000MPa 320MPa 460MPa 0.00170 0.026 0.20 
HBD5 193000MPa 320MPa 461MPa 0.00165 0.025 0.20 
 
 
4.6.2. Post-tensioned Reinforcement 
The prestressed/post-tensioned reinforcement used was 0.5 inch (12.7mm) diameter, 
7-wire strands (Apt = 100mm2). While monotonic testing was carried out, the strands 
were not tested to rupture. Additional material tests were carried out by the steel 
distributor, which allowed the ultimate strength to be determined. The properties are 
listed below in Table 4.4. 
 
 
Table 4.4 Post-tensioned reinforcement material properties 
 E fy fu εy εu 
7-wire strand 197100MPa 1560MPa 1850MPa 0.00792 NA 
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4.6.3. Concrete 
Unconfined concrete compression tests were carried out on the concrete material used 
in the construction of the monolithic and post-tensioned piers. The 28 day and lead-up 
compressive strengths are recorded in Table 4.5. 
 
Table 4.5 Concrete compressive strengths 
 Monolithic pier PT pier 
7 day compressive strength 52.6MPa 40.6MPa 
28 day compressive strength 66.5MPa 49.5MPa 
Strength at first day of testing 65.9MPa 54.1MPa 
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4.7. DISCUSSION ON THE EXPERIMENTAL RESULTS 
4.7.1. Monolithic Benchmark Bridge Pier 
(a) Uniaxial Quasi-Static Cyclic Test Results 
The lateral load-displacement response of the monolithic benchmark bridge pier 
(MON) is graphed in Figure 4.29 (a). Typical of a well detailed section, the response 
is very stable with large inelastic cycles developing a large amount of energy 
dissipation; however, at a consequence of large static residual deformations. 
Significant pinching occurs due to the 200kN applied axial load representing the 
gravity deck load of the bridge pier. Cyclic stiffness degradation occurs due to 
degradation of the mechanical bond around the mild steel reinforcement. There is no 
loss in strength up to a lateral drift ratio of 4.5%.  
 
As a result of the “cold-joint” (the bridge pier in two stages: first the foundation, 
followed by the pier, as per typical construction practice), damage was confined to a 
few wide cracks (Figure 4.29 (b) & (c)). The wider cracks were located primarily at 
the foundation-pier interface and to a lesser extent, up to a height approximately equal 
to the depth of the pier. Due to the high compressive strength of the concrete 
(f’c = 66.5MPa at 28 days) spalling was not observed until the lateral drift ratio 
exceeded 4.5%; thereafter, spalling was initiated by buckling of the longitudinal 
reinforcement. 
 
 
 
Figure 4.29 Experimental force-displacement response and photos indicating damage of the 
benchmark monolithic pier at a lateral drift ratio of 3.5%. 
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(b) Biaxial Quasi-Static Cyclic Test Results 
The biaxial cyclic load-displacement behaviour of the monolithic bridge pier is 
presented in Figure 4.30 (a). The biaxial response is similar to the uniaxial response in 
that the system is relatively stable and has a large amount of energy dissipation 
capacity. Spalling was initiated at a lateral drift ratio of 1.5% at each corner of the pier 
and becomes more wide spread (up to a height of 200-300mm) at a lateral drift of 2%. 
Cyclic stiffness degradation is initiated by bond deterioration and progressive spalling 
of the unconfined cover concrete and continues to degrade as the displacement 
ductility increases. The reduction in strength during the second cycle at 3.5% lateral 
drift within the S-E quadrant resulted from rupture of the N-W and S-W longitudinal 
reinforcing bars. Prior to rupture of the longitudinal reinforcement no strength 
degradation was observed. Large static residual deformations were apparent due to the 
non-recoverable inelastic strains within the longitudinal reinforcement. 
 
 
 
Figure 4.30 Performance of the monolithic bridge pier under bi-directional cyclic loading 
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First-buckling of the longitudinal reinforcement was observed at a lateral drift of 
2.5%; thereafter, the stiffness began to degrade significantly. This was followed by a 
marked reduction in strength after rupture of the corner reinforcing bars occured. 
Damage was extensive, being entirely confined to a region approximately equal to the 
depth of the pier section (the length of the plastic hinge): Figure 4.30 (b), (c) & (d). It 
should be appreciated that the structural integrity would be difficult and costly to 
reinstate in this case. 
 
4.7.2. Post-Tensioned Only Bridge Piers 
(a) Uniaxial Quasi-Static Cyclic Test Results 
The uniaxial, quasi-static lateral response of two post-tensioned only piers is 
presented in Figure 4.31 and Figure 4.32. The post-tensioned pier PT1 in Figure 4.31 
is the same as the post-tensioned pier PT2 in Figure 4.32 the difference being the type 
of material at the rocking interface. PT1 had a concrete rocking surface; in fact, PT1 
and HBD1 were the same specimen, PT1 was tested before the internal mild steel 
reinforcement was grouted within the precast pier (this defined HBD1). It is for this 
reason that PT1 was only tested to a lateral drift of 0.75% to protect the mild steel 
reinforcement from damage. PT2 had a steel rocking surface and was the same 
specimen as the post-tensioned hybrid pier HBD4 without any external TCY damper 
elements connected. 
 
 
 
Figure 4.31 PT1 (post-tensioned only pier) quasi-static cyclic response 
 
 
The force-displacement behaviour of both PT tests is essentially characterised by a 
non-linear elastic response. Some energy dissipation (and minor stiffness degradation) 
is observed for PT1, primarily related to a reduction of the initial post-tensioned load 
due to mechanical take-up of the tendon anchorages as the load in the tendon 
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increased. In contrast, the tendon anchorages in PT2 were pre-loaded to a load greater 
than that expected during testing. Therefore, no tendon losses were observed in this 
test, resulting in an almost completely elastic response. 
 
The non-linear point describing the transition between the initial and the bi-linear 
stiffness in Figure 4.31 (a) and Figure 4.32 (a) corresponds to a geometric non-
linearity point due to the sudden relocation of the neutral axis position within the 
section. This is not a material non-linearity point. This geometric non-linearity is an 
inherent property of post-tensioned rocking systems. The behaviour of the neutral axis 
is discussed in more detail in Chapter 7. 
 
At the completion of both tests, no damage was observed, albeit for minor flexural 
cracking up the height of the pier. On unloading, the thickness of the residual crack 
widths were of hairline due to the post-tensioned force acting on the pier. 
 
 
 
Figure 4.32 PT2 (post-tensioned only pier) quasi-static cyclic response 
 
 
(b) Bi-Directional Quasi-Static Cyclic Test Results 
The N-S and E-W bi-directional lateral response of PT2 is presented in Figure 4.33 
showing the lateral force-displacement response (a) and the tendon behaviour (b). 
Some stiffness degradation is observed in Figure 4.33 (a) due to minor damage around 
the corner of the rocking toe. Photos of this damage are shown Figure 4.34: the 
damage is primarily superficial spalling of the cover concrete combined with some 
flexural yielding of the 25mm steel base plate at each corner. As the bridge pier rocks 
about the corner toe large compression strains can be expected. As the plate yields and 
some cover concrete is lost, a reduction in lateral stiffness is expected for following 
loading cycles due to a reduction in length of the internal lever-arm defining the 
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moment capacity of the section. In fact, the test was terminated at a drift ratio of 1.5% 
to preserve the bridge pier for subsequent tests. 
 
The clover-shaped tendon load response in Figure 4.25 is related to the biaxial 
displacement loading protocol. There were no tendon losses observed during or after 
testing as the tendons and tendon anchorages were pre-loaded prior to testing. 
 
 
 
Figure 4.33 PT2 (post-tensioned only pier) biaxial quasi-static cyclic response 
 
 
 
Figure 4.34 Damage of PT2 under biaxial cyclic testing 
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4.7.3. Post-Tensioned Bridge Pier Testing with Internal Dissipation: HBD1 
(a) Uni-Directional Quasi-Static Cyclic Test Results 
The cyclic testing of HBD1 (post-tensioned pier with internally grouted mild steel 
reinforcement) is plotted in Figure 4.35 (a) and shows a very stable lateral response. 
Some cyclic stiffness degradation is evident due to deterioration of the bond around 
the grouted mild steel reinforcement. The strength is very stable up until the test is 
terminated at a lateral drift ratio of 3.0%.  
 
The tendons remained completely elastic (fy = 156kN). Minor tendon losses were 
observed due to pull-in of the wedges within the tendon anchorage in Figure 4.35 (b). 
The apparent “hysteresis” response of the post-tensioned tendons in Figure 4.35 (b) is 
not related to yielding of the tendons; rather, the elongation of the tendon differs 
considering both the loading and unloading cycle. The depth of the neutral axis is 
larger during the loading cycle when compared to unloading cycle as the extreme mild 
steel layers go from being loaded in tension to being loaded in compression. 
 
Damage was confined to yielding of the mild steel reinforcement and flexural 
cracking up the height of the pier (Figure 4.36). Upon unloading, a majority of the 
cracks were of hairline thickness. Spalling of the cover concrete was prevented by the 
cast-in steel angle assembly located around the perimeter of the base. 
 
Some static residual deformations were evident during the test. The ratio of the axial 
load plus prestressed reinforcement moment (MN+Mpt) to the non-prestressed 
reinforcement moment (Mms) was approximately equal to 1.0, i.e. with reference to 
Eq.(4.7), λ ≈ 1.0. When this is the case, static residual deformations are expected 
considering over-strength of the mild steel (strain-hardening). However, even 
considering material over-strength, the system will still return low residual 
deformations following an earthquake due to dynamic re-centring and the high 
bilinear stiffness of the system. 
 
ms
Npt
M
MM +=λ  4.7 
 
Technically, HBD1 failed the ACI acceptance criteria (refer Section 4.5.1) as the peak 
lateral drift ratio did not equal or exceed 3.5%; however, one could infer from the 
stability of the test results that a lateral drift of 3.5% could be easily achieved. The 
relative energy dissipation was equal to 0.332 for the 3rd cycle at 3.0% lateral drift, 
with a ratio of the secant stiffness (at 3.0% lateral drift) to the initial stiffness of 
0.145. No reduction in strength was observed. 
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Figure 4.35 HBD1 quasi-static cyclic response 
 
 
 
Figure 4.36 Damage of HBD1 
 
 
4.7.4. Post-Tensioned Bridge Pier Testing with Internal Dissipation: HBD2 
(a) Uniaxial Quasi-Static Cyclic Test Results 
The cyclic response of the post-tensioned bridge pier HBD2 is similar to HBD1 in 
that the response is very stable with a large amount of dependable energy dissipation 
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capacity (Figure 4.37 (a)). There is less cyclic stiffness degradation present in HBD2 
due to the nature of the mild steel reinforcement: strain penetration and bond 
deterioration is significantly reduced when a fuse region is located along the mild 
steel bar. 
 
The larger initial post-tensioned force of 300kN acting on the section led to larger 
concrete compression strains during rocking. The consequence of this was minor 
(superficial) spalling of the cover concrete directly above the cast-in steel angle 
assembly located around the base of the pier (Figure 4.38). The larger tendon load 
also increased the moment ratio of the section to approximately λ = 1.5 (at a lateral 
drift of 2%): this reduced the static residual deformations after testing. 
 
Due to laboratory complications during testing, only one cycle at the final drift ratio 
of 3.5% was recorded. However, considering the stability of the system up until this 
point the remaining two cycles would have been completed without any issues. 
 
Again, technically HBD2 failed the ACI acceptance criteria as laboratory issues 
prematurely ended the testing, allowing only a single drift cycle at 3.5% to be 
recorded. A relative energy dissipation ratio of 0.311 (>0.1275), for the 1st cycle at a 
lateral drift ratio of 3.5%, was achieved with a ratio of the secant stiffness (at 3.5% 
lateral drift) to the initial stiffness of 0.266. No strength degradation was observed. 
 
 
 
Figure 4.37 HBD2 quasi-static cyclic response 
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Figure 4.38 Damage of HBD2 at the end of testing indicating superficial spalling of the cover 
concrete above the cast in-situ steel angle assembly 
 
 
4.7.5. Post-Tensioned Bridge Pier Testing with Internal Dissipation: HBD3 
(a) Uniaxial Quasi-Static Cyclic Test Results 
The cyclic force-displacement response of HBD3 was characterised by significant 
pinching and stiffness degradation in Figure 4.40 (a). The internal mild steel 
dissipaters, which pass through PVC ducts located within the foundation, prematurely 
buckled and prevented efficient yielding in compression. The buckled dissipaters are 
pictured in Figure 4.39 (a) after being removed from the pier at the end of the test. 
Some tendon losses were observed but were minimal and related to anchorage pull-in 
of the wedges in Figure 4.40 (b). 
 
 
 
Figure 4.39 Buckled internal dissipaters and rupture of a pier threaded-insert 
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Figure 4.40 HBD3 quasi-static cyclic response 
 
 
During the final cycle approaching a lateral drift ratio of 4% a sudden reduction in 
strength was observed. This strength reduction resulted from fracture of one of the 
threaded-inserts. The inserts were cast into the precast pier: the dissipaters were later 
threaded into the inserts. The rupture plane was located at the location of a temporary 
construction weld. This weld contained a region of brittle material encouraging 
rupture. 
 
The entire ACI acceptance criteria were achieved for HBD4. Three cycles at a lateral 
drift of 3.5% was recorded. A relative energy dissipation ratio of 0.135 (>0.1275) at 
the 3rd cycle at a lateral drift ratio of 3.5%, was achieved with a ratio of the secant 
stiffness (at 3.5% lateral drift) to the initial stiffness of 0.194. The reduction in 
strength did not fall below 75% of the peak load in the same direction. 
 
 
4.7.6. Post-Tensioned Bridge Pier Testing with External Dissipation: HBD4 
(b) Uniaxial Quasi-Static Cyclic Test Results 
The cyclic response of the post-tensioned pier with external TCY dampers (HBD4) 
was the most stable of all the tests reported herein. The entire cyclic response was 
extremely stable: the only stiffness degradation resulted from Bauschinger effects of 
the mild steel TCY dampers in Figure 4.41 (a). Damage was limited to flexural 
cracking up the height of the pier: when the lateral load was removed the cracks were 
of hairline thickness. 
 
The imposed displacement demands acting on the steel TCY dampers was in the order 
of 6.5mm at a lateral drift of 3.5%. These displacement demands are highlighted in 
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Figure 4.42 (b). The entire inelastic deformation was concentrated to the sacrificial 
and replaceable dampers. 
 
The steel brackets supporting the externally mounted dampers provided essentially 
zero slip along the connection interface: this maximised the efficiency of the TCY 
dampers. Furthermore, the tendons remained elastic and rupture of the dissipaters was 
avoided up to a lateral drift of 3.5%. All three ACI acceptance criteria were met with 
a relative energy dissipation ratio equal to 0.16 (>0.1275) for the final cycle at a 
lateral drift of 3.5% and a secant-to-initial stiffness ratio of 0.22 at 3.5% lateral drift. 
 
 
 
Figure 4.41 HBD4 quasi-static cyclic response 
 
 
 
Figure 4.42 Rocking response of HBD4 at 3.5% lateral drift 
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4.7.7. Post-Tensioned Bridge Pier Testing with External Dissipation: HBD5 
(a) Uniaxial Quasi-Static Cyclic Test Results 
As was the case for HBD4, the cyclic response of the post-tensioned pier HBD5 was 
found to be very stable, Figure 4.43. Premature rupture of one dissipater occurred in 
each direction during loading to the final cycle at a lateral drift of 3.5%. It is worth 
noting that rupture was mainly due to an inadequate fuse length of 115mm: this length 
was constrained by the available length at the base of the rocking connection. While 
monotonic tensile testing of the mild steel bars indicated available mild steel strain 
capacities in the order of 200x10-3mm/mm (Table 4.3), cyclic testing suggested that 
the available strain capacity would reduce by as much as 35-50% due to low-cycle 
fatigue (refer Figure 4.21). Cyclic dissipater tests indicated that the strain at rupture 
typically occurred in the region of 310100 −× to mmmm /10140 3−× . The strain 
demand acting on the TCY dampers that were located on the outside face of the pier 
section was in the order of 120x10-3mm/mm at a lateral drift of 3.5%, so it was of no 
surprise that rupture to one or more of the mild steel dissipaters occurred during the 
final drift cycles. 
 
With this in mind, the collapse-prevention design objective at the MCE limit state was 
not completely satisfied for HBD5 as two out of a total of eight dampers ruptured. 
Details of the design objectives at the 2/3MCE and MCE are discussed in Section 4.2. 
However, given that two out of a total of eight dampers had ruptured the lateral 
stability was not compromised due to high level of redundancy within the system: as 
well as the remaining dampers, the post-tensioned tendons are still fully contributing 
to the lateral capacity of the system (in fact, the tendons will, in general, contribute to 
at least 50% of the lateral capacity). Furthermore, the entire vertical load bearing 
capacity of the system is still maintained after any number of dissipaters rupture. 
 
The higher percentage of energy dissipation is clearly evident for HBD5 when 
compared to HBD4: this resulted in minor static residual deformations for HBD5. As 
expected, the damage to HBD5 was limited to flexural cracking of the precast pier and 
inelastic yielding of the steel dissipaters. All three ACI acceptance criteria were met; 
only a 10% loss in strength occurred as a result of one dissipater rupturing in each 
direction, a relative energy dissipation ratio equal to 0.27 (>0.1275) and a secant-to-
initial stiffness ratio of 0.14 was measured at a lateral drift of 3.5%.  
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Figure 4.43 HBD5 quasi-static cyclic response 
 
 
 
Figure 4.44 Rocking response of HBD5 at 3.5% lateral drift 
 
 
(b) Bi-Directional Quasi-Static Cyclic Test Results 
Figure 4.45 (a) presents the N-S and E-W lateral response of the post-tensioned, 
hybrid bridge pier HBD5. The response was stable with very little stiffness and 
strength degradation until rupture of the 1st TCY damper at a lateral drift ratio 
approaching 2.5%. Two more dampers ruptured during subsequent drift ratios at 
2.5%: this is indicated by the significant drop in strength and stiffness to the system in 
the cycles to follow. Given that three out of eight dissipaters had ruptured, significant 
residual strength and stiffness could still be relied upon due to the post-tensioned 
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tendons and the five remaining TCY dampers. Some spalling occurred at the base of 
the pier around each corner: concrete spalling was accompanied by flexural yielding 
of the steel plate (Figure 4.45 (c) & (d)). 
 
 
 
Figure 4.45 Performance of the HBD5 bridge pier under biaxial cyclic loading 
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4.7.8. Area-Based Equivalent Viscous Damping 
With reference to Figure 4.46, the area-based equivalent viscous damping (area-based 
EVD) can be computed from Eq.(4.8). 
 
s
D
E
E
πξ 4
1=  4.8 
 
Where: 
 ED  = total energy dissipated during one complete cycle 
 ES  = equivalent strain energy at the maximum displacement of the cycle 
 
 
Figure 4.46 Area-based, Equivalent Viscous Damping calculation 
 
The equivalent viscous damping (EVD) was computed for each post-tensioned bridge 
pier and compared with the ductile monolithic pier in Figure 4.47 as a benchmark. 
The EVD is plotted showing the 3rd cycle at each drift level. The horizontal axis at the 
top of each graph indicates the ductility demand of the monolithic pier. 
 
Each post-tensioned pier was able to dissipate an appreciable amount of energy. 
HBD1 indicated a very high damping ratio was possible; however, some residual 
deformations could be expected following an earthquake due to the low proportion of 
prestressed to non-prestressed reinforcement within the section. On the contrary, 
HBD3 returned quite a low level of damping. This was as a result of buckling of the 
internal mild steel dampers. If buckling had of been prevented the damping capacity 
would have improved significantly. 
 
The EVD of each bridge pier is graphed in Figure 4.48 and Figure 4.49 for each 
displacement cycle. These graphs allow the EVD of each pier to be compared at each 
cycle and to investigate the degradation associated with bond deterioration or bar 
buckling. First, considering the ductile monolithic bridge pier, there is surprisingly 
Chapter 4. Quasi-Static Testing of Post-Tensioned Bridge Piers 4.41 
little degradation of area-based damping following each drift cycle. The lateral cyclic 
response of Figure 4.29 suggests that the degradation that occurs between each cycle 
to the same drift is minimal: the stiffness degradation appears to be largely dependant 
on the current maximum ductility demand and less dependant on the total number of 
displacement cycles. Similar conclusions can be made with regards to HBD1.  
 
The decrease in area-based damping from the 1st cycle to subsequent cycles for HBD3 
is attributed to buckling of the internal mild steel bars. After bar-buckling has 
occurred within the first cycle, the damping stabilises during subsequent cycles. The 
degradation associated with HBD4 and HBD5 is primarily attributed to the 
Bauschinger material effect of the external TCY dampers: in fact the difference in 
area-based damping between the first and third cycles for these tests is minimal. This 
highlights the stability of a post-tensioned system with external TCY dampers. 
 
 
 
Figure 4.47 Equivalent viscous damping comparison (3rd cycle at each drift) 
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Figure 4.48 Comparison of equivalent viscous damping (EVD) between MON, HBD1, PT1 & PT2 
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Figure 4.49 Comparison of equivalent viscous damping (EVD) between HBD2-HBD5 
 
4.44                            D.J. Marriott.  The Development of High-Performance, Post-Tensioned Systems 
4.7.9. Performance Evaluation of the Post-Tensioned Bridge Piers 
In order to determine the performance of each bridge pier, considering the expected 
displacement demand under a specific seismic intensity, the experimental area-based 
damping relationships plotted in Section 4.7.9 are used within a displacement-based 
assessment. The full assessment procedure is described in detail in Appendix A. The 
New Zealand seismic loading standard NZS1170.5 [2004] was used as the seismic 
hazard in determining the performance objectives of each bridge pier 
 
The performance of MON is shown in Figure 4.50. The solid black lines represent the 
seismic hazard at increasing levels of intensity, considering a return period of 100 
years (R = 0.5) to a return period of 2000 years (R = 1.7). Each seismic hazard (R 
value) has been reduced from the 5% elastic hazard according to the level of 
equivalent viscous damping (EVD) that would be achieved at each displacement 
objective. The experimental EVD-displacement relationship for each pier presented in 
Figure 4.48 and Figure 4.49 allows a unique damping value to be determined for any 
lateral displacement (up to the peak lateral displacement measured during testing). 
When computing the numerical value of EVD the 2nd cycle was used to 
conservatively allow for some degradation within the system following the initial 
smaller cycles of an earthquake ground motion. 
 
Figure 4.50 illustrates that a lateral drift demand of approximately 3.41% can be 
expected considering a return period of 2000 years (R = 1.7). This compares well with 
the 3.4% design drift stipulated in Section 4.2 and summarised in Appendix A. 
 
The performance objectives are summarised in Table 4.6 considering the entire range 
of seismic hazard levels (return period of 100 years to 2000 years). It is interesting to 
note that the lateral drift demand does not increase in proportion to the seismic 
intensity: generally, the drift demands increase at a greater rate than the seismic 
intensity. 
 
This displacement-based assessment was also carried out on each of the post-
tensioned bridge piers HBD1-HBD5 and PT2. The assessments are of these bridge 
piers are illustrated in Figure 4.51. This evaluation procedure allows each system to 
be compared relative to one another. Of all the post-tensioned piers, only HBD2 and 
HBD5 provide test results to indicate information for a 2000 year earthquake event.  
 
The performance of each bridge system in Figure 4.51 is also summarised in Table 
4.6. The lateral drift demand (∆/lcant) is shown considering all five seismic intensities 
R. Table 4.6 also lists the interpolated area-based damping ξarea-based from the 
experimental data in Figure 4.48 and Figure 4.49. The equivalent viscous damping for 
design ξeq is also presented in Table 4.6: it is this damping value that is used to reduce 
the 5% elastic design spectrum. NA indicates that the expected lateral drift exceeds the 
maximum recorded experimental lateral drift considering that particular seismic 
hazard level. 
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Figure 4.50 Performance evaluation of MON 
 
While HBD1 was under-strength by approximately 18% when compared to MON, the 
performance between both systems was comparable. Larger displacements are 
expected for HBD1; however, the damage sustained to HBD1 is minimal in 
comparison to MON. Given that testing of HBD1 ended at a lateral drift ratio of 3%, 
the stability indicates that the section could very easily sustain the 1425 year seismic 
design intensity. 
 
The pinched response of HBD3 returned slightly less area-based damping when 
compared to HBD4 (Figure 4.47). The internal mild steel bars within HBD3 buckled, 
whereas HBD4 was characterised by a more stable response due to the buckling-
restrained mild steel dampers. The reduction in area-based damping for HBD3 is 
balanced by the slight increase in lateral strength when compared to HBD4. The net 
result is that the two systems have comparable performance. This suggests that a post-
tensioned system that is expected to experience some pinching and stiffness 
degradation (due to buckled mild steel dissipaters) will achieve similar performance to 
a more stable system by providing only a modest increase to the lateral strength. 
 
It is interesting to find that the performance of the post-tensioned specimen, HBD5, 
surpassed that of the benchmark pier, MON. In particular, while the displacements 
were similar in magnitude between the two systems (HBD5 actually returned lower 
displacements for R > 1.3), the damage sustained to HBD5 was very minimal when 
compared to MON: damage of HBD5 comprised of minor flexural cracking and 
yielding of the sacrificial external TCY dampers, whereas large plastic rotations 
developed at the base of MON. 
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Table 4.6 Performance evaluation of each bridge pier 
  Seismic Hazard, Return Period (Risk factor, R) 
  
100yrs 
(0.5) 
500yrs 
(1.0) 
1000yrs 
(1.3) 
1425yrs 
(1.5) 
2000yrs 
(1.7) 
∆/lcant 0.59% 1.47% 2.22% 2.84% 3.41% 
ξarea-based 3.5% 15.3% 18.9% 21.1% 22.4% MON 
ξeq 7.8% 13.5% 16.0% 18.1% 19.9% 
∆/lcant 0.59% 1.75% 2.56% 3.00% 
ξarea-based 8.2% 16.6% 18.5% 18.0% HBD1 
ξeq 10.1% 15.5% 18.8% 19.8% 
NA 
∆/lcant 0.69% 1.72% 2.44% 2.94% 3.44% 
ξarea-based 3.4% 8.7% 11.5% 12.7% 13.8% HBD2 
ξeq 7.4% 10.2% 12.6% 14.0% 15.5% 
∆/lcant 0.78% 2.38% 3.31% 
ξarea-based 1.5% 5.1% 6.7% HBD3 
ξeq 6.1% 7.7% 9.3% 
NA NA 
∆/lcant 0.94% 2.38% 3.25% 
ξarea-based 3.0% 6.6% 7.7% HBD4 
ξeq 6.3% 9.3% 11.1% 
NA NA 
∆/lcant 0.63% 1.63% 2.25% 2.75% 3.19% 
ξarea-based 6.6% 12.3% 13.5% 13.9% 14.3% HBD5 
ξeq 9.1% 13.0% 15.1% 16.6% 18.0% 
∆/lcant 1.31% 
ξarea-based 1.0% PT2 
ξeq 4.3% 
NA NA NA NA 
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4.7.10. Bi-Axial Moment Interaction 
The biaxial response of MON (Section 4.7.1) and HBD5 (Section 4.7.7) is compared 
to the uniaxial testing of the same pier specimen in Figure 4.52. For the biaxial 
response in Figure 4.52 the lateral load represents the principal component of lateral 
load in one of the two directions: being symmetric, only one principal component is 
plotted. 
 
In both graphs the design objective, corresponding to a 1000 year seismic hazard, is 
indicated for the monolithic pier (black dashed line). In Section 4.2 this was shown to 
correspond to a target strength of 60kN (0.3g) at a lateral displacement of 32mm 
(lateral drift of 2.0%). The lateral strength under biaxial bending is reduced when 
compared to an equivalent uniaxial response. This reduction is related to geometric 
issues in addition to the greater damage sustained to the section under biaxial bending. 
This may lead to higher than expected displacements under a design level event 
considering a two component earthquake loading. 
 
The reduction in lateral capacity due to biaxial bending is more significant for the 
monolithic pier when compared to the post-tensioned pier. This is because the 
monolithic pier suffers significantly more damage than the post-tensioned pier: 
greater damage leads to a reduced internal lever arm within the section, reducing the 
lateral capacity. On average, the reduction in lateral capacity of the monolithic pier 
due to biaxial bending was approximately 15%. This compares with a reduction of 
approximately 7% for the post-tensioned pier. The reduction in lateral strength is 
more significant for the monolithic pier if cyclic stiffness degradation is also 
considered. Contrary to this, the stiffness degradation of the post-tensioned pier was 
significantly reduced due to the nature of the external dissipaters. Moreover, the 
strength and stiffness of a post-tensioned pier can increase under biaxial bending as 
the tendons (and dissipaters) are subjected to a greater elongation. This increases the 
moment capacity (and tangent stiffness) of the section. 
 
 
 
Figure 4.52 Bi-directional quasi-static testing and comparison with uni-directional testing 
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The uniaxial and biaxial area-based equivalent viscous damping (EVD) for the ductile 
pier MON and the hybrid pier HBD5 are compared in Figure 4.53. The damping ratio 
is plotted given the 2nd cycle of uniaxial testing, while the average of the two 
directions (N-S and E-W) during the 2nd clover cycle is plotted for biaxial testing. For 
the ductile pier MON only a small increase in damping is observed under biaxial 
bending when compared to the uniaxial response in Figure 4.53. In contrast, there is 
very little difference in damping between the unaxial and biaxial response of the post-
tensioned pier HBD5. A sudden reduction in damping is observed under biaxial 
bending when the drift ratio exceeds 2.5% as some of the external TCY dampers 
begin to rupture. Given the similarity between the 2D and 3D displacement-damping 
curves in Figure 4.53, existing 2-dimensional damping-ductility relationships within 
Direct Displacement-Based Design (DDBD) can be confidently used when 
considering orthogonal earthquake loading. 
 
 
 
Figure 4.53 Equivalent viscous damping: comparison between uniaxial and biaxial bending. 
Damping ratio for uniaxial testing presented for 2nd cycle, while the average of the two directions 
during the 2nd clover cycle is presented for the biaxial tests. 
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4.8. CONCLUSIONS 
The experimental testing of seven post-tensioned rocking, cantilever bridge systems 
was presented. The testing was conducted under uniaxial and biaxial quasi-static 
loading to understand the behaviour of rocking systems and to compare their 
performance against an equivalent monolithic ductile pier. A number of unique 
damper options were explored including internally grouted, fused mild-steel bars, 
semi-replaceable internal dampers. However, the most successful option was a post-
tensioned bridge pier system with fully-replaceable, external dampers, owing to the 
ease in which they can be replaced following a major earthquake event; combined 
with the stability of the dampers under repeated cyclic loading. 
 
In all cases, damage of the post-tensioned piers was limited to flexural cracking up the 
height of the pier: at the end of testing the cracks were of hairline thickness due to the 
post-tensioned clamping force. In contrast, the damage sustained to the equivalent 
ductile pier suffered extensive cracking and spalling. Damage was relatively confined 
to a few large cracks at the base due to the “cold-joint” located between the pier and 
foundation during construction. This contrast in damage was more pronounced 
following biaxial testing. The post-tensioned pier suffered some superficial damage at 
the rocking toe; however, a majority of the damage was confined to the sacrificial 
external dampers. While some dampers ruptured prior to the end of the test, a 
significant proportion of lateral resistance could be relied upon by the post-tensioned 
tendons and the remaining dampers. This is in contrast to the equivalent ductile pier 
whose damage was very extensive, comprising of ruptured and buckled longitudinal 
reinforcing bars and spalling of the cover concrete. The structural integrity was 
greatly compromised and following a major earthquake event, could be very difficult 
and costly to reinstate. The results of the biaxial testing also concluded that the 
damping-displacement relationship between uniaxial and biaxial bending is similar, if 
not conservative considering both a post-tensioned and conventional bridge pier 
system. 
 
A novel method was presented to assess the relative performance of each of the post-
tensioned bridge piers. The assessment uses the area-based energy dissipation 
computed from experimental testing, combined with an iterative displacement-based 
assessment technique. The experimental response was presented in an acceleration-
displacement-response-spectrum (ADRS) allowing the lateral capacity to be 
compared directly with the seismic demand. It was shown that a post-tensioned bridge 
pier can achieve similar, if not, better performance than an equivalent ductile pier 
owing to the reduced damage associated with each performance level. It was also 
concluded that the larger displacement capacity of a post-tensioned bridge pier can 
allow larger displacements to be targeted during design: this may result in a reduction 
to the design strength. 
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5. High-Speed Cyclic Testing of Post-Tensioned Precast 
Walls with Viscous and Hysteretic Dissipation 
5.1. INTRODUCTION 
This chapter presents the experimental testing of five post-tensioned walls tested 
under high-speed cyclic push-pull displacement control. The aim of this particular 
study was to investigate the effects of velocity dependant dampers and to further 
understand the behaviour of precast rocking systems. 
 
5.2. DESIGN OF THE PROTOTYPE SPECIMEN 
In this experimental phase a post-tensioned wall was designed and tested which 
represented a retrofit solution for an existing frame building. A prototype frame 
structure was developed with the intention to be retrofitted with an external post-
tensioned wall following a proposed Direct Displacement-Based Retrofit procedure 
(DDB-Retrofit). The design procedure defines the required strength of the post-
tensioned wall in order to limit the deformation of the building to acceptable limit 
states. The deformation limit states include joint shear deformations and member 
curvatures within critical beam and column elements. While the DDBD-retrofit 
procedure is not presented in detail in this thesis, details of the design philosophy can 
be found in Appendix B, Marriott et al. [2007]. Details of the prototype frame 
structure are illustrated in Figure 5.1 (a) while the retrofit intervention is presented in 
Figure 5.1 (b). 
 
5.3. DETAILS OF THE POST-TENSIONED WALL, TEST SPECIMENS 
The 1/3 scale post-tensioned wall specimens were constructed from laminated vaneer 
lumber (LVL). LVL is an engineered wood composite made from 3mm thick veneers 
peeled from a timber log. The veneers are glued together such that the grain is 
orientated parallel to the member length. The compressive strength of LVL (parallel 
to the grain) is comparable to concrete; however, the stiffness is about 1/3 of concrete. 
 
LVL was chosen to explore alternative materials for post-tensioned seismic-resisting 
systems, but to also speed up the construction time. The response of the wall was 
expected to be almost material independent: that is, whether the wall was constructed 
from concrete or LVL simply dictated the constitutive relationship of the material at 
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the rocking interface. A single LVL wall was constructed from 2-600x63 and 4-90x45 
hySPAN beams supplied by Carter Holt Harvey (Figure 5.2).  
 
 
 
Figure 5.1 Prototype frame structure and retrofit intervention 
 
 
 
Figure 5.2 Geometry of the post-tensioned wall 
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Two steel plates were attached to both sides of the LVL wall. This provided six 
locations to attach the external dampers to. A total of five wall specimens were tested 
with a slight variation to the type and amount of external dampers and post-
tensioning. A summary of the post-tensioning and damper details of each wall is listed 
in Table 5.1 while further details can be found in Figure 5.4. 
 
 
Table 5.1 Post-tensioned steel and damper details for each wall 
Specimen Initial Post-Tensioning Dissipation 
Wall 1 Two tendons stressed to 50kN each (0.321fpy) 
None 
Wall 2 Two tendons stressed to 30kN each (0.192fpy) 
4 fluid viscous dampers 
Wall 3 Two tendons stressed to 20kN each (0.128fpy) 
4 fluid viscous dampers and 2-
7mm diameter TCY dampers 
Wall 4 Two tendons stressed to 30kN each (0.192fpy) 
4-7mm diameter TCY dampers 
Wall 5 Two tendons stressed to 40kN each (0.256fpy) 
2-7mm diameter TCY dampers 
 
 
5.3.1. Damper Details 
The performance of two external dampers was investigated: a mild steel tension-
compression-yielding (TCY) damper and a fluid viscous damper (FVD). The TCY 
damper was fabricated at the University of Canterbury’s Civil Engineering Laboratory 
(fabrication details and cyclic behaviour were discussed in Chapter 4). The FVD was 
supplied courtesy of FIP Industriale1. 
 
(a) Mild Steel Dampers (TCY) 
The TCY dampers used within the testing of the post-tensioned walls discussed herein 
were identical to that used in the post-tensioned bridge pier tests discussed in 
Chapter 4. The only difference being the diameter and length of the yielding region 
within the dissipater: Figure 5.3 (a) & (b). Two TCY dampers were used within the 
post-tensioned walls tested herein: both have the same fuse diameter, but differ in the 
length of the fuse region. 
 
(b) Fluid Viscous Dampers (FVD) 
Four FVDs were supplied by FIP Industriale: the geometry of the FVDs is illustrated 
in Figure 5.3 (c). The dampers were fabricated from a high-grade stainless steel alloy 
in Italy. Spherical bearings were located at each end of the damper to ensure only 
axial load could be transmitted to the dampers. The dampers have a maximum stroke 
of ±60mm and a maximum rated velocity of 400mm/s. 
 
 
                                                 
1 FIP Industriale contact person, Dr Cabriella Castellano 
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Figure 5.3 Details of the external damper elements 
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5.4. CONSTRUCTION OF THE POST-TENSIONED WALL 
The LVL timber wall was constructed by Carter Holt Harvey and came assembled to 
the university without the steel plates as pictured in Figure 5.2. The LVL wall was 
formed from individual hySPAN units and joined using an industrial epoxy adhesive. 
Additional nails were driven around the wall (in addition to the epoxy) to ensure a 
good connection existed between each of the hySPAN sections. After fabrication the 
ends of the LVL wall were cut square to guarantee a flat rocking surface. 
 
The damper connections were specifically designed to prevent any slipping between 
the connection and the damper. The intent was to confine all of the rocking uplift to 
displacement of the external dampers: this improves the efficiency and stability of the 
system. 
 
Two 12mm steel plates were attached to each side of the LVL wall in Figure 5.5. 
These steel plates were used to attach the external dampers to the wall. Prior to fixing 
the plates to the wall, both the steel and LVL surfaces were roughened with horizontal 
saw cuts at 20mm intervals to a depth of approx 5mm (Figure 5.5 (a)). A film of 
heavy duty epoxy (Hilti Hit RE500) was applied to the steel plate and the LVL 
surface in Figure 5.5 (b). When the 12mm plates were located in position, 8-M20 
high-tensile (880MPa yield strength) threaded rods were tightened in position either 
side of the wall to permanently hold the steel plate in position (Figure 5.5 (c)). This 
procedure was repeated for the second set of steel plates. 
 
Each external damper was attached to the wall via a (near-rigid) fabricated steel 
bracket pictured in Figure 5.6 (b). The fabricated brackets were bolted to the steel 
plates that were fixed on each side of the LVL wall using counter-sunk bolts that were 
tightened to a specified torque of 205Nm. The foundation-end of the external dampers 
were attached to a heavy steel block that was securely bolted to the foundation, Figure 
5.6 (c).  
 
 
 
Figure 5.5 Assembly process of the steel plates located on each side of the LVL wall  
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Figure 5.6 External damper connection detail 
 
 
5.5. EXPERIMENTAL HIGH-SPEED SET-UP AND INSTRUMENTATION 
5.5.1. Laboratory Test Set-Up 
As a high-speed actuator was not currently available at the University of Canterbury, 
the high-speed cyclic testing was performed on the shake-table. The experimental test 
set-up is illustrated in Figure 5.7. The top of the wall was fixed to a steel reaction 
frame at a height of 2100mm above the foundation. A load cell was located between 
the steel brace and the LVL wall. Lateral displacements were imposed to the wall by 
horizontal translation of the shake-table. 
 
Out-of-plane movement of the wall was prevented by a steel channel located either 
side of the wall (only one is shown in Figure 5.7 for clarity). A near frictionless 
sliding surface was provided between the LVL wall and the steel channels with the 
use of lubricated Formica Board. 
 
The steel brace/load-cell that linked the wall to the reaction frame was fixed at each 
end with specially fabricated expanding steel pins. The expanding pins were 
necessary to avoid hammering at high-speed due to clearances within the pins. 
 
The LVL wall was located on top of a heavy steel foundation: this in turn was bolted 
to the shake-table. The steel foundation was fabricated from 40mm steel plate 
spanning between 200x100x9 RHS at 762mm centres (refer Figure 5.7). 20mm 
stiffeners were welded between the RHS and the 40mm steel plate to further prevent 
bending of the steel foundation during testing. 
 
5.5.2. Instrumentation 
The position of the major instrumentation is shown in Figure 5.7. A complete list of 
instrumentation is listed in Appendix B. 
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(a) Shake-table instrumentation 
The displacement of the shake table was measured via a Linear Variable 
Displacement Transducer (LVDT) while table acceleration was measured by an 
accelerometer attached directly to the table. 
 
(b) Foundation instrumentation 
Potentiometers were installed adjacent the foundation to measure sliding of the 
foundation relative to the table. Potentiometers were also located on the underside of 
the foundation to measure the rotational flexibility of the foundation. 
 
(c) Precast wall instrumentation 
Three linear potentiometers were installed on both sides of the wall at the base of the 
wall to allow the base rotation and the neutral axis to be determined. Sliding of the 
wall relative to the foundation was also monitored. Potentiometers were located at 
each damper to measure damper elongation during uplift of the base. Furthermore, 
each TCY steel damper was fitted with two strain gauges. 
 
 
 
Figure 5.7 High-speed experimental test set-up and instrumentation 
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5.6. HIGH-SPEED CONTROL USING THE SHAKE-TABLE 
5.6.1. Description of the Shake-Table  
The shake-table at the University of Canterbury is a uniaxial earthquake ground 
motion simulator. The table has a plan area of 2m wide by 4.5m in length. The table 
top is constructed from 12mm steel plate connected on top of 4-410UB54 steel 
sections running the length of the table. In the transverse direction 12mm steel plate 
stiffeners are welded between all four 410UB sections at intervals of 500mm. 
Connected to the web of the exterior 410UB sections are 4-100DU115 steel housings 
which accommodate a series of Teflon bearings. The Teflon bearings slide along a 
100mm diameter Bright steel shaft; each shaft sits on top of a 250UB37 steel beam 
bolted to the laboratory strong floor. Further details and construction drawings can be 
found in Ghee [1985]. The shake-table has an unloaded mass of 2500kg.  
 
A 300Hp motor operating at 4000psi powers a 280kN double acting hydraulic 
actuator which drives the shake-table. A set of Moog E072-054 servovalves control 
the hydraulic actuator and are capable of supplying 232 lpm, Chase et al. [2005].  
 
The servovalves are controlled by a TestStar control system from MTS Systems 
Corporation. The MTS control is a closed servo loop using proportional, integral and 
derivative feed-forward adjustment. By altering the amount of proportional and/or 
integral gain, the tracking of the table can be manipulated. A table command is given 
to the system as a displacement time history, doubly integrated from the desired 
acceleration time-history. 
 
 
 
Figure 5.8 University of Canterbury Shake-Table  
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5.6.2. Shake-Table Capacity 
The shake-table has a payload capacity of 20 tonnes and displacement amplitude of 
130mm (total stroke of 260mm). The capacity of the servovalves limits the velocity of 
the table to approximately 242mm/s. This is defined as the saturation velocity of the 
table, and in all cases, should be avoided. As the table reaches saturation, the velocity 
gradient suddenly reaches zero, resulting in large table accelerations. These 
acceleration spikes can be very significant and, in many cases, can be much greater 
than that expected from the desired acceleration command. 
 
5.6.3. Acquisition System 
Shake-table data acquisition was collected via a high speed logger and computer 
arrangement. A total of 64 channels could be logged at any one time. The logger unit 
had an in-built analogue filter buried within the software. This analogue filter had a 
passband of 200Hz, that is, at 200Hz the normalised passband voltage was equal to 
0.707 (refer Figure 5.9). 
 
Data could be sampled from as low as 1Hz to upwards of 1000Hz. While, the full 
effect of sampling at 1000Hz would not be felt due to the analogue filter, it was used 
in order to have a sufficient sample size for filter options during post-processing. The 
displacement command supplied to the MTS control unit was in time steps of 
∆t = 0.005 to maximise the resolution: this was the smallest time step that could be 
recognised by the control unit.  
 
 
 
Figure 5.9 
 
 
5.6.4. Displacement Protocol and Control Algorithm 
A sinusoidal displacement command of varying amplitude and frequency was 
imposed to the shake-table. While generating the command signals, consideration was 
given to the limitations of the shake-table. In particular, the velocity limit of 242mm/s 
(a safe velocity limit of around 235mm/s was targeted) and the maximum 
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displacement stroke of ±130mm could not be exceeded. The sinusoidal displacement 
x(t), velocity v(t) and acceleration a(t) time-history is expressed in Eq.(5.1), (5.2) & 
(5.3) respectively. 
 
( )tAtx ⋅⋅= ωsin)(  5.1 
 
( )tAtv ⋅⋅⋅= ωω cos)(  5.2 
 
( )tAta ⋅⋅⋅−= ωω sin)( 2  5.3 
 
Where, 
 A  = maximum displacement amplitude within the cycle 
 ω  = angular frequency of excitation, where ω = 2π f in units of rad/s 
 f = excitation frequency in units of Hz. 
 
Four frequency ranges were investigated: f = 0.1Hz, 0.5Hz, 1.0Hz and 2.0Hz. Quasi-
static cyclic testing was essentially defined as testing at 0.1Hz. This frequency range 
was felt to be appropriate considering the frequency content within recorded strong 
ground motions (and also considering the physical limitation dictated by the shake-
table). By defining the target excitation frequency f, the maximum displacement 
amplitude A was limited by the velocity saturation limit of 235mm/s. The maximum 
excitation velocity is given by Eq.(5.4): by setting v = 235mm/s the maximum 
displacement amplitude A at each level of excitation frequency f could be determined. 
 
fAvtable ⋅⋅= π2  5.4 
 
For each frequency, a sinusoidal displacement protocol was created comprising of two 
cycles at each drift level. A summary of the displacement amplitudes and the 
corresponding peak velocity during each cycle is listed in Table 5.2. In all cases 
velocity saturation of the table was avoided by limiting the displacement amplitude A 
to Eq.(5.4). 
 
 
Table 5.2 Displacement command steps and corresponding maximum table velocity 
0.1Hz 0.5Hz 1.0Hz 2.0Hz 
Drift Displ [mm] 
Vel 
[mm/s] Drift 
Displ 
[mm] 
Vel 
[mm/s] Drift 
Displ 
[mm] 
Vel 
[mm/s] Drift 
Displ 
[mm] 
Vel 
[mm/s] 
0.20% 4.2 2.6 0.20% 4.2 13.2 0.20% 4.2 26.4 0.20% 4.2 52.8 
0.50% 10.5 6.6 0.50% 10.5 33.0 0.50% 10.5 66.0 0.50% 10.5 131.9 
0.75% 15.8 9.9 0.75% 15.8 49.5 0.75% 15.8 99.0 0.75% 15.8 197.9 
1.00% 21.0 13.2 1.00% 21.0 66.0 1.00% 21.0 131.9 0.90% 18.9 237.5 
1.50% 31.5 19.8 1.50% 31.5 99.0 1.50% 31.5 197.9 
2.00% 42.0 26.4 2.00% 42.0 131.9 1.75% 36.8 230.9 
2.50% 52.5 33.0 2.50% 52.5 164.9 
3.50% 73.5 46.2 3.50% 73.5 230.9  
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The shake-table input command comprised of two steady-state displacement cycles 
for each drift amplitude in Figure 5.10. Each steady-state set was preceded and 
followed by a single transition cycle. The transition cycle was required to prevent 
acceleration spikes entering the command due to the sudden change in displacement 
gradient. The transition cycle is described by Eq.(5.5). 
 
 
 
Figure 5.10 Displacement command signal: steady-state and transition cycles 
 
 
[ ]( ) ( )tftAAAtx ⋅⋅⋅⋅−+= ωsin)( 121  5.5 
 
Where 
 A1  = maximum displacement amplitude of the ith steady state cycle 
 A2  = maximum displacement amplitude of the ith+1 steady state cycle 
 f  = excitation frequency 
t  = time, starting from zero at the end of the ith cycle and equal to 1/f at 
the beginning of the ith+1 cycle 
 
The transition cycle essentially created a linear ramp between successive steady-state 
cycles. A transition cycle was also required at the beginning of the record (A1 = 0) and 
at the end of the record (A2 = 0). Each displacement command signal is plotted in 
Figure 5.11 at excitation frequencies of 0.1Hz, 0.5Hz, 1.0Hz and 2.0Hz. 
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5.7. MATERIAL PROPERTIES 
5.7.1. Mild Steel Reinforcement 
The only mild steel used in the high-speed cyclic testing was the material used in the 
fabrication the TCY dampers. Monotonic and cyclic testing was carried out on the 
TCY dampers and is discussed in a later section. 
 
(a) Monotonic Testing of the Mild Steel Reinforcement 
A total of six material specimens were tested from the batch of mild steel bar used. 
The average monotonic material properties are listed in Table 5.3. 
 
 
Table 5.3 Average mild steel material properties following monotonic tension testing 
 E fy fu εy εsh εu 
TCY 205150MPa 322MPa 457MPa 0.0016 0.0264 0.20 
 
 
(b) Cyclic Testing 
Two 7mm TCY dampers were fabricated with two different fuse lengths: 90mm and 
136mm to replicate the dampers that were installed within the post-tensioned wall. 
Cyclic testing of six TCY dampers was carried out: average damper properties are 
listed in Table 5.4. The strain-hardening displacement was not recorded as it was 
difficult to ascertain and has little relevance to the cyclic behaviour of steel. Details of 
the TCY damper test set-up and instrumentation were discussed in Chapter 4. 
 
 
Table 5.4 Average TCY damper properties following cyclic testing 
TCY kelastic Fy Fu ∆y ∆sh ∆u 
90mm 79.86x103kN/m 13.06kN 18.61kN 0.164mm - 9.3mm 
136mm 57.31x103kN/m 12.94kN 18.65kN 0.226mm - 13.6mm 
 
 
The cyclic damper properties in Table 5.4 were converted to equivalent stress-strain 
properties in Table 5.5. The dimensions of the dissipaters were accurately measured 
prior to testing to allow the conversion of force-displacement to stress-strain. These 
properties can be compared to the monotonic properties in Table 5.3: it is worth 
noting the large reduction in available strain ductility considering cyclic testing. 
 
 
Table 5.5 Equivalent stress-strain properties for the TCY dampers following cyclic testing 
TCY E fy fu εy εsh εu 
90mm 186800MPa 339MPa 484MPa 0.00183 - 0.1033 
136mm 202500MPa 336MPa 485MPa 0.00167 - 0.1000 
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5.7.2. Prestressed Reinforcement (Post-Tensioned Reinforcement) 
The prestressed reinforcement that was used to post-tension each of the walls was 
0.5 inch 7-wire strands (Apt = 100mm2). While monotonic testing of the prestressing 
steel was carried out, the strands were not tested to rupture. However, the prestressing 
steel was tested to rupture by the steel supplier: the yield and ultimate material 
properties are recorded below in Table 5.6.  
 
 
Table 5.6 Stress-strain properties of the prestressed reinforcement 
 E fy fu εy εsh εu 
7-wire strand 197100MPa 1560MPa 1850MPa 0.00792 NA* NA* 
*NA = Not applicable 
 
 
5.7.3. Laminated Veneer Lumber (LVL) 
LVL material testing was carried out after the high-speed cyclic testing of the post-
tensioned wall. LVL material test specimens were cut from the as-tested wall, refer 
Figure 5.12. Three test specimens were extracted from the wall (Figure 5.12) for 
monotonic compression testing to failure. A further three specimens were cut from the 
left over material to carry out cyclic testing within the elastic range of the LVL (loads 
less than the maximum compressive load of the material). Each material test specimen 
was machined on all six sides to ensure a perfectly flat testing surface and to allow the 
dimensions of each specimen to be accurately determined. 
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Figure 5.12 LVL material test specimens used for monotonic compression testing to failure 
 
 
The dimensions of the each LVL material test specimen are listed in Table 5.7. The 
first three specimens (LVL 1 to LVL 3) were monotonically loaded to failure, while 
the other three specimens were cycled within the elastic range 
 
Table 5.7 LVL test specimen geometry 
 B [mm] D [mm] H [mm] 
LVL 1 89.1 174.5 148.2 
LVL 2 89.1 174.8 149.4 
LVL 3 88.9 174.8 148.8 
LVL 4 64.3 73.5 150.8 
LVL 5 72.1 65.0 151.6 
LVL 6 65.0 68.8 151.6 
 
(a) Monotonic Compression Testing of LVL 
The monotonic test was load controlled and included a single unloading and re-
loading cycle at an axial strain of approximately 0.01. The stress-strain behaviour of 
the three material test specimens are plotted in Figure 5.13 (a)-(c). A comparison of 
all three specimens prior to unloading is presented in Figure 5.13 (d). 
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Figure 5.13 Monotonic axial compression testing of the LVL material 
 
The monotonic stress-strain curves in Figure 5.13 (d) indicate an initial softened 
response followed by elastic behaviour up until approximately 50% of the peak load. 
For loads greater than about 50% of the peak load the material begins to soften and 
become increasingly non-linear. The maximum load occurs at an axial strain of 
approximately 0.0075. The average ultimate stress of the LVL material is 
f’LVL = 54MPa, with an elastic modulus parallel to the grain of ELVL = 10,600MPa. 
 
(b) Cyclic Load Testing of LVL within the Elastic Range 
The cyclic tests comprised of three load reverses at approximately 20%, 40% and 
60% of the peak compressive load. The material test specimens of LVL 5 & 6 
included a fourth load reversal to approximately 75% of the peak load. Even within 
the elastic range, the response had some non-linearity and permanent plastic strains 
developed within the material. Therefore, even after low amplitude rocking of the 
post-tensioned wall permanent deformations can be expected around the rocking toe 
region. 
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Figure 5.14 Cyclic testing within the elastic range of the LVL material 
 
5.7.4. Viscous Dampers 
High-speed cyclic testing was conducted on all four of the fluid viscous dampers 
(FVDs). The Civil Engineering Laboratory was not equipped to test the FVDs at high-
speed; therefore, the testing was carried out in the Mechanical Engineering 
Laboratory. The four FVDs were each number 1 to 4 (referred to as Damper 1, etc) 
 
(a) High-Speed Test rig 
The testing facility at the Mechanical Engineering Laboratory employed a high-speed 
MTS testing system (Figure 5.15). The MTS was controlled via a high-speed dSpace 
computer controller and logger capable of recording data at 1MHz. Axial loads and 
displacements were directly measured through the MTS system, requiring no external 
instrumentation. 
 
 
 
Figure 5.15 High-speed MTS system ready to test the fluid viscous dampers in the Mechanical 
Engineering Laboratory 
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(b) Damper testing protocol 
The imposed damper displacement protocol was identical in mathematical form to 
that described in Section 5.6.4 used to control the shake-table. That is, two steady-
state cycles were carried out at each displacement amplitude. This was preceded and 
followed by one transition cycle. A summary of the displacement amplitudes and the 
corresponding maximum expected damper velocity is tabulated in Table 5.8. In all 
cases, the maximum rated damper velocity was not exceeded.  
 
It was possible to estimate the maximum likely velocity demand that the FVDs would 
be subjected to during shake-table testing. The bold values in Table 5.8 represent the 
maximum velocity expected during each amplitude of high-speed cyclic testing. The 
italic values in Table 5.8 are outside the operating range of the shake-table; however, 
testing was still carried out to properly identify the characteristics of each fluid 
viscous damper. 
 
 
Table 5.8 Damper displacement amplitudes and corresponding maximum damper velocity 
imposed during the high-speed damper testing 
0.1Hz 0.5Hz 1.0Hz 2.0Hz 
Displ 
[mm] 
Vel 
[mm/s] 
Displ 
[mm] 
Vel 
[mm/s] 
Displ 
[mm] 
Vel 
[mm/s] 
Displ 
[mm] 
Vel 
[mm/s] 
2 1.3 2 6.3 2 12.6 2 25.1 
5 3.1 5 15.7 5 31.4 5 62.8 
10 6.3 10 31.4 10 62.8 10 125.7 
15 9.4 15 47.1 15 94.2 15 188.5 
20 12.6 20 62.8 20 125.7 
25 15.7 25 78.5 25 157.1  
 
 
(c) Experimental response of the fluid viscous dampers 
The force-displacement response of two FVDs (Damper 1 and Damper 3) is shown in 
Figure 5.16 at two levels of maximum displacement amplitude: 5mm and 15mm. 
While the capacity of the damper has some dependency on frequency, it is minimal. 
More importantly, some of the dampers indicated some slipping within the hysteretic 
response due to mechanical clearances within the ball-joint connection at each end of 
the damper. This is evident within Damper 3 in Figure 5.16 (a), indicating almost 
2mm of slip. As the velocity of the damper increases the slipping became less 
noticeable; either due to the momentum developed within the shaft of the FVD 
counteracting the slip, or due to filtering of the experimental data. 
 
The mathematical relationship describing the force-velocity behaviour was 
determined from the measured force-displacement response of each damper. The 
force in a non-linear FVD is described by Eq.(5.6). For linear FVDs the velocity 
exponent α is equal to 1. 
 
( )αvdvdvd vcF ⋅=  5.6 
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Figure 5.17 plots the relationship between the damper force and excitation velocity. 
The mathematical relationship of Eq.(5.6) was fitted to this experimental data. 
 
 
 
Figure 5.16 Experimental force-displacement response of the fluid viscous dampers 
 
 
 
Figure 5.17 Experimental damper force-velocity relationship 
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The damping coefficient cvd and the velocity exponent α for each FVD are 
summarised in Table 5.9. 
 
 
Table 5.9 FVD damping coefficient cvd and velocity exponent α 
 Damper 1 Damper 2 Damper 3 Damper 4 Average 
cvd [kNsα/mmα] 4.912 4.923 5.102 4.841 4.945 
α 0.161 0.160 0.149 0.141 0.153 
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5.8. EXPERIMENTAL RESULTS 
The lateral load-displacement response of Wall 1 to Wall 5 is presented in the 
following sections. To aid in the interpretation of the results, three graphs are shown 
for each wall test (with the exception of Wall 1): each graph plots the lateral response 
under an excitation frequency of 0.5, 1.0 and 2.0Hz. The response under the three 
frequencies is compared to the response under an excitation frequency of 0.1Hz, 
which represents the response under quasi-static loading. The 0.5Hz excitation 
response is not shown for Wall 1 as the velocity dependency on the lateral response of 
this test is negligible. 
 
5.8.1. Wall 1: Post-Tensioned Only 
The high-speed cyclic response of Wall 1 was very stable during each excitation 
frequency in Figure 5.18. The response is completely non-linear-elastic with no 
strength or stiffness degradation of any kind. Furthermore, there is no velocity 
dependency observed throughout the test. The capacity of the post-tensioned wall is 
largely dictated by the initial post-tensioning load, the total number of tendons and the 
unbonded tendon length. Testing under the three frequencies suggested that the 
tendons experienced negligible strain-rate effects (with regards to the elastic modulus 
of the material) up to an excitation frequency of 2.0Hz. 
 
 
 
Figure 5.18 High speed cyclic response, Wall 1 
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5.8.2. Wall 2: Post-Tensioned with Fluid Viscous Dampers 
While the lateral response of Wall 2 was very stable, the velocity dependency was 
minimal and is explained as follows. First, the proportion of lateral capacity provided 
by the FVDs was small when compared to the proportion provided by the tendons. In 
fact, the lateral capacity provided by the tendons was in the order of 3-5 times greater 
than that provided by the FVDs. Therefore, any strength enhancement of the FVDs 
would be difficult to detect as the actual strength enhancement to the system was 
minimal. Second, the velocity dependency of the dampers themselves was very 
minimal. The dampers have a velocity exponent of α = 0.153. In Figure 5.19 (a) the 
dampers experience roughly a 500% increase in velocity going from an excitation 
frequency of 0.1Hz to 0.5Hz; however, this equates to a mere 28% increase in damper 
force. Furthermore, considering that the viscous forces are out of phase with the 
elastic forces (less so for nonlinear dampers), any increase in damper force is most 
noticeable when the base rotation is quite small as this coincides with the maximum 
system velocity. Therefore, the strength enhancement of the system (if any) will be 
most noticeable when the initial stiffness of the system reduces to the bilinear 
stiffness of the system (this corresponds to small base rotations with high angular 
velocities). Even with these points in mind, it is still difficult to observe any strength 
enhancement in Figure 5.19, which was primarily due to the low proportion of lateral 
capacity provided by the FVDs and the high non-linearity (α = 0.153) of the viscous 
dampers. 
 
Some pinching was observed within the lateral response during unloading in Figure 
5.19. This pinching was associated with the mechanical clearances within ball-joint 
connections located at each end of the viscous damper. This pinching reduced the 
effectiveness of the dampers when the lateral drift ratio of the system was less than 
1.0%. During testing at 2.0Hz, the maximum drift ratio was limited to 0.90%, 
governed by the velocity limitation of the shake-table. However, the increase in 
damper force associated with the larger velocities was not evident as the damper 
response was dominated by the pinched behaviour of the ball-joint connection. 
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Figure 5.19 High speed cyclic response, Wall 2 
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5.8.3. Wall 3: Post-Tensioned with Fluid Viscous Dampers and Mild Steel 
Dampers 
Again, minimal velocity dependency was observed for Wall 3. In this case the 
proportion of lateral capacity provided by the FVDs was even less than the proportion 
in Wall 2. Therefore, the FVDs had even less of an influence on the lateral response 
of the section. The lateral response was extremely stable and the amount of energy 
dissipation was large. 
 
 
 
Figure 5.20 High speed cyclic response, Wall 3 
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It is also interesting to note that the static residual deformations were negligible. As 
the velocity approached zero, the force within the FVDs also approached zero; hence, 
the re-centring ratio of the system increased. It was also difficult to gauge any strength 
enhancement due to strain-rate effects of the mild steel TCY dampers. 
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5.8.4. Wall 4: Post-Tensioned with Mild Steel Dampers (High Mild Steel 
Reinforcement Content) 
The only velocity dependency in Wall 4 was associated with strength enhancement 
due to strain-rate effects of the mild steel (TCY dampers) and the post-tensioned 
tendons. If there any increase in strength was observed, the increase was very 
minimal. In fact, it was difficult to associate any strength enhancement with strain rate 
effects of the dampers as small differences could be equally associated with variations 
in the material properties between each batch of mild steel used in the fabrication of 
the TCY dampers. 
 
All the inelastic behaviour was confined entirely to the TCY damper elements. The 
damage to the TCY dampers is apparent in Figure 5.21 (b) when the outer confining 
tube was removed after testing. Buckling is clearly evident, but is of a very higher 
order. It was concluded that the yielding region was sufficiently restrained by the 
epoxy-injected anti-buckling steel tube: this allowed efficient yielding in both tension 
and compression. 
 
 
 
Figure 5.21 Photos taken during and after testing of Wall 4 
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Figure 5.22 High speed cyclic response, Wall 4 
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5.8.5. Wall 5: Post-Tensioned with Mild Steel Dampers (Low Mild Steel 
Reinforcement Content) 
Similar to Wall 4, the same trends were apparent for Wall 5. If strain-rate effects were 
present, their influence was even more negligible as the proportion of lateral 
resistance provided by the mild steel was significantly less than Wall 4. The response 
was extremely stable; stiffness degradation was minimal. The proportion of mild steel 
reinforcement to the prestressed reinforcement was so low that residual static 
displacements were negligible. 
 
 
 
Figure 5.23 High speed cyclic response, Wall 5 
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5.9. DISCUSSIONS 
5.9.1. Equivalent Viscous Damping 
The area-based equivalent viscous damping (area-based EVD) was computed for each 
of the five post-tensioned walls test and is graphed in Figure 5.24. The computation 
was carried out during the 2nd steady-state cycle at each of the specified drift ratios in 
Table 5.8. The results in Figure 5.24 are plotted at an excitation frequency of 0.5Hz. 
The response of Wall 2 and Wall 3 had no noticeable velocity dependency and, hence, 
the difference in EVD was negligible between each excitation frequency. As 
expected, Wall 4 had the highest proportion of energy dissipation followed closely by 
Wall 3. Both Wall 2 and Wall 5 were very comparable in terms of EVD, while Wall 1 
was essentially non-linear elastic. 
 
 
 
Figure 5.24 Area-based equivalent viscous damping on cycling at a excitation frequency of 0.5Hz 
(2nd cycle) 
 
 
5.9.2. Effectiveness of the Fluid Viscous Dampers 
The fluid viscous dampers FVDs had little dependency on excitation frequency for a 
number of reasons 
• The velocity exponent of the damper was very low at α = 0.153. For a five 
fold increase in velocity, the force in the damper increases by only 28%. 
• The moment contribution provided by the FVDs was minimal when compared 
to the total moment contribution (for Wall 2, the proportion of lateral 
resistance provided by the FVDs was in the order of 15%-25% of the total 
lateral resistance). Therefore, if the force in the damper was to increase by 
30%, for example, the capacity of the system would increase by only 5-8%. 
• Finally, the contribution of the FVDs to lateral resistance is greatest when the 
velocity of the damper and internal lever arm is large. When the wall reaches 
its maximum velocity at the origin (zero displacement), the velocity in the 
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damper at the rocking interface is theoretically zero. For small lateral 
displacements either side of the origin the wall deforms in pure flexure (no 
rocking of the base), hence, the angular velocity of the base is zero. As the 
displacement of the wall exceeds the decompression limit and the base of the 
wall begins to uplift, the FVDs are subjected to a non-zero velocity. Very soon 
after the initial uplift, the FVDs experience their maximum velocity demand. 
It is during the time of maximum velocity and maximum internal lever arm 
that the FVD moment contribution is the greatest. That is, the largest FVD 
moment contribution occurs at low drift levels, where the damper velocity is 
large and the lever arm is modest in size. 
 
5.9.3. Strain-Rate Effects 
The maximum measured strain rates for Wall 4 and Wall 5, under each excitation 
frequency, are listed in Table 5.10 for the TCY dampers (left column) and the post-
tensioned tendons (right column). The displacement elongation of the TCY dampers 
were recorded via a potentiometer, hence, the strain rate could be determined by 
computing the gradient of the displacement time-history (with respect to time) divided 
by the length of the yielding (fused) region. The fuse length of the TCY damper was 
136mm and 90mm for Wall 4 and Wall 5 respectively.  
 
 
Table 5.10 Maximum measured strain rates for the TCY dampers (left column) and post-
tensioned tendons (right column) recorded during high-speed cyclic testing of Wall 4 and Wall 5 
Excitation frequency Wall 4 Wall 5 
0.1Hz 
vmax = 46.2mm/s 
∆max = 73.5mm 
0.096 s-1 0.004 s-1 0.100 s-1 0.004 s-1 
0.5Hz 
vmax = 230.9mm/s 
∆max = 73.5mm 
0.383 s-1 0.015 s-1 0.311 s-1 0.012 s-1 
1.0Hz 
vmax = 230.9mm/s 
∆max = 36.8mm 
0.168 s-1 0.007 s-1 0.164 s-1 0.007 s-1 
2.0Hz 
vmax = 237.5mm/s 
∆max = 18.9mm 
0.144 s-1 0.006 s-1 0.117 s-1 0.005 s-1 
 
 
Research carried out by Manjoine [1944] on steel strain-rate effects is graphed in 
Figure 5.25. The graph shows the effects of strain rates on the strength and strain 
behaviour of mild steel. In general, as the strain rate increases the yield strength and 
ultimate strength increases, while the ratio between the ultimate and yield stress 
decreases. From Figure 5.25 it can be seen that for a strain rate of 0.35s-1, the yield 
strength is increased by approximately 35%. Similarly, for a strain rate of 0.1s-1 a 
strength increase of approximately 30% can be expected.  
Mander et al. [1984] summarised a series of tests carried out by the 
ACI Committee 439, ACI [1968]. The test results are listed in Table 5.11 below 
comparing the increase in yield strength with the test strain rate. The factors in Table 
5.11 are slightly lower than those of Manjoine [1944]. Moreover, the data in Table 
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5.11 suggests that the strength enhancement due to strain-rates reduces for high 
strength steel: this trend was also observed by Restrepo et al. [1994]. 
 
 
Table 5.11 Yield strength enhancement of mild steel due to varying strain rate effects, ACI [1968] 
Strain rate [s-1] fy = 310 MPa fy = 352 MPa fy = 393 MPa fy = 558 MPa 
0.001 1.05 1.07 1.02 1.03 
0.01 1.11 1.14 1.07 1.05 
0.1 1.19 1.21 1.16 1.08 
1.0 1.28 1.28 1.25 1.10 
 
 
 
Figure 5.25 Test results of Manjoine [1944] presenting the effects of strain rate on the behaviour 
of mild steel tensile properties. A strain rate of 0.35s-1 is indicated in the graph with a dashed 
arrow. 
 
 
With this in mind, any strength enhancement following the high-speed testing of the 
post-tensioned systems tested herein was difficult to detect for the following reasons: 
• The maximum strain rates of the dampers are roughly in phase with the peak 
velocity of the system. As the maximum system velocity is out-of-phase with 
the maximum displacement the strain rate effects will have the greatest 
influence on the section capacity when the velocities (hence, strain rates) are 
high, i.e. when the displacement of the system is small. That is, the strength 
enhancement is greatest as the system travels through the origin, and is a 
minimum as the system approaches the peak displacement response. 
• As mentioned above, the proportion of lateral capacity provided by the TCY 
dampers was small for Wall 4 and Wall 5: 30-40% and 20-25% of the total 
135.0 −= ssε&
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lateral capacity respectively. Therefore, the strength enhancement of the total 
system due to the mild steel alone was further reduced. 
• The measured strain-rates of the post-tensioned tendons were minimal. The 
large unbonded length (in the order of 25 times the fuse length of the TCY 
dampers in this case) reduces strain rates to very low levels. Furthermore, the 
strain-rate based strength enhancement reduces for high strength steel, further 
reducing any strength enhancement of the post-tensioned tendons. 
 
5.10. CONCLUSIONS 
The high-speed cyclic response of five post-tensioned rocking wall systems was 
presented. Each post-tensioned wall had a combination of viscous and hysteretic 
dampers. 
 
The cyclic behaviour of all the post-tensioned walls with dampers was found to be 
very stable. Damage was entirely confined to the external dampers; in the case of the 
post-tensioned viscous wall no damage was observed. Full static re-centring was 
achieved in all five wall systems. In fact, a combined hysteretic-viscous system can 
utilise a larger proportion of total mechanical damping (hysteretic plus viscous) 
because the force in the viscous dampers reduce to zero at the end of the response. 
Hence, the re-centring capacity of the system only needs to consider the proportion of 
the hysteretic and the post-tensioning moment contribution. 
 
There was very little difference in response observed for any of the post-tensioned 
walls with viscous dampers as the excitation frequency increased. This was partly due 
to the high non-linearity of the viscous dampers (α = 0.153) where a 400% increase in 
damper velocity resulted in an increase to the damper force of only 24%. Furthermore, 
the slop in the connections at each end of the viscous dampers (due to manufacturing 
clearances) reduced the ability of the damper to provide large damping forces under 
larger velocities during low amplitude cycles. That is, for an excitation frequency of 
2.0Hz where the maximum input displacement was limited to 18.9mm (due to the 
limiting table velocity of 235mm/s) the slop in the damper connections prevented 
large velocities from entering the viscous damper. 
 
Strain rate effects appeared to have little influence on the lateral response of any of 
the post-tensioned walls with hysteretic dampers. The maximum strain rate occurs 
during periods of maximum system velocity (or thereabouts). Therefore, any strength 
enhancement occurs when the system passes through the origin. Furthermore, for the 
purely hysteretic systems (Wall 4 & 5), the proportion of lateral capacity provided by 
the hysteretic dampers was in the range of 30-40% for Wall 4, and 20-25% for Wall 5. 
Considering Wall 5 for example, if strain-rates suggested a strength enhancement of 
the hysteretic dampers of 20%, the strength enhancement to the entire system would 
be in the range of 4-5%.  
 
Strain rate effects were found to be negligible for the post-tensioned tendons. The 
large unbonded length of the tendon reduced the strain rates by roughly a factor of 25 
when compared to that of the TCY dampers. This conclusion was further supported in 
that strain-rates are known to have less of an effect on high strength steel  
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6. Dynamic Testing of Post-Tensioned Precast Concrete 
Walls with Viscous and Hysteretic Dissipation 
6.1. INTRODUCTION 
The quasi-static cyclic response of post-tensioned (PT) bridge piers was presented in 
Chapter 4, while the high-speed cyclic testing of PT walls with fluid viscous dampers 
(FVD) and tension-compression-yielding (TCY) dampers was presented in Chapter 5. 
This chapter complements these two earlier chapters by presenting the results from a 
series of dynamic tests on PT walls carried out on the shake-table. In particular, free-
vibration release testing on five PT walls with various damper configurations is 
investigated to understand and quantify contact damping. Following this, the same 
five walls are subjected to two recorded strong ground motions representing the 
design basis event (500 year return period) and two ground motions representing the 
maximum considered event (2000 year return period). 
 
6.2. DETAILS AND CONSTRUCTION OF THE PROTOTYPE POST-
TENSIONED WALL 
Five post-tensioned walls are tested under dynamic shake-table testing. The damper 
arrangement (number and type of dampers) fitted to each post-tensioned wall tested 
herein is identical to the post-tensioned walls tested in Chapter 5. While the PT walls 
tested in Chapter 5 were constructed of Laminated Veneer Lumber (LVL), for 
dynamic testing the PT wall and foundation were constructed from reinforced 
concrete (RC). The walls were constructed from reinforced concrete as information 
relating to the energy lost during rocking was studied (contact damping). The 
dynamic behaviour was likely to be dependant on the material of the rocking wall; 
therefore, a more common construction material was thought appropriate. The design 
of the prototype wall was discussed in Chapter 5, where a reference to further 
information was made to a publication in Appendix B, Marriott et al. [2007]. 
 
The precast RC wall in Figure 6.1 was detailed with a heavily confined rocking toe 
region comprising of boundary elements and fabricated steel channels at each end of 
the wall. Each boundary element comprised of 8-D10 longitudinal bars with R6 
confining stirrups (6mm in diameter) placed at 60mm centres. The longitudinal bars 
were terminated 5-10mm from the end of the precast unit. The reinforcing cage is 
pictured in Figure 6.1 (a), while construction drawings can be found in Appendix C. 
Two PVC ducts ran the height of the precast wall to accommodate the unbonded post-
tensioned tendons. Additional protection and confinement of the toe was provided by 
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a fabricated steel channel cast within the toe of the precast wall (Figure 6.1 (a) & (b)). 
As the wall rocked from toe to toe, this confining element would limit damage to the 
cover concrete.  
 
The precast foundation was constructed with a large pocket on the underside to 
provide access to the PT anchorages. A recess was also cast into the top of the 
foundation to locate the precast wall when lowered into position (Figure 6.1 (c) & 
Figure 6.3 (a)). 
 
Similar to the construction of the post-tensioned LVL wall in Chapter 5, the external 
dampers were connected to the precast wall by stiff steel brackets. These steel 
brackets were bolted to a steel plate attached to the side of the precast wall. The 
method in which the steel plate was attached to the precast wall is shown in Figure 
6.2; the surface of the steel plate and the side of the concrete wall were roughened and 
a layer of high strength epoxy (Hilti RE 500) was applied to both surfaces. The steel 
plate was located in position and 8 high strength (880MPa) threaded rods were 
tightened to 65% of their proof load: this would enable the damper forces to be 
transferred to the wall via friction/mechanical interlock. Two plates were fixed to each 
side of the wall. 
 
 
 
Figure 6.1 Reinforcement details of the precast wall and foundation 
 
 
Chapter 6. Dynamic Testing of Post-Tensioned Walls 6.3 
 
Figure 6.2 Assembly of the steel plate to attach the steel damper brackets 
 
After the precast wall was lowered into position, within the foundation recess, a high 
flow epoxy grout (Sikadur 42) was pumped under pressure beneath the rocking 
interface (Figure 6.3 (a) & (b)). The recess provided shear transfer between the wall 
and foundation whilst also preventing slip along the rocking interface. The completed 
wall is pictured in Figure 6.3 (c). 
 
 
 
Figure 6.3 Assembly of the wall-foundation and grouting of the rocking interface 
 
Table 6.1 Post-tensioning and damper details of the five PT walls 
Specimen Initial Post-Tensioning Dissipation 
Wall 1 Two tendons stressed to 50kN each (0.321fpy) 
None 
Wall 2 Two tendons stressed to 30kN each (0.192fpy) 
4 fluid viscous dampers 
Wall 3 Two tendons stressed to 20kN each (0.128fpy) 
4 fluid viscous dampers and 2-
7mm diameter TCY dampers 
Wall 4 Two tendons stressed to 30kN each (0.192fpy) 
4-7mm diameter TCY dampers 
Wall 5 Two tendons stressed to 40kN each (0.256fpy) 
2-7mm diameter TCY dampers 
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The fluid viscous dampers (FVD) and the tension-compression-yielding (TCY) 
dampers that were tested in Chapter 4 had identical properties to those used for 
dynamic testing herein. A summary of the post-tensioning and the type and number of 
dampers installed on each PT wall is given in Table 6.1. Further details specific to the 
dampers can be found in Chapter 5. 
 
6.3. LABORATORY TEST SET-UP AND INSTRUMENTATION 
6.3.1. Experimental Test Set-Up 
The general layout of the laboratory shake-table set-up is illustrated in Figure 6.4. The 
driving mass is a 3.84 tonne concrete block suspended from the laboratory crane. The 
steel bracing system supporting the concrete mass (details to follow) was designed to 
ensure that the mass did not twist about the vertical and out-of-plane axis. 
 
The precast wall was located to one side of the shake table such that is was line with 
the laboratory strong floor bolt locations: this allowed a steel reaction frame to be 
located in line with the wall. One steel channel was located on each side of the post-
tensioned (PT) wall to prevent out-of-plane movement (Figure 6.4 (c)). Frictionless 
roller bearings were located between the steel channels and the precast wall to 
prevent/minimise friction as the wall moved between the channels. The steel reaction 
frame at the end of the shake-table in Figure 6.4 (d) was also used to apply a lateral 
load to the top of the wall for free vibration release testing. A hydraulic jack was 
bolted to the reaction frame and pulled against the precast wall via a threaded rod and 
load-cell arrangement. When the wall reached a pre-defined release displacement, the 
threaded rod is cut to allow the wall to undergo free vibration. 
 
6.3.2. Driving Mass 
The driving mass in Figure 6.5 was attached to the precast wall by a Circular Hollow 
Section (CHS). A universal joint was located at both ends of the CHS brace to ensure 
bending was not transmitted into the brace, Figure 6.5 (c). Furthermore, expanding 
pins were located within the universal joints to prevent hammering during high speed 
due to the mechanical clearance between the pin and the universal bearing. 
 
Two Square Hollow Section (SHS) braces formed an apex out the front of the 
concrete block (Figure 6.5 (a) & (c)). This brace prevented the mass from rotating 
about the vertical axis due to any horizontal eccentricity between the centre of mass 
and the connection of the CHS to the concrete block. These diagonal braces are 
denoted as Brace A in Figure 6.5 (a) & (c). A steel collar was welded at the apex of 
Brace A. A steel shaft passed through this collar and was attached to a load cell, 
which was in turn attached to the main CHS brace. The other end of the steel shaft 
was attached to the precast wall via a universal joint: refer to the enlargement in 
Figure 6.5 (c). The lubricated steel shaft passed through the collar without 
interference: this ensured the load cell did not return erroneous readings. 
 
Four Equal Angle (EA) braces were welded to Brace A to prevent the mass from 
rotating about the out-of-plane axis due to any vertical eccentricity between the centre 
of mass and the connection of the CHS to the concrete block. These braces are 
denoted as Brace B in Figure 6.5 (a) & (c)). Brace A and Brace B confined the motion 
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of the mass to a single translation mode. Had these braces not been installed, 
additional modes would have interfered with the translation mode, complicating the 
rocking response significantly. 
 
The translational mode shape of the post-tensioned wall is illustrated in Figure 6.6. As 
the wall pulls the concrete mass, a majority of the motion is horizontal translation; 
however, there is a small amount of out-of-plane rotation of the mass due to a 
downwards displacement of the connection at end 2 of the brace (refer Figure 6.6 (a)). 
Likewise, as the block travels in an arc, the block’s centre of mass (and hence the 
connection at end 1) will displace upwards by a small amount. The vertical 
displacement will case a small shear load will be transmitted through the universal 
joint to the wall at end 2 of the brace. This shear force is small in magnitude when 
compared to the lateral load and the tendon loads; therefore, will have little effect on 
the response. 
 
 
 
Figure 6.4 Shake-table laboratory set-up 
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Figure 6.5 Steel brace configuration for controlling the driving mass 
 
 
P-∆ loads were easily computed for the system. In this case, the P-∆ loads acted as a 
restoring force (as opposed to a de-stabilising force in the more conventional sense of 
a cantilever bridge pier). The restoring force FP∆ of the mass acting on the wall can be 
computed from Eq.(6.1) which is dependant on the total displacement of the mass 
∆mass and the pendulum length (2990mm). This restoring force can be included within 
a macro model by placing an elastic spring at the height of the mass with stiffness 
equal to KPD = mkNmkN /6.1299.267.37 = . 
 
kN
mm
F massP 67.372990
∆=∆  6.1 
 
Chapter 6. Dynamic Testing of Post-Tensioned Walls 6.7 
 
Figure 6.6 Translation mode shape of the rocking wall 
 
6.3.3. Instrumentation 
An extensive array of instrumentation was placed on the precast wall and the concrete 
mass. A majority of the instrumentation on the wall was identical to that used during 
the high-speed testing in Chapter 5, with the exception of accelerometers. The 
suspended concrete mass was heavily instrumented to monitor acceleration along the 
three axes in addition to angular velocity about the vertical axis and out-of-plane axis. 
Hence, five of the mass’ six degrees of freedom were monitored. Two accelerometers 
were also placed on the precast wall at a height of 2100mm above the rocking 
interface (inline with the driving mass). This enabled horizontal and vertical 
accelerations to be measured at the effective height of the precast wall. A complete 
list of all instrumentation is summarised in Appendix B. 
 
The same data acquisition system used during the high-speed testing in Chapter 5 was 
also used during dynamic testing. Data was sampled at 100Hz during loading to the 
release displacement prior to free vibration and 1000Hz after release and during 
earthquake excitation. While the full effect of sampling at 1000Hz was not be felt due 
to the analogue filter (passband of 200Hz), it was retained in order to have a sufficient 
sample size for filter options during post-processing. 
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Figure 6.7 Shake table instrumentation 
 
 
6.4. EXPERIMETNAL PROGRAM 
The testing program consisted of free-vibration release testing followed by shake-
dynamic testing using recorded earthquake ground motions. The earthquake records 
used for this study were based on two seismic hazard levels: the maximum considered 
event (MCE) and the design basis event (DBE, equivalent to 2/3MCE in FEMA 
[2003]). Two earthquake records were chosen for each hazard level; one near-field 
(NF) and one far-field (FF). As an example, the far-field maximum considered event 
is identified as MCE-FF.  
 
The free-vibration testing was undertaken for release drift amplitudes of 1.5% and 
2.5%. One additional free-vibration test was carried out for Wall 1 and Wall 2 at an 
amplitude of 0.5% lateral drift. At the DBE level, for each wall specimen, the free-
vibration testing was first carried out, followed by one near-field ground motion and 
then one far-field ground motion. The TCY steel dampers were replaced and the 
testing sequence repeated for the MCE level. The testing program is outlined as 
follows and also summarised in Table 6.2 
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1. Free vibration test (1.5% drift amplitude) 
2. Near-field ground motion (DBE) 
3. Far-field ground motion (DBE) 
4. TCY steel dampers replaced. 
5. Free vibration test (2.5% drift amplitude) 
6. Near-field ground motion (MCE) 
7. Far-field ground motion (MCE) 
 
 
Table 6.2 Free-vibration and shake-table testing program  
- DBE MCE  0.5% FV 1.5% FV NF FF 2.5% FV NF FF 
Wall 1        
Wall 2        
Wall 3        
Wall 4        
Wall 5        
 
 
6.4.1. Selection and Scaling of the Ground Motions 
The earthquake records were scaled to the New Zealand seismic design spectrum for a 
zone factor of 0.4 located on soil category C, NZS1170.5 [2004]. Scaling is carried 
out for R = 1.0 (equivalent to the DBE seismic intensity) and R = 1.5 (representing the 
MCE seismic event). The records are scaled over a period range of 0.45s to 1.0s 
following a displacement-based retrofit procedure of the prototype structure (further 
details relating to this design procedure can be found in Marriott et al. [2007], 
Appendix B). The earthquake ground motions and the spectral scaling factors are 
summarised in Table 6.3. 
 
The records that were selected required careful consideration as the laboratory shake 
table at the University of Canterbury has a maximum output velocity of 
approximately 242mm/s. When a similitude scale factor of 1/3 is considered, 
spectrum-scaled earthquake records could not exceed a velocity of 415mm/s. This 
velocity limitation proved to be extremely difficult in locating appropriate near-field 
records with dominant high velocity pulses associated with directivity effects. Recent 
studies carried out on the shake table by the Mechanical Engineering Department at 
the University of Canterbury developed two methods to modify the acceleration time-
history when the velocity demand exceeded the shake table capacity, Chase et al. 
[2005] and Mulligan [2007]. Details of this record modification follow in a later 
section. Three of the ground motion records in Table 6.3 were modified as the ground 
velocity exceeded the limitation of the shake-table: Loma Prieta, Cape Mendocino 
and Northridge. 
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Table 6.3 Ground motion records selected for shake table testing and their corresponding 
spectrum-scaled PGA, PGV and spectral scale factor 
 Earthquake record Recording Station 
Scaled 
PGA 
Scaled PGV 
[mm/s] 
Scale 
factor 
DBE_FF Kobe Sakai 0.256 276 1.633 
DBE_NF Loma Prieta Saratoga-W Valley 0.220 408 0.663 
MCE_FF Cape Mendocino Rio Dell Overpass 0.382 434 0.992 
MCE_NF Northridge La Dam 0.364 530 1.044 
 
 
 
Figure 6.8 Record response spectra, scaled to the New Zealand elastic design spectrum (5% 
damped) 
 
 
6.5. SHAKE TABLE CONTROL 
6.5.1. Record Modification to Avoid Velocity Saturation 
Two record modification techniques were used to adjust the acceleration time-history 
response for ground motions whose peak velocity exceeded the capacity of the table: 
the two methods are defined as Method A and Method B. While the table saturation 
velocity has a limit of approximately 242mm/s, a limiting velocity of Vmax=230mm/s 
was chosen to ensure sufficient protection against saturation during testing. 
 
The premise behind Method A is illustrated in Figure 6.9, after Chase et al. [2005]. A 
generic acceleration time history command signal is indicated on the left. Integrating 
the area beneath the curve defines the velocity; in this case the area cannot physically 
exceed the velocity limit, i.e. smmAA /230'=≤ . Two options exist to avoid 
saturation in this case. The first option is to retain the original duration of the 
acceleration pulse with reduced amplitude, while the second option is to retain the 
same acceleration amplitude with a reduced duration: these two options are shown 
schematically on the right of Figure 6.9. The second option is the preferred case as it 
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retains the forces associated with dynamic testing. The detailed procedure for 
Method A is outlined in Appendix C. 
 
 
 
Figure 6.9: Modified acceleration profiles, Chase et al. [2005] 
 
 
The second method, Method B, was developed within the Department of Mechanical 
Engineering at the University of Canterbury1,2 (Mulligan [2007]). By truncating the 
velocity time history outlined in Method A, the intensity of the earthquake ground 
motion will be reduced. The idea behind Method B is that the velocity time history is 
still truncated; however, the lost energy is relocated to a region where the velocity is 
below saturation, thus retaining as much intensity as possible. This method is slightly 
more complicated to implement. Furthermore, Method B inherently requires a 
baseline adjustment to be made for both the velocity and displacement time history. 
The detailed procedure for Method B is outlined in detail in Appendix C. 
 
(a) Comparison Between Record Modification Methods: Method A vs. Method B 
For each earthquake record in Table 6.3 the modification method was determined on a 
case by case basis. In some cases Method A proved more effective than Method B and 
visa versa. 
 
• Method B appears more attractive as it retains more of the earthquakes 
intensity when compared to Method A. However, for minor truncations in the 
velocity, Method A will suffice. 
• Method A is computationally simpler than Method B. 
• In some cases, for large truncations of the velocity, the baseline correction 
required of Method B can exceed the displacement capacity of the shake-table. 
 
Table 6.4 summarises the modification method used for each record. Also shown in 
the same table is the peak velocity and acceleration before and after modification. The 
Northridge record underwent the largest reduction in peak velocity of 26%. It can be 
                                                 
1 Dr. Kerry Mulligan, Department of Mechanical Engineering, University of Canterbury 
2 Geoffrey Rodgers, Department of Mechanical Engineering, University of Canterbury 
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seen that while the velocity was significantly reduced, the peak ground acceleration 
was only slightly reduced, thus retaining much of the original intensity. 
 
 
Table 6.4: Record modification methods used showing the peak input velocity before and after 
modification  
 Earthquake Event 
Modification 
method 
Max 
velocity 
before 
(mm/s) 
Max 
velocity 
after 
(mm/s) 
Max 
accel 
before 
(g) 
Max 
accel 
after 
(g) 
2/3MCE_FF Kobe - 159 159 0.256 0.256 
2/3MCE_NF Loma Prieta B 236 230 0.220 0.217 
MCE_FF Cape Mendocino A 251 232 0.382 0.375 
MCE_NF Northridge B 306 226 0.364 0.359 
 
 
A comparison between the acceleration response spectra, before and after 
modification, is presented in Figure 6.10 for the two MCE ground motions. For the 
Cape Mendocino record (far-field), the response of the original and modified record is 
very similar. This is because only a small amount of velocity is truncated within the 
modified record (251mm/s reduced to 232mm/s). The response spectrum of the 
Northridge record (near-field) is significantly modified (peak ground velocity is 
reduced from 306mm/s to 226mm/s). For the Northridge record, this resulted in an 
obvious difference in the response spectrum before and after modification. A large 
reduction in spectral acceleration occurs over a period range of 0.5sec to 1.0sec, 
coinciding with the operating period range of the prototype test system. A reduction in 
spectral acceleration can also be seen within the high frequency range of Figure 6.10 
(less than 0.25sec). The Northridge record required a large reduction in peak velocity 
and for this reason Method B was preferred over Method A as it retained more of the 
earthquake’s original intensity. 
 
The displacement, velocity and acceleration time histories for the two MCE records 
are graphed in Figure 6.11 comparing the difference in time history before and after 
the record modification. As expected from the response spectrum analysis of Cape 
Mendocino in Figure 6.10 (a), it is difficult to detect any differences within the 
velocity or acceleration trace between the original and modified record. The velocity 
of the Cape Mendocino record was truncated from 251mm/s to 232 mm/s at a time of 
approximately 17sec.  
 
The Northridge record shows an obvious difference within the displacement and 
velocity trace before and after modification. While it is difficult to detect any 
significant difference within the acceleration-time domain, it is not until a response 
spectrum analysis is carried out that the difference becomes more evident (refer 
Figure 6.10 (b)). The velocity of the Northridge record was truncated at 
approximately 17sec, while the lost ground intensity was relocated within the next 
velocity cycle between 17sec and 18sec (as per Method B). 
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Figure 6.10: Comparison of the response spectra between the original and modified record 
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6.5.2. Similitude Scaling for Dynamic Testing 
The velocity limitation of the shake table meant that similitude scaling had to conform 
to a constant stress, constant acceleration law. The scale factors for this law are 
summarised in Table 6.5. The subscript T refers to the laboratory test specimen, while 
the subscript P refers to the full scale prototype specimen. The length scale factor is 
defined as λ, in which all other scaled parameters can be related to. 
 
 
Table 6.5 Similitude scaling factors for shake table testing  
Parameter Unit Test-to-Prototype relationship Test-to-prototype scale factor 
Stress, σ σ σT=σP 1 
Acceleration, α a aT=aP 1 
Length, L L LT=λLP λ 
Force, F F=σL2 σTLT2=σPλ2LP2 λ2 
Moment, M M=FL FTLT=λ2FPλLP λ3 
Mass, m m=F/a FT/aT=λ2FP/aP λ2 
Mass density, ρ ρ=m/L3 mT/LT3 =λ2mP/(λ3LP3) 1/λ 
Time, T T=(L/a)0.5 (LT/aT)0.5=( λ LP/aP)0.5 λ0.5 
Velocity, v v=L/T LT/TT= λLP/(λ0.5TP) λ0.5 
Weight, W W=F - λ2 
 
 
6.5.3. Performance and Tuning of the Shake Table 
(a) Table Tuning and Tracking 
Preliminary shake table testing indicated a number of abnormal behavioural 
characteristics of the table. The most significant abnormality was the table’s inability 
to correctly track the displacement command during the rocking response of the wall. 
In particular, while the table was able to accurately track the displacement command 
when the table velocity was large, tracking became more of an issue when trying to 
command small displacements of the table during periods of low velocity. Table 
tracking was not an issue when the post-tensioned wall was removed from the table. 
The rocking impact of the wall appeared to significantly interact with the table 
response, making it difficult to control. 
 
In an effort to improve table control, a sensitivity study was undertaken to investigate 
how the table would respond to varying table control parameters. In particular, the 
proportional P and integral I gain control within the shake table control software were 
explored. Previous studies investigating shake table control had found that the table 
could be controlled with reasonable accuracy with P = 10 and I = 1.0, Chase et al. 
[2005]. However, this study was carried out with no structure on the table. The study 
discussed in this section was carried out with the post-tensioned wall located on the 
table in order to include the effects of table-structure interaction. No damping devices 
were attached to the post-tensioned wall. 
 
The results from the parametric study are presented in Figure 6.11 showing two 
excitation time interval windows. The response under the default values of 
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proportional and integral gain controls are shown in Figure 6.11 (a), where P = 1-0 
and I = 1. The first time window is from 26sec to 27sec during a period of low 
velocity, while the second window is from 29sec to 37sec at the end of the record. 
When the velocity (displacement gradient) is low, it is possible to observe the rocking 
interaction: a secondary wave form appears to be superimposed on top of the desired 
displacement command in Figure 6.11 (a). What is more disturbing is the behaviour 
between 29sec and 37sec at the end of the earthquake record in Figure 6.11 (a). As the 
displacement and velocity approach zero the table begins to interact significantly with 
the post-tensioned wall. The displacement amplitude of the wall and the table increase 
as the system is put into resonance. 
 
The table-structure interaction was reduced significantly when the integral grain was 
lowered to I = 0.4. Some interaction is still observed during both time windows in 
Figure 6.11 (b), but the response is significantly improved: the resonance has been 
almost completely removed at the end of the record, allowing the response of the wall 
to naturally decay to zero. Further reducing the integral gain to I = 0.3 in Figure 
6.11 (c) resulted in better results than the original value of I=1.0, but was less 
effective than I = 0.4. 
 
Figure 6.11 (d) shows that increasing the proportional gain to P = 12 with I = 0.3 gave 
some improvement to tracking during the first time window. In addition to altering the 
gain parameters, a single low amplitude sine wave with a wave length of one second 
was added to the end of the record. This was to encourage the table to track a non-
zero command displacement and prevent interaction. However, the added sine wave 
had little effect in controlling table interaction. 
 
The investigation was further complicated in that the interaction was also dependant 
on the initial stiffness/strength of the post-tensioned wall. Reducing the initial post-
tensioning from 100kN (50kN per tendon) to 60kN (30kN per tendon) resulted in 
chaotic resonance where wall displacement amplitudes approached almost 30mm. 
However, with this said, an intermediate level of post-tensioning equal to 80kN (40kN 
per tendon) resulted in almost zero interaction. 
 
From this study, it was concluded that it would be very difficult, if not impossible, to 
determine a set of generic control parameters to satisfy any situation. It was to this 
end that the control parameters were fixed at P = 10 and I = 0.4 for the remainder of 
the shake table test program. 
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Figure 6.12 Shake table tuning investigation with Wall 1 
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(b) Table Tracking of Small Displacements and Lead-In Period 
A second investigation on the shake-table was carried out to determine how well the 
shake table could track small displacement amplitudes in the order of ±1mm 
(considering the bare table alone). From the previous investigation, it was felt that the 
table may have lacked the resolution to control the table-structure interaction. 
 
A comparison between the table command and table response is presented in Figure 
6.13 for a low amplitude sine wave varying in displacement amplitude from 0.25mm 
to 1.0mm and excitation frequency from 1Hz and 3.66Hz. Two important properties 
of the table were found. The first was that the table was able track the small 
displacements with reasonable accuracy. The second important point indicated that 
there was a long period of time at the beginning of the displacement command where 
the table was immobile: that is, no attempt was made by the table to track the 
displacement command. The solid black arrow in Figure 6.13 indicates the point in 
time at which the table suddenly began to track the displacement command. The 
implication being that large table accelerations were generated as the table suddenly 
began to track. This behaviour had actually been recognised in previous shake table 
studies3. The recorded acceleration response of Figure 6.13 (b) shows an acceleration 
spike at the instant the table begins to track. However, as the command sine wave was 
only 0.5mm in amplitude, the magnitude of the acceleration spike was low. From the 
information gathered in this study, in order to prevent large acceleration spikes at the 
beginning of the displacement command, a series of low amplitude, low frequency, 
sine waves were added to the beginning of every table command. This initiated table 
tracking and reduced the magnitude of the unavoidable acceleration spike. 
 
Preliminary testing also revealed movements of the shake table bulkhead relative to 
the laboratory strong floor. During free-vibration testing bulkhead displacements in 
the order of 1.1mm were measured relative to the laboratory floor. The sliding of the 
table relative to the strong floor further complicated the ability of the table to track the 
displacement command. It was felt that little could be done to resolve each of the 
table issues discussed above due to the limited time and resources available. Given 
that every effort was undertaken to measure and control the table abnormalities, useful 
data could still be successfully obtained from the shake table testing of the post-
tensioned walls. 
 
 
 
Figure 6.13 Lead-in behaviour of the shake table 
                                                 
3 Geoffrey Rodgers, Department of Mechanical Engineering, University of Canterbury 
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6.6. EXPERIMENTAL RESPONSE 
6.6.1. Free Vibration Release Tests 
The theoretical concept describing the conservation-of-energy under free vibration is 
illustrated in Figure 6.14 for a generic elastic (non-linear or linear) system with 
viscous damping. The initial input energy Einitial is equal to the stain energy at the time 
of release ESE(t = 0) and remains constant for all time. During each cycle, the energy 
of the system interchanges between strain energy (related to the instantaneous 
displacement of the system) and kinetic energy (related to instantaneous velocity of 
the system). Concurrently, energy is lost from the system. This is defined as viscous 
energy dissipation and is proportional to the instantaneous velocity of the system. As 
the kinetic energy reduces, the rate at which energy is removed from the system also 
decreases. As all of the input energy is converted to viscous energy dissipation, the 
displacement and velocity approach zero (asymptotically). 
 
In the following section conclusions are made on the behaviour of only two post-
tensioned walls. The remaining test results are compared to an analytical model in 
Chapter 7. The free vibration response of Wall 1 and Wall 2, when released from two 
drift ratios (0.5% and 2.5%), is shown in Figure 6.15 and Figure 6.16 respectively. 
Within each figure, four relationships are plotted: the displacement decay of the wall 
with time, the lateral force-displacement response of the wall, the absolute input and 
kinetic energy of the wall and the table displacement response. During release of 
Wall 1 in Figure 6.15, the shake table reacted with a displacement of 1.0-1.5mm in 
amplitude. Thereafter, the table began to resonate as it struggled to control the energy 
being returned from the rocking wall: the amplitude of these table displacements are 
of approximately 0.5mm. This table movement modifies the input energy to the 
system. The kinetic and input energy is graphed in Figure 6.15 (a) & (b) indicating 
that the input energy is not constant over time, but fluctuates during the rocking 
response of the wall. Depending on whether the table oscillates in-phase or out-of-
phase with the wall, input energy is added to, or removed from the system 
respectively. In particular, input energy in Figure 6.15 (a) is removed from the 
system; in this case, the table motion is out-of-phase with the wall response. This has 
the effect of over-damping the response and gives a false sense of energy dissipation. 
The energy plot of Figure 6.15 (b) indicates that the table interaction added input 
energy to the system; in fact, this was the case for most of the tests. Adding input 
energy to the free vibration decay has the effect of under-damping the system and 
lengthens the time for the response to decay. 
 
Two of the free-vibration tests carried out on Wall 2 (combining post-tensioning with 
fluid viscous dampers (FVD)) are presented in Figure 6.16 for drift ratios of 0.5% and 
2.5%. During each free vibration test the table still interacted with the post-tensioned 
wall. As the wall was released the table was subjected to an initial displacement pulse 
similar in magnitude to that measured immediately after the release of Wall 1 (1.0-
2.0mm); however, the magnitude of the table displacements following initial pulse are 
smaller than those measured during testing of Wall 1. Consequently, table-structure 
interaction was reduced; that is, less input energy was added to (or removed from) the 
system during the testing of Wall 2. During each cycle a larger amount of energy was 
dissipated by the FVDs. This minimised the amount of potential energy that could be 
transmitted back into the shake table. As a result, the damped response was more 
regular for Wall 2 and decayed at a more natural rate with less table interaction. 
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Figure 6.14 Conservation of energy (absolute) under free vibration for an elastic system 
 
 
The hysteretic (force-displacement) behaviour of Wall 2 in Figure 6.16 indicates that 
only a modest amount energy is dissipated during each cycle owing to the sloppy 
behaviour of the fluid viscous dampers (FVDs). As discussed previously, excessive 
clearances within the ball-joint connections at each end of the viscous dampers 
resulted in a pinched hysteretic response. The pinched response was more evident 
during the smaller displacement cycles of Wall 2 in Figure 6.16 (a). 
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6.6.2. Energy Balance Considerations 
The illustration in Figure 6.17 summaries the energy balance of a generic hysteretic 
yielding system indicating that the total dissipated energy is a combination of 
irrecoverable strain energy (hysteretic energy dissipation) and viscous energy 
dissipation (non-hysteretic energy dissipation). The remaining energy is interchanged 
between recoverable strain energy and kinetic energy. It is possible to compute the 
experimental hysteretic energy dissipation by integrating the total strain energy 
throughout each cycle; however, the integral can be dependant on the noise of the data 
and the type of filter used during post-processing. Errors can accumulate during 
numerical integration of the strain energy over each cycle and the data can become 
meaningless. Nevertheless, the three components of energy are computed (strain 
energy, kinetic energy and input energy) for all five post-tensioned walls subjected to 
free-vibration testing at a drift of 1.5% and graphed in Figure 6.19. The energy 
balance of Wall 1 differs substantially from the other three walls. In Chapter 5 the 
high-speed cyclic testing of an identical post-tensioned-only wall was characterised 
by a near-perfect non-linear elastic response: that is, no hysteretic damping took place 
during cyclic loading. If the integration of strain-energy is correct, then Figure 6.19 
indicates that a large amount of irrecoverable (hysteretic) strain energy developed. 
This is more likely a result of numerical integration error due to the violent nature of 
the test. In fact, in Section 6.8, data is presented showing high frequency horizontal 
acceleration spikes that were measured during rocking. These horizontal base shear 
spikes will add to the numerical integration error when evaluating the strain energy. 
The actual decay was more likely attributed to micro crushing of dislodged concrete 
and grout particles beneath the rocking interface. A dust plume was visible up the toe 
of the post-tensioned wall suggesting this was the case, pictured in Figure 6.18.  
 
 
 
Figure 6.17 Energy balance concept for hysteretic yielding systems with elastic viscous damping 
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Figure 6.18 Crushing of dislodged concrete beneath the rocking wall 
 
 
Testing of the highly damped walls (Wall 2 and Wall 3) was less violent and more 
confidence could be placed on the numerical integration of the measured strain 
energy. In contrast to Wall 1, the free vibration tests of Wall 3 and Wall 4 illustrate 
that almost all of the damping results from irrecoverable hysteretic energy dissipation. 
The hysteretic damping was so dominant within Wall 3 and Wall 4, and the 
displacement decayed at such a great rate, there was less opportunity for contact 
damping to occur. The displacement response of Wall 2 decayed over a relatively 
long period of time due to the poorly performing FVD devices. It is likely that contact 
damping was a contributing factor to the total damping within Wall 2 as more rocking 
cycles developed over time. Similar conclusions are made with regards to Wall 5 in 
that the lower (mechanical) damping content allowed more rocking cycles to develop 
over time, thus contact damping was likely to be significant within Wall 5. 
 
Due to the difficulty in being able to very accurately compute the strain energy for 
each post-tensioned wall, it was not possible to disaggregate the total dissipated 
energy into actual hysteretic (mechanical) dissipation and energy dissipation 
associated with non-hysteretic damping (contact damping or otherwise). 
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Figure 6.19 Energy balance (absolute formulation) under free vibration at 1.5% drift 
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6.6.3. Earthquake Excitation 
The maximum response parameters (base shear Vmax, relative wall displacement ∆max 
and drift ratio, relative wall velocity vmax and absolute wall acceleration amax) are 
summarised in Table 6.6 for each post-tensioned wall under each of the four ground 
motions. The near-field records were significantly less demanding on each of the post-
tensioned walls when compared to the far-field records of similar spectral intensity 
(i.e. DBE and MCE intensity). Reasons for this were discussed in Section 6.4.1 where 
table limitations prevented intense near-fault records (with strong directivity effects) 
from being used. The maximum base shear demand was similar for each of the five 
walls as each wall was designed to have similar lateral capacity at a drift ratio of 
1.5%.  
 
The velocity dependency of the FVDs was minimal (α = 0.15) which meant the 
dynamic properties of the FVDs were more akin to a hysteretic device. It is for this 
reason that Wall 2, being purely viscous (highly non-linear viscous), had trends that 
were similar in nature to the hysteretic post-tensioned walls. Wall 3 and Wall 4 were 
the most effective post-tensioned wall systems: the peak displacement response was 
consistently low, and the high level of structural damping ensured peak accelerations 
were also low. Contrary to this, Wall 1 generally returned the largest peak 
displacement and acceleration; however, it still satisfied the target drift ratio of 1.5% 
when subjected to ground motions that were scaled to the MCE seismic intensity. 
Accelerations were higher for Wall 1 because the system had very little damping; 
hence, if slightly greater accelerations can be tolerated Wall 1 is a viable system. 
 
 
Table 6.6 Maximum Base shear, displacement (drift ratio in brackets) and acceleration response 
of the five post-tensioned walls during the 2/3MCE and MCE scaled ground motions 
  Wall 1 Wall 2 Wall 3 Wall 4 Wall 5 
 Devices - 4xFVD 4xFVD 2xTCY 4xTCY 2xTCY 
Vmax [kN] 10.38 10.40 12.35 9.62 11.57 
∆max [mm] 2.89 (0.14%) 
8.06 
(0.38%) 
9.09 
(0.43%) 
3.87 
(0.18%) 
4.71 
(0.22%) 
vmax [mm/s] 68.2 162.2 155.4 81.0 103.2 
D
BE
-N
F 
amax [g] 0.518 0.324 0.372 0.295 0.306 
Vmax [kN] 16.77 14.69 14.88 15.46 14.76 
∆max [mm] 22.35 (1.06%) 
17.97 
(0.86%) 
12.91 
(0.61%) 
8.02 
(0.38%) 
8.48 
(0.40%) 
vmax [mm/s] 389.7 271.8 239.2 161.1 198.9 DB
E
-F
F 
amax [g] 0.468 0.409 0.413 0.431 0.404 
Vmax [kN] 16.00 14.00 13.62 16.51 17.82 
∆max [mm] 20.39 (0.97%) 
16.56 
(0.79%) 
12.45 
(0.59%) 
13.13 
(0.63%) 
15.96 
(0.76%) 
vmax [mm/s] 378.0 282.7 251.5 229.9 295.2 MC
E-
N
F 
amax [g] 0.473 0.372 0.389 0.446 0.499 
Vmax [kN] 18.29 19.62 19.78 18.64 21.13 
∆max [mm] 27.56 (1.31%) 
35.04 
(1.67%) 
27.63 
(1.32%) 
19.70 
(0.94%) 
28.71 
(1.37%) 
vmax [mm/s] 422.7 416.8 317.6 249.7 371.4 MC
E-
FF
 
amax [g] 0.518 0.591 0.575 0.537 0.617 
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The displacement time-history and the force-displacement response are only presented 
for Wall 1-4 under the two MCE level ground motions: Northridge in Figure 6.20 
(near-field) and Cape Mendocino in Figure 6.21 (far-field). Sufficient information can 
be gathered by studying these 8 tests without graphing the remaining 12 tests. Under 
the MCE near-field ground motion, the response of each wall was not very 
demanding; the FVDs in Wall 2 were hardly activated, and while the TCY dampers in 
Wall 3 and Wall 4 did yield, their ductility demand was very low. The displacement 
demands were much greater for the Cape Mendocino ground motion in Figure 6.21. 
Under the Cape Mendocino record the FVDs in Wall 2 provided a good amount of 
damping, but the energy dissipation of Wall 3 and Wall 4 was even more significant. 
Even considering the large inelastic cycles developed in Wall 3 and Wall 4 during the 
Cape Mendocino record, the residual displacements were negligible. The benefit of 
using a combination of viscous and hysteretic dampers was evident at the end of the 
test: as the ground velocity diminished the force in the FVD approached zero. 
Because the force within the FVDs were zero the viscous-hysteretic wall was able to 
return to its original position as the capacity of the remaining TCY dampers was less 
than the clamping capacity provided by the post-tensioned tendons. 
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Figure 6.20 MCE response near-field (Northridge)
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Figure 6.21 MCE response far-field (Cape Mendocino) 
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6.7. STRAIN-RATES  
The maximum strain-rates for the hysteretic TCY dampers were recorded during free-
vibration testing and during earthquake excitation and are shown for Wall 4 & Wall 5 
in Table 6.7. The strain-rates are very high during free-vibration testing due to the 
large release displacement at a lateral drift of 2.5%. In contrast, the strain-rates 
measured during earthquake excitation are similar in magnitude to those recorded 
during the high-speed cyclic testing in Chapter 5. 
 
Strain-rates were discussed following the high-speed cyclic testing in Chapter 5. The 
strain rates measured during the high-speed cyclic testing were similar in magnitude 
to those measured during dynamic testing herein (or only slightly larger), therefore no 
further discussion is justified.  
 
 
Table 6.7 Maximum strain rates of the TCY dampers recorded during free-vibration testing (FV) 
and earthquake excitation (DBE, MCE) for Wall 4 and Wall 5 
 Wall 4 Wall 5 
FV 2.5% 0.586 s-1 0.779 s-1 
FV 1.5% 0.393 s-1 0.520 s-1 
DBE-NF 0.060 s-1 0.063 s-1 
DBE-FF 0.165 s-1 0.161 s-1 
MCE-NF 0.278 s-1 0.348 s-1 
MCE-FF 0.336 s-1 0.533 s-1 
 
 
6.8. HORIZONTAL ACCELERATIONS DURING ROCKING IMPACT 
During free vibration of the post-tensioned walls high frequency horizontal 
accelerations develop within the wall due to the rocking impact. These acceleration 
spikes (hence, base shear spikes) are in the range of 50Hz-60Hz. The results presented 
thus far were post-processed using a 6th order low-pass Butterworth filter with a cut-
off frequency of 18Hz. All data was sampled at 1000Hz; however, an analogue filter 
was also incorporated within the computer software. This analogue filter had a 
passband frequency of 200Hz, corresponding to a normalised passband voltage of 
0.707. It was possible to observe the horizontal acceleration spikes caused by rocking 
by increasing the cutoff frequency within the Butterworth filter to above 60Hz. Figure 
6.22 compares the base shear versus lateral displacement of Wall 1 at three different 
cutoff frequencies: 25Hz, 50Hz and 100Hz. The horizontal base shear spikes become 
more evident as they pass through the digital filter. Similarly, when the free-vibration 
acceleration and displacement time-history are viewed within the first 0.6sec of 
release in Figure 6.23, the horizontal acceleration spikes during rocking impact are 
clear. A transient horizontal acceleration response appears to overlay the harmonic 
response in Figure 6.23. The energy associated with the high frequency acceleration 
spikes in Figure 6.23 (b) decays between successive rocking impacts due to material 
damping within the wall. At the point of release (time equal to zero), a high 
frequency, high amplitude acceleration signal is recorded as the load is suddenly 
transferred to the wall; this is not related to impact loads during rocking and should be 
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disregarded. When these high frequency horizontal accelerations are completely 
filtered with a cutoff frequency of 25Hz as in Figure 6.22 (a), the quasi-static push-
over capacity of the post-tensioned wall can be observed in clarity. 
 
 
 
Figure 6.22 Base shear spikes for Wall 1 during release testing from 1.5% drift ratio for two 
different Butterworth cutoff frequency filters 
 
 
 
Figure 6.23 Horizontal acceleration and displacement time history for Wall 1 during release 
testing from 1.5% drift ratio for two different Butterworth cutoff frequency filters 
 
 
The horizontal acceleration spikes were significantly smaller for Wall 4 when 
compared to Wall 1 during free vibration (Wall 4 was the most heavily damped Wall). 
While some base shear spikes are still evident during impact in Figure 6.24 the 
magnitude and duration is significantly reduced in Figure 6.25 when compared to 
Wall 1 in Figure 6.23. In light of this, it would seem appropriate that the severity of 
these horizontal accelerations would be proportional to the magnitude of the vertical 
accelerations during impact (this is discussed in Section 6.9 to follow). With that 
noted, the vertical and horizontal acceleration spikes appear to be proportional to the 
mechanical damping within post-tensioned system: as the mechanical damping is 
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increased, the horizontal velocity demand reduces, decreasing the magnitude of the 
impact forces during rocking. 
 
 
Figure 6.24 Base shear spikes for Wall 4 during release testing from 1.5% drift ratio for two 
different Butterworth cutoff frequency filters 
 
 
 
Figure 6.25 Horizontal acceleration and displacement time-history for Wall 4 during release 
testing from 1.5% drift ratio for two different Butterworth cutoff frequency filters 
 
6.9. VERTICAL ACCELERATIONS DURING ROCKING IMPACT 
Vertical accelerations were measured at the centre of the post-tensioned wall to 
capture the vertical impact loading during rocking. The vertical acceleration decay 
measured for each wall when released from a drift ratio of 1.5% is plotted in Figure 
6.26. Positive accelerations correspond to the impact during rocking, while negative 
accelerations coincide with the peak vertical displacement of the wall during each 
cycle. The basic decay of the vertical acceleration decay takes on the same shape as 
the horizontal displacement and velocity decay: therefore, vertical acceleration is 
directly proportional to the displacement amplitude during the cycle. Furthermore, the 
magnitude of the vertical accelerations appears to be proportional to the level of 
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mechanical damping across the rocking interface. The area-based damping of each 
post-tensioned wall was computed in Chapter 5 which indicated that Wall 2 and 
Wall 3 had a similar level of damping content, while Wall 4 was more heavily 
damped by approximately 16% to that of Wall 3 at a drift ratio of 1.5%. As the 
mechanical damping increases a reduction in kinetic energy is expected as energy is 
removed from the system, hence the horizontal displacements and vertical 
accelerations during impact are expected to reduce also.  
 
The maximum recorded vertical wall accelerations for the four ground motions are 
tabulated in Table 6.8. When rocking was initiated, peak vertical accelerations were in 
the range of 20%-60% of the horizontal acceleration. These vertical accelerations can 
have huge implications on the design of non-structural components in much the same 
way horizontal accelerations do. In general Wall 1 returns the largest peak vertical 
accelerations, with the exception of Wall 2 for the MCE-FF record. Specific to this 
ground motion the horizontal displacement demand was larger for Wall 2 than Wall 1 
and so larger vertical accelerations were expected. There is a clear trend between an 
increased level of mechanical damping and reduced vertical accelerations.  
 
Table 6.8 Maximum recorded vertical wall accelerations [g] 
 Wall 1 Wall 2 Wall 3 Wall 4 Wall 5 
Devices - 4xFVD 4xFVD 2xTCY 4xTCY 2xTCY 
DBE-NF 0.022 0.087 0.086 0.027 0.044 
DBE-FF 0.271 0.196 0.160 0.080 0.110 
MCE-NF 0.224 0.198 0.161 0.122 0.178 
MCE-FF 0.303 0.353 0.209 0.132 0.262 
 
 
The peak vertical acceleration is compared to the peak horizontal velocity in Figure 
6.27. This relationship is plotted for the free vibration tests of Wall 1-5 in Figure 
6.27 (a) and all four ground motions (DBE and MCE) in Figure 6.27 (b). From both 
of these graphs, the vertical acceleration is directly proportional to the horizontal 
velocity alone, and bears little relationship to the amount of damping within the wall. 
It can be concluded that the damped walls returned smaller vertical accelerations 
primarily because the peak horizontal velocity were reduced. That is, two walls with 
very different damping contents can experience similar peak vertical accelerations 
during rocking if both are subjected to similar peak horizontal velocity demands. 
 
Based on these results it would seem logical for contact damping to be proportional to 
the vertical acceleration during impact. If contact damping is related to the vertical 
acceleration and hence, horizontal velocity as per Figure 6.27, then a pure viscous 
damping model would seem appropriate. However, given that velocity is also 
proportional to displacement, a contact damping model with damping forces 
proportional to both velocity (viscous) and displacement (friction) is proposed. What 
is uncertain is the level of viscous damping to be assigned to contact damping within 
the system: this is quantified in Section 6.10. 
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Figure 6.26 Vertical acceleration decay during free vibration, release drift ratio of 1.5% 
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Figure 6.27 Relationship between horizontal velocity and vertical acceleration 
 
6.10. ESTIMATING THE EQUIVALENT VISCOUS DAMPING 
ASSOCIATED WITH CONTACT DAMPING 
6.10.1. Equivalent Viscous Damping Based on Pure Free-Vibration 
Based on free vibration displacement decay it is possible to determine the equivalent 
viscous damping (elastic) of a system. For a post-tensioned only rocking system this 
damping is likely to be a combination of pure contact damping, material nonlinearity 
of the concrete at the rocking interface and intrinsic material damping of the precast 
element. To simply modelling these contributions are lumped together and equated as 
the total (elastic) equivalent viscous damping of the system. With reference to Figure 
6.28, the equivalent viscous damping can be determined from Eq.(6.2) which relates 
the displacement ratio between n successive displacement peaks. T is the period of 
free vibration of the system. 
 
⎟⎟⎠
⎞
⎜⎜⎝
⎛
+= )(
)(ln
2
1
nTtx
tx
nπλ  6.2 
 
However, Eq.(6.2) is limited to linear elastic systems only: more specifically, elastic 
structures whose period remains constant with amplitude. Eq.(6.2) is only valid for 
non-linear elastic rocking systems when the displacement demand is within the 
(initial) elastic range. Furthermore, Eq.(6.2) is limited to free vibration alone. In the 
case where significant interaction exists between the ground (table) and the system, 
the input energy is not constant during free vibration and alternative methods are 
needed to define the equivalent viscous damping of the system. 
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Figure 6.28 Free vibration decay 
 
6.10.2. Equivalent Viscous Damping Considering an Energy Balance Approach 
The conservation of energy for a SDOF system is given by the absolute formulation 
of Eq.(6.3). 
 
ab
input
ab
kVDSE EEEE =++  6.3 
 
 
Where 
 ESE  = strain energy (recoverable for elastic systems) 
EVD  = dissipated energy (energy lost from the system). For systems 
remaining elastic a viscous damping term is normally included to 
account for non-structural damping and some material non-linearity 
within the elastic range. 
Ekab  = kinetic energy of the system (in absolute terms) 
ab
inputE   = input energy of the system. 
 
The system in Figure 6.29 plots the conservation of energy for a system under pure 
free vibration. In this case, the input energy abinputE  is equal to the initial energy at 
release Einitial. No energy is added to the system (in the form of ground excitation); 
therefore, the input energy remains constant with time. The incremental form of 
Eq.(6.3) can be written as Eq.(6.4). 
 
ab
input
ab
kVDSE EEEE ∆=∆+∆+∆  6.4 
 
The mathematical formulations of each component are defined in Appendix C. The 
energy dissipated by equivalent viscous damping over time is given by Eq.(6.5). 
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Considering simple harmonic motion, the viscous decay curve EVD in Figure 6.29 can 
be computed by the integration of Eq.(6.5), resulting in the following 
 
[ ]λωω ⋅−−= tVD emXE 2220 121  6.6 
 
Where 
 X0  = the release displacement 
 ω  = circular natural frequency of the system 
 m  = mass of the system 
 t  = time from release 
λ  = equivalent viscous damping, expressed as a ratio of critical damping, 
i.e. ωλ m
c
c
c
c 2
== . 
 
 
Figure 6.29 Conservation of energy during free vibration 
 
The initial input energy can be calculated from the strain energy prior to release of the 
system (area beneath the force-displacement push-over) ESE(t = 0). From the 
equations in Figure 6.29, the initial input energy E0 can also be defined by Eq.(6.7). 
 
mXtEE SE
22
00 2
1)0( ω===  6.7 
 
Recognising the conservation of energy between kinetic energy Ek and viscous energy 
dissipation EVD the equivalent viscous damping ratio can be computed between 
successive velocity peaks from Eq.(6.8). 
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Where; 
λ  = equivalent viscous damping expressed as a ratio of the critical 
damping of the system. 
E0  = initial input energy to the system, equal to the strain energy at 
release, ESE(t = 0). 
 Ek(t)  = kinetic energy of the system at time t 
ω  = circular natural frequency of the system. In order to account for the 
elongated period of a non-linear system, ω should be equal to the 
cumulative average circular natural frequency up until time t. It should 
be recognised that Eq.(6.8) is still an approximation for non-linear 
elastic systems even if the cumulative average value of ω is used. 
 
The formulation of Eq.(6.8) can be modified to account (approximately) for input 
energy added to the system during free vibration. Consider the system in Figure 6.30 
below where the free vibration is amplified due to additional input energy ∆Einput. The 
additional input energy is assumed to be equally divided between the kinetic energy 
and the dissipated energy, i.e. 0.5∆Einput. Again, following the principle of 
conservation of energy, the equivalent viscous damping can be computed from 
Eq.(6.9). 
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In Eq.(6.9) the input energy at time t is defined by Einput(t). Eq.(6.9) reduces to 
Eq.(6.8) when no input energy is added to the system , i.e., 
0)()( 0 =−=∆ EtEtE inputinput . 
 
 
 
Figure 6.30 Conservation of energy during free vibration with added input energy 
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(a) Evaluation of the Equivalent Viscous Damping from Experimental Free 
Vibration Testing 
The modified damping equation of Eq.(6.9) was used to estimate the equivalent 
viscous damping (EVD) associated with contact damping during the free vibration 
testing of Wall 1. The equivalent viscous damping (EVD) was estimated from the 
release tests at a drift ratio of 1.5% and 2.5% (0.5% was not included as limited 
rocking occurred during this test). Eq.(6.9) was used to compute the EVD during each 
cycle of free-vibration. Each data point is graphed in Figure 6.31 for the two free-
vibration tests (1.5% and 2.5% lateral drift ratio). The first cycle was omitted from the 
data set due to the violent nature of the system immediately following release. The 
EVD was computed for every other cycle until the kinetic energy fell below 25% of 
the strain-energy at release, or until rocking of the base was no longer evident, which 
ever occurred first. From the data points in Figure 6.31, the following conclusions 
were made 
• The EVD was found to be approximately proportional to the secant stiffness at 
release for both free-vibration tests. That is, as the release displacement was 
increased, the damping coefficient decreased: as the release amplitude was 
increased the velocity of the system also increased, resulting in larger damping 
forces. 
• The scatter within each test in Figure 6.31 was minimal suggesting that the 
viscous damping coefficient was approximately constant during free-vibration; 
however, it is proposed that the magnitude of the damping coefficient depends 
on the secant stiffness of the system at the release displacement. 
 
From this analysis, a damping ratio of 2.4% was computed and was estimated to be 
proportional to the secant stiffness at release. By applying an error of ±25% to the 
calibrated damping, all of the experimental data falls within these limits (Figure 6.31). 
 
 
 
Figure 6.31 EVD (proportional to secant stiffness at release) evaluation of Wall 1 based on the 
modified approach to account for input energy added to the system 
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6.11. CONCLUSIONS 
This chapter presented the experimental response of five post-tensioned precast 
concrete walls under free-vibration and four earthquake ground motions. Each post-
tensioned wall was fitted with a combination of viscous fluid dampers (FVD) and 
mild steel hysteretic dampers (TCY). The shake-table was found to be incapable of 
reproducing the characteristics of near-field records with large velocity pulses with 
strong forward-directivity. Hence, the near-field records that were selected were less 
intense than the equivalent far-field records corresponding to the same theoretical 
seismic hazard. 
 
Dynamic testing confirmed the conclusions derived from Chapter 5 in that the 
efficiency of the viscous dampers were compromised due to tolerances within the 
connections at each end of the damper; thus, some slipping/pinching was observed. 
As a result, the dampers were not properly activated until drift demands exceeded 
approximately 1.0%. Considering all four earthquake records Wall 3 (hysteretic plus 
viscous) and Wall 4 (hysteretic) offered the best performance in terms of low peak 
floor-accelerations and peak displacements. While, this was largely attributed to the 
larger damping offered by these two systems, Wall 3 could also guarantee full 
dynamic (and static) re-centring when the velocity within the FVDs approached zero. 
Furthermore, if higher floor-accelerations can be tolerated, a solution with minimal 
damping (or zero, as in the case of Wall 1) provided an equally viable option, 
although from a design perspective the peak system response will be computed with 
less uncertainty.  
 
The vertical accelerations during rocking were found to be significant for lightly 
damped post-tensioned walls. In such systems, vertical accelerations of 0.35g were 
recorded. The peak vertical acceleration was found to be directly proportional to the 
peak horizontal velocity regardless of the level of mechanical damping within the 
system: damping acted to reduce the velocity, displacements and vertical acceleration 
demand during impact. From this trend, a contact damping model proportional to the 
peak velocity and displacement of the system was proposed. 
 
The contact damping of a post-tensioned only wall (Wall 1) was calibrated from free-
vibration testing. An equivalent viscous damping (EVD) ratio of 2.4% was 
determined. For simplicity, the proposed contact damping model incorporated three 
fundamental properties 
• Based on the time-history decay, the damping coefficient (computed from the 
calibrated EVD) was assumed to be constant during free-vibration. 
• From the two release amplitudes, the magnitude of the damping coefficient 
was estimated to be proportional to the secant stiffness at the maximum 
displacement, i.e. the secant stiffness of the system at the release displacement. 
Hence, the calibrated 2.4% EVD ratio was constant and independent of the 
displacement amplitude during free vibration. 
• The damping forces are proportional to both velocity and displacement. 
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7. Modelling the Monotonic, Cyclic and Dynamic Response 
of Post-Tensioned Rocking Systems 
7.1. INTRODUCTION 
In this chapter modelling techniques are developed for post-tensioned rocking 
systems. In particular, the monotonic, cyclic and dynamic modelling of post-tensioned 
cantilever elements is presented in detail. The ability of a model to accurately capture 
the global response of a post-tensioned rocking system is dictated by the ability of the 
model to capture the local rocking behaviour. Monotonic backbone models are first 
presented that utilise an existing global member compatibility requirement to define 
the internal actions at the rocking interface within a section analysis. Suggestions to 
account for the cyclic response of steel, confinement due to armouring of the cover 
concrete, alternative stress-strain relationships within the compression zone of the 
rocking body and the inclusion of external, velocity dependant (viscous) or hysteretic 
dampers are all addressed in detail. The section analysis is further extended to bi-axial 
loading, where various bi-axial interaction surfaces are developed and intended to be 
used in design and modelling. Macro modelling techniques are then presented to 
model the cyclic behaviour of post-tensioned rocking connections. In particular, focus 
is given to a multi-axial spring model introduced in Chapter 3. A method is developed 
to calibrate the axial stiffness of the multi-spring unit. The macro-model is further 
extended to 3-demensions to capture the global and local bi-axial response of rocking 
systems. Suggestions on how to calibrate the axial stiffness of the 3-dimensional 
multi-spring unit is also discussed. In the final section, a technique to account for the 
energy lost during rocking impact is proposed (contact damping). The proposed 
damping model is a simple extension of the macro-model to include a velocity 
proportional and displacement proportional damper at the effective height of the 
system: the properties of damping model are calibrated from experimental testing in 
Chapter 6. 
 
7.2. MODELING THE MONOTONIC RESPONSE OF POST-TENSIONED 
ROCKING SYSTEMS 
This first section deals with constructing the monotonic loading envelope of post-
tensioned rocking systems. In this context, a post-tensioned rocking system includes 
any rocking system with or without dissipation, either internal or external to the 
section. A number of issues are discussed in this section. In particular, an existing 
analogy that was developed to compute the section response of a hybrid system is 
simplified for post-tensioned only systems and systems with externally mounted 
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devices. Furthermore, issues relating to alternative stress-strain models within the 
compression zone of the rocking body, accounting for the cyclic behaviour of steel 
and a method to assess the response of post-tensioned systems with non-linear viscous 
dampers are also discussed. Procedures are also developed to assess the bi-axial 
response of any post-tensioned rocking system. A series of design charts are 
subsequently developed for post-tensioned rocking systems considering bi-directional 
earthquake loading. 
 
It can be difficult to capture the cyclic backbone response of an experimental 
monotonic model. More often than not, the envelope encompassing the cyclic 
response of a system will be quite different to the monotonic response; generally, for 
well detailed elements the capacity of a cyclic test will appear greater than an 
equivalent monotonic test. Furthermore, under cyclic loading low-cycle fatigue will 
initiate early rupture, reducing the apparent displacement capacity of the system. This 
section will aim to accurately define the capacity envelope of a post-tensioned rocking 
system considering either cyclic or monotonic loading. 
 
7.2.1. The Revised Monolithic Beam Analogy for Post-Tensioned Rocking 
Systems with Internally Grouted Mild Steel, Palermo [2004] 
The revised Monolithic Beam Analogy (rMBA), which was described in detail in 
Chapter 3, was developed specifically for post-tensioned precast concrete rocking 
systems with internally grouted mild steel reinforcement; these elements are referred 
to as post-tensioned hybrid systems (or simply “hybrid” systems). The analogy 
computes a theoretical curvature at the rocking interface by relating member 
displacements of the rocking element to those of an equivalently reinforced 
monolithic (EM) system. This section discusses a number of modelling issues which 
have not yet been addressed. 
 
(a) Monotonic Backbone Model of Reinforcing Steel, Accounting for Cyclic 
Loading 
Two constitutive relationships describing the stress-strain behaviour of reinforcing 
steel are used in this research. When experimental test data is available, the 
relationship originally proposed by Mander et al. [1984] and later revisited by Dodd 
and Restrepo-Posada [1995] is adopted as it makes use of the test data to better 
describe the non-linear strain-hardening branch of the stress-strain curve (a coordinate 
along the strain-hardening portion of the stress-strain curve is used). For analyses 
where experimental stress-strain data is not present, the relationship used by King et 
al. [1986] is more appropriate. The mathematic equations describing the monotonic 
stress-strain envelope used by Dodd and Restrepo-Posada [1995] is summarised 
below. Reference to the nomenclature is also illustrated in Figure 7.1. 
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In Eq.(7.3) P is a parameter describing the non-linear power relationship to capture 
the strain-hardening curve. 
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Where, 
 εms  = generic steel strain (the subscript ms denotes mild steel) 
 εy,ms  = yield strain of the mild steel 
 εsh,ms  = strain hardening of the mild steel 
εx,ms  = strain coordinate on the strain hardening curve from experimental 
data 
εsu,ms  = ultimate strain of the mild steel defined by the maximum obtained 
stress 
 fms  = generic mild steel stress, i.e. fms(εms) 
 fy,ms  = yield stress of the mild steel 
fx,ms  = stress coordinate on the strain hardening curve from experimental 
data 
fsu,ms  = maximum obtained stress of the mild steel 
 
The cyclic stress-strain behaviour of mild steel is illustrated in Figure 7.1. When steel 
is unloaded from the monotonic loading envelope it softens and departs from the 
idealised elasto-plastic response: this is known as the Bauschinger [1887] effect. 
When the steel is unloaded back to the origin (εs approaching zero), the strength 
exceeds the idealised elasto-plastic capacity in compression. With respect to post-
tensioned hybrid connections, the compression strains within the grouted longitudinal 
reinforcement (located inside the neutral axis) can be quite small (>-εsh) due to the 
unbonded length provided to the longitudinal reinforcement. The magnitude of the 
compression strains will primarily depend on the level of post-tensioning, the amount 
of prestressed reinforcement and the unbonded length of the mild-steel reinforcement. 
When re-loading from the unloading branch the stress-strain curve can intersect the 
yield plateau along the monotonic envelope. This gives an apparent reduction to the 
onset of strain hardening εsh as shown in Figure 7.1. Hence, the monotonic stress-
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strain envelope can differ significantly from the cyclic stress-strain envelope. The 
cyclic stress-strain envelope is dependant on the magnitude of the compression strain 
when re-loaded from the unloading branch. 
 
 
 
Figure 7.1 Stress-strain behaviour of mild steel, unloading from the strain-hardening region and 
reloading from an unloading branch. Note the difference between the monotonic and cyclic 
stress-strain envelope. 
 
 
Figure 7.2 compares two steel tests. One test is a monotonic tension test, while the 
other test is a cyclic tension test on an identical steel specimen (Grade 300MPa 
reinforcement). The steel used in these tests was of the same material used in the 
fabrication of the tension-compression-yielding (TCY) dampers discussed in 
Chapter 4. While the material tested in Figure 7.2 was Grade 300MPa round bar, it 
had identical properties to conventional (deformed) longitudinal reinforcement (of the 
same grade). Three properties are noted with regards to Figure 7.2: 
• The strain coordinates describing the cyclic envelope have been shifted closer 
to the origin when compared to the monotonic envelope. 
• The ultimate strain of the steel is significantly reduced when subjected to 
cyclic loading due to low-cycle fatigue and will be heavily dependant on the 
loading history. 
• The strength of the steel in compression is substantially greater than an elastic-
plastic idealisation in compression. 
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Figure 7.2 Comparison between a monotonic and a cyclic test of a mild steel TCY damper 
representative of grade 300MPa mild-steel. 
 
 
While some researches have proposed “origin-shifting” methods to account for cyclic 
behaviour, Presland [1999], these methods were not found to correctly model the 
observed behaviour shown in Figure 7.2. A method was developed to define an 
equivalent stress-strain envelope to account for cyclic loading of steel. The premise 
behind the proposed cyclic back-bone envelope is illustrated in Figure 7.3. The onset 
of the apparent strain hardening εsh,app is defined in Eq.(7.5) as the peak compression 
strain εs’ plus 50% of the strain at strain-hardening εsh.  
 
shsappsh εεε 5.0', +=  7.5 
 
The ultimate strain of the steel under cyclic loading was more difficult to define as the 
ultimate strain was highly dependant on the cumulative strain ductility demand during 
loading. Specific to the loading protocol adopted during the material tests in 
Chapter 4, the strain at rupture due to cyclic loading was equal to approximately 50% 
of the rupture strain corresponding to a monotonic test, i.e. for grade 300MPa mild 
steel, the rupture strain could be estimated as 100x10-3 mm/mm under cyclic loading. 
The cyclic testing protocol that was imposed on the steel TCY dampers was similar to 
the displacement demand that was expected during in-situ testing. This was quite a 
demanding protocol comprising of many ductility cycles (3 cycles at each 
displacement, followed a single cycle at an intermediate displacement). As mentioned, 
steel compression strains within a post-tensioned hybrid system are likely to be small 
for steel layers located inside the perimeter of the section. It is for this reason that an 
approximate form of Eq.(7.5) can be used: εsh,app = 0.5εsh. Eq.(7.5) can not be used for 
steel layers that are subjected to very large compression strains, which is the case for 
steel layers located outside of the section. For large compression strains, the apparent 
strain hardening εsh,app can be less than the yield strain εy of the material, i.e. 
truncating the elastic loading region. This procedure to shift the strain coordinates is 
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simple and the reduced strain values (εsh,app and εsu) can be used within Eqs.(7.1) to 
(7.4). Alternatively, the entire stress-strain curve can be constructed by fitting 
Eqs.(7.1) to (7.4) directly to experimental test data. 
 
As mentioned, the apparent stress-strain envelope will be loading dependant. If a 
near-fault earthquake event is considered comprising of a single large velocity pulse, 
then the stress-strain envelope will be better represented by a monotonic envelope. On 
the other-hand the stress-strain envelope of a system subjected to a far-field ground 
motion, having a number of smaller cycles before the larger excursions, may be better 
captured considering a cyclic stress-strain envelope. For a structural 
analysis/assessment where the ground hazard is not known with any great certainty, it 
would be prudent to determine the significance of the two stress-strain envelopes on 
the global response of the system and define a range of possible solutions to be used 
during design. 
 
 
 
Figure 7.3 Method to construct a stress-strain envelope that accounts for cyclic loading  
 
 
(b) Monotonic Backbone Model for Prestressed Reinforcing Steel 
All of the experimental test specimens discussed in this research were designed to 
avoid yielding of the prestressed reinforcement. This was opted to allow multiple tests 
to be carried out on each specimen. It is for this reason that an elastic stress-strain 
relationship is later used to model the post-tensioned reinforcement within each test. 
In the event that yielding is plausible, Eqs.(7.1) through to Eq.(7.4) above are used; 
however, the yield plateau is removed from the piecewise equations. That is, the onset 
of strain hardening εsh,pt is equal to the yield strain εy,pt below. 
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Where, 
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The subscripts pt in Eq.(7.6) to (7.8) refer to the post-tensioned reinforcement. 
Tension testing of the post-tensioned reinforcement was found to agree well with this 
model (testing of the post-tensioned reinforcement was discussed in Chapter 4). 
 
(c) Strength and Strain Enhancement of Confined Concrete 
The effect of concrete confinement has been heavily researched in literature by many 
authors, with various expressions proposed to estimate the enhanced concrete strength 
and ultimate concrete strain as early as 1928: Richart et al. [1928]; Kent and Park 
[1971]; Mander et al. [1988]; Dodd and Cooke [1992]. The expression developed by 
Mander et al. [1988] to determine the confined compressive strength and ultimate 
strain has been widely accepted in literature as it has been developed based on 
theoretical understanding and calibrated against experimental tests on axially loaded 
column members with unconfined concrete strengths less than 50MPa. Mander et al. 
[1988] computes the strength enhancement of a symmetrical square section, 
considering equal lateral confining stresses in both transverse directions from Eq.7.9.  
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In this equation fcc’ is the maximum confined concrete stress, fc’ is the maximum 
unconfined concrete stress and fl is the lateral confining stress. Consider Figure 7.4, 
the effective lateral confinement area is not uniform within the confined core; rather 
unconfined parabolas are located between each lateral restraint (anchored transverse 
reinforcing bars). The effective confinement within the confined core of a square 
section is computed from Eq.(7.10) which assumes that the transverse reinforcement 
is yielding fyh. This is the maximum theoretical lateral confining stress that can be 
obtained from the transverse reinforcement (neglecting strain hardening). 
 
yhvel ff ρ=,  7.10 
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A confinement effectiveness factor Ce relates the area of effectively confined concrete 
Ae to the total confined core area Acc (the area bounded by the centreline of the 
peripheral hoops, i.e. cycxcc hhA ⋅=  in Figure 7.4). The effectively confined area Ae 
accounts for the confinement arching effects between the longitudinal reinforcement 
(in plan) and the stirrup sets (in elevation), i.e. eyexe bbA ⋅=  in Figure 7.4. This 
confinement model is known as a smeared model, whereby the effective lateral 
confining stress fle within the effective core Ae is averaged (smeared) over the area 
bounded by the centreline of the peripheral hoops Acc such that the average lateral 
confining stress is given by 
 
yhveelel fCfCf ρ== ,  7.11 
 
Where the confinement effectiveness factor Ce is given by 
 
cc
e
e A
A
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Priestley et al. [2007] has found that Ce is generally in the order of 0.75-0.85 for well-
designed square sections. For a symmetrical square section, the transverse 
reinforcement ρv ratio in Eq.(7.11) is summed in the two directions. 
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Where Ashx is the total area of transverse reinforcement providing confinement in the 
x-direction, hcy is the width of the confined core in the y-direction (measured to the 
centre-line of the peripheral hoops) and s is the spacing of the transverse 
reinforcement sets. Further explanation of these terms is illustrated in Figure 7.4. 
 
 
 
Figure 7.4 Nomenclature of a confined column/pier section 
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Wang and Restrepo [2001] incorporated a Poisson dilation effect within the Mander et 
al. [1988] confinement model to account for the actual lateral strain within the 
transverse reinforcement during axial loading of the element. Hence, the lateral 
confining pressure acting within the section is dependant on the axial strain within the 
section. This extension provides greater accuracy during initial loading; however, the 
added computation can be unnecessary if the primary goal is to evaluate the 
confinement effects at high ductility demands where the strain in the transverse 
reinforcement is likely to be greater than yield in any case. Considering a poisons 
ratio of ν = 0.2 and grade 300MPa transverse reinforcement, the strain in the 
transverse reinforcement will approach yield at an axial strain of 0.0075; depending 
on the level of confinement reinforcement, confined concrete can experience axial 
strains exceeding 0.1, Allington [2003]. This method to incorporate the Poisson effect 
is really only appropriate for axially loaded elements, and would be difficult to 
accurately implement into an analysis considering combined bending and axial load.  
 
Wang and Restrepo [2001] also developed an approximate closed form solution of the 
Mander et al. [1988] confinement model to allow the confinement of rectangular 
sections with unequal confining stresses to be rapidly computed without the use of the 
well-known confinement chart published in Mander et al. [1988]. When the section is 
not symmetrical, the lateral confining pressure (fl in Eq.(7.11)) in each direction of the 
section (flx and fly) is computed from the corresponding reinforcement ratio ρax, ρay. 
The strength enhancement is then computed from the product of α1 and α2 below. 
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Where α1 and α2 are given by Eq.(7.14) and (7.15). 
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In the above expressions F1 is the larger of flx and fly, while F2 is the smaller of the 
two lateral stresses. The closed form relationships of Eqs.(7.14) to (7.16) are well 
suited to a segmented concrete confinement model. A segmented method avoids 
averaging the effective confinement over the confined core; rather, it disaggregates 
the section into effectively confined concrete, ineffectively confined concrete and 
unconfined cover concrete and has been used by many researches: Presland [1999]; 
Wang and Restrepo [2001] and Allington [2003]. The disaggregated areas are 
computed as equivalent rectangular blocks defining discrete segments of each 
confined concrete component as illustrated in Figure 7.5. If a segmented model is 
used the lateral confining stress is computed using Eq.(7.11) with Ce = 1.0. Presland 
[1999] demonstrated that the strength of a bridge pier under combined bending and 
axial load is more conservatively estimated when using a segmented confinement 
model when compared to a smeared model. Intuition would suggest that the lateral 
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confining pressure within the ineffectively confined region will be less than the full 
confining pressure within the effectively confined core. Allington [2003] originally 
postulated a 50% reduction in lateral confining pressure within the ineffectively 
confined region; however, revised this value based on a regression analysis of 
experimental data and back calculation to form the following relationship 
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Where, fl,i is the lateral confining stress within the ineffectively confined region, fl,e is 
the full confining pressure within the confined core and N is the applied axial load. 
 
 
 
Figure 7.5 Segmented confined concrete model, reproduced from Allington [2003]. 
 
 
(d) Confinement of Post-Tensioned Rocking Systems with Concrete Cover 
Protection 
If a post-tensioned rocking section has no cover concrete protection around the 
perimeter to prevent damage during rocking, then the traditional smeared or 
segmented approach discussed in Section 7.2.1 (c) can be implemented. If the section 
has some protection via cast in-situ steel angles or Fibre-Reinforced-Polymer (FRP) 
wrapping at the rocking base, then some additional confinement will be imposed on 
the concrete section. The level of additional confinement afforded by the concrete 
cover protection will depend on how it is anchored and detailed to the precast element 
and how much confinement material is supplied. The confinement of a post-tensioned 
system with protection around the perimeter is illustrated in Figure 7.6 (this protection 
is similar to the steel-angle assembly cast into base of the test specimen HBD1 and 
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HBD2 presented in Chapter 4). From Figure 7.6 the total confinement will be made 
up of three components: 
 
• Confinement provided by the transverse reinforcement (stirrups) plus that 
provided by the concrete cover protection element 
• Confinement provided by the concrete cover protection element only 
• Unconfined concrete between the parabolic arches 
 
Wang and Restrepo [1996] formulated a method to compute effective confining areas 
for concrete columns with external FRP confining jackets. While a similar method 
could be carried out, difficultly will arise when accounting for the effective arching in 
the orthogonal direction as the confinement is not uniformly applied over the length 
of the specimen, rather, it is provided at the rocking toe region only. Furthermore, if 
heavy steel protection is provided around the perimeter, it is unlikely to yield and will 
violate the theory behind Eq.(7.10). These two factors make it very difficult to 
estimate the amount of additional lateral confining stress provided to the section. 
 
 
 
Figure 7.6 The addition of confinement provided by external concrete cover protection and 
transverse reinforcement 
 
 
To simplify the computation of confinement three methods are presented. The first 
method simply ignores the additional confinement provided by the perimeter 
confining element, while the other two methods acknowledge some degree of 
confinement. 
 
• Hybrid Confinement Method A: Ignore the confinement provided by the 
perimeter steel and consider only the confinement provided by the transverse 
reinforcement. In this case, the segmented confinement model of Figure 7.5 
above would apply, while the smeared confinement model would use 
Eq.(7.12) to determine the effective confinement coefficient Ce (reproduced 
below) and applied over the confined core area Acc only. An unconfined 
concrete model would be used for the concrete outside of the peripheral hoops. 
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• Hybrid Confinement Method B: Assumes the perimeter steel provides 
confinement to the cover concrete that is as effective as the ineffectively 
confined core concrete located between the effectively confined core and the 
peripheral hoops (Figure 7.7 (a)). There is no unconfined concrete in this 
model; therefore, a segmented model should only consider two confinement 
regions namely, the ineffectively confined region and the effectively confined 
region in Figure 7.7 (a). A smeared model should average the effectively 
confined core over the entire cross-section Ag. Considering a smeared model 
where the ineffectively confining stress is zero, the confinement effectiveness 
coefficient Ce is given by 
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• Hybrid Confinement Method C: Assumes the perimeter element provides a 
moderate level of lateral confining stress to the concrete between the 
peripheral hoops and the effectively confined core (Figure 7.7 (b)). The level 
of confinement is defined as moderately confined fl,m and is computed from 
Eq.(7.20). 
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This lateral confining stress is derived based on an average level of lateral confining 
stress equal to fl,eAe/Acc acting over the entire gross area Ag. A segmented model 
should consider three levels of confinement: the effectively confined core with area Ae 
and confining stress fl,e (computed from Eq.(7.10)), the moderately confined core with 
area Acc-Ae and confining stress fl,m (computed from Eq.(7.20)); and the ineffectively 
confined cover concrete with area Ag-Acc and confining stress fl,i. A smeared model 
computes the lateral confining stress from Eq.(7.11), ignoring the presence of the 
perimeter steel and applies it to the entire gross area Ag with the confinement 
coefficient Ce computed as 
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Chapter 7: Modelling Techniques for Post-Tensioned Rocking Connections 7.13 
 
Figure 7.7 Confinement methods for post-tensioned systems to account for perimeter protection 
elements 
 
Of the three methods presented, Method A would present a conservative (with respect 
to strength) lower bound, while Method C is a semi-upper bound solution. A true 
upper bound solution would assume the perimeter elements provide fully effective 
confinement, i.e., they are yielding. If the level of additional confinement provided by 
the perimeter element is difficult to compute, then a “solution window” should be 
computed to provide insight to the expected range of possible solutions. A summary 
of the three confinement models is listed in Table 7.1, indicating the lateral confining 
stress to be used within each confinement region of the section considering either a 
segmented or smeared confinement model. 
 
 
Table 7.1 Summary of lateral confining stresses within post-tensioned systems for Methods A, B 
and C considering either a segmented or smeared confinement model 
 Lateral confining stress 
 
Regional areas Segmented model, Ce = 1 Smeared model 
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(e) Modelling the Constitutive Stress-Strain Envelope of Unconfined and 
Confined Concrete 
The non-linear loading envelope of an axially loaded confined concrete specimen in 
Figure 7.8 is based on the same mathematical expression that is used for unconfined 
concrete as suggested by Popovics [1973]. Mander et al. [1988] expressed the 
longitudinal concrete compressive strain by the following formula 
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Where, 
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Where εc is the longitudinal strain in the concrete and εcc is the strain in the concrete 
corresponding to the peak confined concrete stress f’cc. The concrete strain 
corresponding to the maximum stress for confined concrete is given by the following 
expression 
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εco is the strain corresponding to the peak unconfined concrete stress f’c and is 
normally assumed to equal 0.002. The term r is defined as 
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Ec is the elastic modulus of the confined (and unconfined) concrete and is computed 
from the following expression, where f’c and Ec are in MPa. 
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The secant modulus Esec is given by, 
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Finally, the ultimate strain εcu attained by confined concrete is given by the following 
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The definition of the ultimate confined concrete compression strain in Eq.(7.28) was 
developed by equating the strain energy in the concrete at rupture of the transverse 
reinforcement, Mander et al. [1988] and Priestley et al. [1996]. Typically, only 
concrete columns subjected to very high axial loads will fail due to rupture of the 
transverse reinforcement, while failure under combined axial-flexure loading is 
generally unrelated to rupture of the transverse reinforcement. Experimental tests have 
shown that Eq.(7.28) is conservative under combined axial-flexure loading in the 
order of 50%, Kowalsky and Priestley [2000]. In fact, a suggestion to multiply 
Equation by 1.4 has been adopted by Montejo and Kowalsky [2007] as a more 
realistic estimate of the concrete strain when the transverse reinforcement ruptures 
under combined axial-flexure loading. 
 
 
 
Figure 7.8: Confined and unconfined concrete model 
 
 
For unconfined concrete, the stress-strain relationship can be modelled using 
Eqs.(7.22) to (7.28) by setting f’cc equal to f’c, i.e., a confinement ratio of 1.0. 
Alternatively, the unconfined concrete model of Popovics [1973] can be used; 
however, the former is used in this research. The spalling strain εsp of unconfined 
concrete is normally in the range of 0.004-0.0065. 
 
(f) Equivalent Stress Block Factors for Confined Concrete 
In some cases, integration of the complete stress-strain curve of concrete may not be 
warranted; especially when a rapid estimation of the moment capacity is required. 
Typically in design, equivalent stress-block factors are used to compute the resultant 
compression force within unconfined concrete. These factors are derived from 
integration of the entire unconfined stress-strain curve and typically depend on the 
unconfined compression strength f’c. Two factors α and β define the magnitude and 
the location to the centroid to the resultant concrete compression force Cc. The 
resultant concrete compression force Cc is given by Eq.(7.29) 
εco 2εco εsp 
f’c 
f’cc 
εcc εcu 
Esec 
Ec 
Confined concrete 
Unconfined concrete 
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BcfC cc ⋅⋅⋅⋅= βα '  7.29 
 
Where 
 α = stress block coefficient (magnitude) 
 f’c = unconfined concrete compression strength 
 β = stress block coefficient (depth) 
 c = neutral axis depth 
 B = width of the section  
 
The location to the centroid of the resultant compression force is given by Eq.(7.30) 
where a is the depth of the equivalent stress block. 
 
2)(2 ca ⋅= β  7.30 
 
Using Eq.(7.29) & (7.30) concrete stress block factors are derived for confined 
concrete with the intention of being used in the same way current unconfined concrete 
stress-block factors are. Through numerical integration of the confined concrete 
stress-strain constitutive relationship presented in Section 7.2.1(e) stress block factors 
are summarised in Appendix D as a function the unconfined concrete compression 
strength f’c, the concrete confinement ratio f’cc/f’c and the maximum concrete 
compression strain at the extreme fibre εcu. 
 
(g) Elastic Deformations of the precast element 
After defining the moment-rotation response of a post-tensioned section, the elastic 
deformation ∆e is computed by integration of the curvature along the precast element. 
For a cantilever element with a linear distribution of curvature, the elastic 
displacement is computed as follows 
 
e
e
e IE
HF
⋅
⋅=∆
3
3
 7.31 
 
Where, 
 F  = applied lateral load 
 He  = height to the applied load F 
 E  = elastic modulus of the cantilever element 
 Ie  = effective (cracked) second moment of area of the cantilever element 
 
In fact, the total elastic deformation is a combination of the curvature induced by the 
lateral load plus the additional curvature caused by the post-tensioned moment 
differential at the top of the cantilever illustrated in Figure 7.9. This moment 
differential is caused by the variation of tendon force throughout the section at the top 
of the cantilever. When accounting for both components, the elastic displacement at 
He is given by Eq.(7.32), where clockwise bending moments are treated as being 
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positive causing tension on the left-hand side of the cantilever in Figure 7.9, i.e. 
02211,, <+−=∑ ptptptptiptipt dTdTdT . 
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Figure 7.9 Components of elastic deformation for the precast cantilever element 
 
 
The axial stiffness of the precast element will also effect the tendon elongation. As the 
tendon load is increased the precast element will shorten, reducing the effective axial 
stiffness of the post-tensioned tendons. By considering the axial stiffness of the 
tendons and the precast element in series (Figure 7.10), a stiffness reduction factor 
Kred is defined 
 
ptub
w
e
pt
pt
red
L
h
E
EK
,
1
1
ρ+
=  
7.33 
 
As an example, if the unbonded length of the tendon Lub,pt is equal to the height of the 
wall hw and a post-tensioned reinforcement ratio ρpt of 0.5% is considered, Kred is 
equal to 0.968. The total axial stiffness of the tendon group is equal to the following 
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Where, kpt is the total axial stiffness of all tendon elements in the section, npt is the 
total number of tendons in the section and Apt is the cross sectional area of one 
tendon. It some situations the reduction factor Kred may be insignificant enough to 
ignore. 
 
 
 
Figure 7.10 Axial stiffness of post-tensioned rocking system 
 
 
It can be argued that additional tendon elongation can also be attributed to the fixed-
end rotation at the top of the cantilever element as pictured in Figure 7.11. The fixed 
end rotation at the top of the cantilever is computed by integrating the curvature 
demand over the height of the precast element. The curvature demand is comprised of 
two contributions; curvature due to the applied lateral load and curvature due to the 
post-tensioned moment differential. The fixed end rotation due to the applied lateral 
load is given by 
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The fixed end rotation due to the post-tensioned moment differential is given by 
Eq.(7.36) where ∑ < 0,, iptipt dT . 
 ( )
ec
wiptipt
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hdT ⋅= ∑ ,,2θ  7.36 
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The net elongation of each tendon is a summation of the two fixed end rotations.  
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Figure 7.11 Tendon elongation due to elastic flexure 
 
 
After deriving Eq.(7.37) it becomes obvious that tendon elongation due to the fixed-
end rotation can be neglected as the end rotations oppose each other and are likely to 
be similar in magnitude. Furthermore, even if the second term in Eq.(7.37) is zero the 
computed elongation can be insignificant enough to ignore altogether. 
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7.2.2. Comparison of an Analytical Monotonic Backbone Model with 
Experimental Test Results 
The ability to accurately model the local rocking response (at the base of the precast 
element) is of particular importance for post-tensioned rocking systems, i.e. the base 
rotation θ versus the over-turning moment M. The over-turning moment is related to 
the applied lateral force F by Eq.(7.38), while the base rotation is related to the total 
displacement ∆ by Eq.(7.39). 
 
eHFM ⋅=  7.38 
 
Where, M is the over-turning moment at the base, F is the applied load at the effective 
height of the system and He is the effective height of the effective mass, defining the 
location of the resultant inertia force (applied lateral load). 
 
eeH ∆+⋅=∆ θ  7.39 
 
In Eq.(7.39) ∆ is the total displacement at the effective mass, θ is the rotation of the 
base due to the gap opening and ∆e is the elastic flexural displacement of the precast 
element. 
 
In this section, a number of analytical models are compared to experimental test 
results in terms of the global force and displacement/drift ratio. In doing so, the elastic 
flexural stiffness of the precast element within the analytical model was calibrated to 
the experimental response. That is, the rigid body displacement θHe was deducted 
from the total displacement ∆, leaving the elastic component ∆e (refer Eq.(7.39)). This 
method was opted for the primary reason that any differences between the 
experimental response and analytical model are associated with the response at the 
rocking base and not the elastic deformation of the precast element. This method 
essentially converts the rotation response at the base to a global response at the 
location of the applied load.  
 
Each analytical model in this section is compared to a number of post-tensioned 
specimens whose experimental response was presented in Chapter 4, 5 & 6. For 
reference throughout this section, a brief summary of each test specimen is presented 
in Table 7.2. It should be recognised that while the five post-tensioned walls were 
referred to as Wall 1 to Wall 5 in Chapter 5 & 6, they are referred to as PC Wall or 
LVL Wall in this chapter to distinguish the difference between the precast concrete 
walls, tested in Chapter 6, and the LVL walls tested in Chapter 5. 
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Table 7.2 Summary of test specimens providing a comparison to the monotonic analytical model  
 Brief description 
Material at 
rocking 
interface 
Dissipation 
PT1 Precast concrete post-tensioned bridge pier. Concrete None 
PT2 Precast concrete post-tensioned bridge pier. Steel plate None 
HBD1 Precast concrete post-tensioned bridge pier. Concrete 
Traditional internally grouted 
mild steel 
HBD2 Precast concrete post-tensioned bridge pier. Concrete 
Internally grouted mild steel 
with discrete yielding region 
PC Wall 1 Precast concrete post-tensioned wall. Concrete None 
PC Wall 4 Precast concrete post-tensioned wall. Concrete 
Externally mounted TCY 
dampers 
PC Wall 5 Precast concrete post-tensioned wall. Concrete 
Externally mounted TCY 
dampers 
LVL Wall 1 Post-tensioned LVL wall. LVL None 
LVL Wall 4 Post-tensioned LVL wall. LVL Externally mounted TCY dampers 
 
(a) An Analytical Model for Traditional Hybrid Post-Tensioned systems with 
Internally Grouted Reinforcement 
The accuracy of the monolithic beam analogy (MBA) in capturing the response of a 
hybrid post-tensioned system will be tested against the experimental response of the 
hybrid bridge pier HBD1. HBD1 is a conventional post-tensioned bridge pier with 
internally grouted mild steel reinforcement. The experimental and analytical lateral 
force versus displacement of the bridge pier is compared in Figure 7.12 (a) while the 
response of the post-tensioned tendons is compared in Figure 7.12 (b). A comparison 
is also made at a local level in Figure 7.13, comparing the depth of the rocking contact 
along the rocking interface and the strain within the mild steel reinforcement layer 
(due to symmetry, only one mild steel layer is shown). This analytical model 
presented in Figure 7.12 and Figure 7.13 considers each modelling aspect discussed in 
Section 7.2.1. That is, the monotonic stress-strain envelope of the steel accounts for 
cyclic loading, while the confined concrete is modelled using Method C; this applies 
the smeared core confinement over the entire gross area of the section to recognise 
some confinement provided by the steel angle around the perimeter of the rocking 
surface. Furthermore, the elastic deformation of the precast element accounts for the 
PT moment differential, while the stiffness of the tendon is reduced to account for the 
axial flexibly of the precast element. A summary of the key model parameters is listed 
in Table 7.3. The analytical model compares well to the experimental response at a 
global and local level. The tendon force is over-estimated slightly, while the depth of 
contact during rocking is modelled with good accuracy. Furthermore, the growth of 
the strain within the mild steel reinforcement appears to be captured well, confirming 
the accuracy of the revised monolithic beam analogy (rMBA) and the improved 
modelling techniques discussed in Section 7.2.1. 
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Figure 7.12 Comparison between the experimental response and the RMBA analytical model of 
HBD1 
 
 
 
Figure 7.13 Comparison at a local level between the experimental response and the RMBA 
analytical model of HBD1 
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Table 7.3 Analysis properties of HBD1 
Precast properties  
Calibrated flexural stiffness, EcIe 14473 kNm2 
Computed confinement ratio, f’cc/f’c 1.19 
Measured Unconfined compression strength, f’c 54MPa 
Measured post-tensioning properties  
Initial post-tensioned force, Tpt,0 202kN (0.031f’cAg) 
Unbonded length, Lub,pt 2685mm 
Young’s modulus, Ept 197100MPa 
Area of tendon, Apt 99mm2 
Measured mild steel properties  
Unbonded length, lub,ms 50mm 
Diameter of mild steel, db 16mm 
Young’s modulus, Ems 194000MPa 
Yield strain, εy,ms 0.00157 
Strain hardening, εsh,ms 0.011 
Stain x, εx.ms 0.031 
Strain at ultimate, εsu,ms 0.11 
Yield stress, fy,ms 304MPa 
Stress x, fx.ms 395MPa 
Ultimate stress, fu.ms 450MPa 
 
 
Considering each of the modelling issues discussed in Section 7.2.1 above, three 
alternative models (Model 2, 3 & 4) are compared to the analytical model above in 
Figure 7.14. The four models are described below. 
 
Model 1 is the analysis discussed above and presented in Figure 7.12. This model 
compares well with the experimental envelope. 
 
Model 2 is identical to (1), however, the monotonic steel constitutive relationship does 
not account for cyclic loading, rather, monotonic stress-strain parameters are used. 
 
Model 3 is identical to (2), although, the steel angle around the perimeter of the 
rocking toe is ignored from the analysis and the cover concrete is modelled as 
unconfined concrete. In this analysis the spalling strain of concrete is set to 
εsp = 0.005. 
 
Model 4 is identical to (3), however, the tendon stiffness is not reduced to account for 
axial shortening of the precast element (that is, Kred = 1.0 in Eq.(7.33)) and the elastic 
displacement of the precast element does not include the tendon moment differential: 
only the displacement due to the lateral load is included, i.e. the right-hand side of 
Eq.(7.36) is equal to zero. 
 
With reference to each model in Figure 7.14, when cyclic loading is not accounted for 
within the steel constitutive model the lateral load accumulates an error of roughly 
7%. This error escalades when the confinement provided by the perimeter steel angle 
is ignored. Model 3 in Figure 7.14 indicates that the cover concrete begins to spall at a 
lateral drift ratio of 3%; however, no signs of spalling were observed during testing of 
HDB1. This suggests that accounting for some confinement of the cover concrete 
seems very appropriate in this instance. The errors associated with the axial 
shortening of the precast element, and the tendon-induced elastic curvatures are 
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negligible. When the lateral displacement is less than 30mm, all four models return a 
similar response. At these low levels of displacement the steel strain is just entering 
the strain hardening region, while the stress in the cover concrete is just beginning to 
peak (εc = 0.002). The error associated with each of the three alternative models 
continues to grow as the lateral drift exceeds 3.5% in Figure 7.14. 
 
 
 
Figure 7.14 Comparison between four models considering variations in the constitutive 
relationships of the material 
 
(b) An Analytical Model for a Variation of a Hybrid Post-Tensioned system with 
Internally Grouted Reinforcement 
The second analytical-experimental comparison is undertaken on a variation of a 
traditional hybrid system with internally grouted reinforcement. The hybrid pier 
HBD2 differs from a traditional solution in that the internal mild steel has a discrete 
yielding region along a fused diameter. The mild steel bar is threaded into the 
foundation and grouted within the precast pier (see Chapter 4). The steel strain 
equations derived from the revised Monolithic Beam Analogy (rMBA) require 
modification in this analysis as the diameter of the bar varies along the length. The 
internally grouted mild steel bar has a discrete yielding region along the bar: in 
particular, the diameter of the unbonded portion of the bar ds (with unbonded length 
lub) is less than the diameter of the bar db that is grouted within the precast pier 
(Figure 7.15). It should be appreciated that the strain penetration in this case is not as 
significant as bonded reinforcement with constant diameter. The strain profile of a 
bonded bar with a reduced diameter outside of the bonded area is illustrated in Figure 
7.15. There is a sudden discontinuity in strain where the diameter of the bar increases. 
It will be shown that the average strain εb acting along the strain penetration length lsp 
is reduced depending on the ratio of the fused bar diameter ds to the diameter of the 
bonded bar db. 
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Figure 7.15 Strain distribution within bonded reinforcement 
 
 
Referring to the strain relationships within the rMBA discussed in Chapter 3, the total 
elongation of the mild steel reinforcement ∆ms is the integral of the strain along the 
unbonded length plus the integral of the strain along the strain penetration length. 
 
spmsubsms l ∆+⋅=∆ 2.ε  7.40 
 
In Eq.(7.40) εs is the strain in the unbonded region of the reinforcing bar. The integral 
of the strain along the strain penetration depth lsp is defined by Sritharan. [1998] as 
 
( ) bpybbspybspbpspbespsp llll ,,, 3232 εεαεεαεε −+=+=∆  7.41 
 
Where 
 lsp  = strain penetration depth defined as bysp dfl 022.0=  
 fy  = yield stress of the bonded reinforcement 
 db  = diameter of the bonded reinforcement 
εb = the peak strain within the bonded portion of the reinforcing bar, i.e. 
the strain at the unbonded-bonded interface: no load is yet transferred 
to the surrounding grout, bpbeb ,, εεε +=  
εe,b  = elastic strain within the bonded region of the reinforcing bar, 
corresponding to the peak strain εb (refer Figure 7.15 (b)) 
εp,b  = plastic strain within the bonded region of the reinforcing bar, 
corresponding to the peak strain εb (refer Figure 7.15 (b)) 
αi,b  = ratio of the steel stress in the bonded bar fb to the yield stress fy, 
ybeybb ff εεα ,==  
 
The subscript b refers to the portion of the bar that is bonded, while s refers to the 
portion of the bar that is unbonded. By substitution of Eq.(7.41) into Eq.(7.40) the 
strain in the unbonded region εs can be written as 
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If the bonded portion of the bar is yielding εb > εy, then Eq.(7.42) is written as 
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Note, that Eq.(7.43) requires iteration as the strain in the unbonded region εs must be 
known to be able to compute the strain in the bonded region εb and αb. The steel stress 
fb within the bonded region can be computed from the steel stress fs along the 
unbonded region using Eq.(7.44); however, the corresponding strain εb must be found 
from the inverse of the preferred stress-strain relationship, that is εb = f( fb ). 
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However, if the bonded portion of the bar is not yielding εb < εy, then αbεy = εb and 
Eq.(7.42) reduces to the following. 
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When the strain in the bonded region is elastic (εb < εy), εb can be computed directly 
from the steel stress along the unbonded region fs. 
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When the fused diameter ds is equal to the bonded diameter db, Eq.(7.43) and (7.45) 
reduce back to the traditional rMBA formulation for bonded reinforcement with 
constant diameter. If the ratio of yusb ffdd >  then the bonded portion of the bar 
is guaranteed not to yield: this allows Eq.(7.45) can be used with confidence, knowing 
that yielding is confined entirely to the unbonded portion of the bar.  
 
This revised steel strain model compares reasonably well at a global level to the 
experimental test data in Figure 7.16 (a). However, when the model is compared in 
detail at the local level in Figure 7.17 (a), the stiffness of the rocking interface appears 
to be over-estimated. In fact, permanent plastic concrete strains are likely to have 
occurred along the rocking interface due to the prior testing of HBD1. When the 
rocking interface has “softened” a greater compression depth is needed to balance the 
internal forces within the section; hence, the model will over-estimate the stiffness of 
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the rocking interface. It is for this reason that the analytical model will also over-
estimate the tendon forces. This is seen in that the analytical model over-estimates the 
lateral stiffness for negative displacements less than 30mm in Figure 7.16 (a). The 
confined concrete model used in HBD1 is also used in this model for the analysis of 
HBD2. A summary of the parameters used in the analytical model are listed in Table 
7.4. 
 
 
 
Figure 7.16 Comparison between the experimental response and the analytical model of HBD2 
 
 
 
Figure 7.17 Comparison at a local level between the experimental response and the analytical 
model of HBD2 
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Table 7.4 HBD2 analytical model properties 
Precast properties  
Calibrated flexural stiffness, EcIe 21733 kNm2 
Computed confinement ratio, f’cc/f’c 1.19 
Measured Unconfined compression strength, f’c 54MPa 
Measured post-tensioning properties  
Initial post-tensioned force, Tpt,0 303.2kN (0.046f’cAg) 
Unbonded length, Lub,pt 2270mm 
Young’s modulus, Ept 197100MPa 
Area of tendon, Apt 99mm2 
Measured mild steel properties  
Unbonded length, lub,ms 50mm 
Diameter of unbonded region of the bar, ds 12.5mm 
Diameter of the bonded region of the bar, db 20mm 
Young’s modulus, Ems 218460MPa 
Yield strain, εy,ms 0.0026 
Strain hardening, εsh,ms 0.008 
Stain x, εx.ms 0.0153 
Strain at ultimate, εsu,ms 0.044 
Yield stress, fy,ms 568MPa 
Stress x, fx.ms 633MPa 
Ultimate stress, fu.ms 704MPa 
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(c) An Analytical Model for Post-Tensioned Systems with No Dissipation 
For post-tensioned (PT) systems with no internally grouted reinforcement the 
monolithic beam analogy (rMBA) must be revisited further. In the explanations that 
follow MBA refers to the originally proposed analogy Pampanin et al. [2001], rMBA 
refers to the revised analogy put forward by Palermo [2004]. A new analogy is 
proposed for PT only systems with no dissipation, referred to as ptMBA. No yielding 
takes place in a PT only system; therefore, the equivalent monolithic (EM) element 
(equivalent in terms of reinforcement and geometry) should also remain elastic. The 
reinforcement within the EM connection must be consistent with the PT connection. 
The proposed analogy states that the EM connection contains no bonded mild steel 
reinforcement, only prestressed reinforcement; this is consistent with the 
reinforcement passing the rocking interface within the PT connection. According to 
this new analogy the EM element must respect two important aspects. First, the 
prestressed reinforcement within the EM element is bonded within the section to 
insure strain compatibility exists and cracking is distributed throughout the element. 
This will prevent the formation of a single crack occurring at the foundation interface. 
If a single crack were to occur, an infinite curvature develops at the base and 
Bernoulli’s hypothesis “plane sections remain plane” would be violated. Second, the 
bonded reinforcement is unstressed. The axial load at the base of the EM element is a 
combination of an applied axial load Nmono, plus the additional tendon load due to 
strain compatibility ∆Tpt within the PT element. The total axial load history acting on 
the EM element (Nmono+∆Tpt,mono) should be consistent with the total tendon load 
acting within the rocking interface of the PT element Tpt, i.e. monoptptmono TTN ,∆−=  If 
the unbonded tendons within the PT element are to remain elastic then the unstressed, 
grouted tendons within the EM element must also remain elastic. Recall from 
Chapter 3, the rMBA for traditional hybrid PT connections is divided into three 
distinct regions. The proposed ptMBA analogy is reduced to two regions and is 
illustrated in Figure 7.18 and discussed in further detail below. 
 
 
 
Figure 7.18 Monolithic beam analogy for post-tensioned only systems: no yielding elements, 
(ptMBA) 
 
7.30                              D.J. Marriott.  The Development of High-Performance, Post-Tensioned Systems 
The first region relates concrete compression strains between the PT connection and 
the EM connection for displacements less than the decompression displacement ∆dec. 
In this region, the maximum concrete compression strains within the EM and PT 
connection are equal and defined by 
 
20
D
monomonohybrid ⋅+== φεεε  7.47 
 
Where 
ε0  = initial compression strain within the section due to the presence of 
axial load and/or initial post-tensioning. 
D  = depth of the section 
φmono  = curvature at the base of the cantilever due to the applied load F 
 
The system is linear up until decompression, requiring only a single strain calculation 
at the onset of uplift of the base, θimp = 0. The second region relates concrete 
compression strains within the PT element to those within the EM element for 
displacements between the decompression and the yield limit of the EM element. The 
displacement of the PT element ∆PT,sys is given by a rigid base rotation plus the elastic 
displacement of the precast cantilever element ∆elastic. 
 
elasticcantimpPTsys L ∆+⋅=∆ θ  7.48 
 
The displacement of the monolithic element ∆mono is equal to the integration of the 
curvature demand φmono along the height of the cantilever. 
 
3
2
cantmono
mono
L⋅=∆ φ  7.49 
 
Considering a lateral load F acting on the two systems, the displacement of a PT 
system will be greater than an EM system with identical geometry and reinforcement, 
i.e. ∆PTsys > ∆mono. Recalling from Chapter 3, the key statement behind the revised 
monolithic beam analogy (rMBA) is: “the additional displacement beyond the 
decompression point of an EM element (∆mono-∆dec) is equal to the rigid rotation 
displacement of a PT element (θimpLcant)”. This statement yields Eq.(7.50) below 
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Rearranging Eq.(7.50) and solving for the hypothetical concrete strain εc at the 
rocking interface of the PT element yields the following 
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The rotation limits in which this strain relationship is valid to can be derived from 
Eq.(7.50) by setting the curvature demand φmono to equal to the yield curvature φy. 
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If the tendons remain elastic, then Eq.(7.51) will apply for all imposed rotations θimp. 
 
To illustrate the difference between the ptMBA and the current rMBA, the theoretical 
curvature εc/c at the rocking interface is compared in Figure 7.19. The concrete strain 
relationship derived within the rMBA analogy is reproduced from Chapter 3 in 
Eq.(7.53) below. This strain relationship is used for a PT-yielding (hybrid) 
connection. 
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Considering a cantilever with length Lcant = 10m and a plastic hinge length of 0.1Lcant 
the two strain relationships are plotted considering two different yield and 
decompression curvatures in Figure 7.19. The decompression curvature has negligible 
effect on both relationships, while reducing the yield curvature increases the 
theoretical curvature within the PT-yielding (hybrid) system. Figure 7.19 indicates 
that for the same imposed rotation the theoretical curvature (related to compression 
strains) within a PT only connection can be in the order of 1/3 that of a PT yielding 
(hybrid) connection. 
 
 
 
Figure 7.19 The relationship between the theoretical curvature and imposed rotation, compared 
between the PT only analogy (ptMBA) and PT yielding analogy (rMBA) 
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The ptMBA is compared to the experimental response of one PT-only wall test that 
was presented in Chapter 6 and two PT-only bridge pier tests that were presented in 
Chapter 4. The PT-only wall test, PC Wall 1 (Chapter 6), is a monotonic push-over 
test recorded during loading to the release displacement prior to free-vibration testing. 
The analytical-experimental comparison in Figure 7.20 for PC Wall 1 agrees very 
well at a global and local level. The comparison of the tendons is not shown, for if the 
neutral axis depth is well modelled then the tendon elongation will be correctly 
captured too. The analytical model in Figure 7.20 uses a confined concrete model 
similar to that used in the previous analytical models. The parameters used in this 
analytical model are listed in Table 7.5. 
 
 
 
Figure 7.20 Comparison between the experimental push-over response (prior to release of free 
vibration) and the RMBA analytical model of the precast concrete post-tensioned wall, PC Wall 1  
 
 
Table 7.5 Model properties of PC Wall 1 
 
 
 
The ptMBA is next compared to the experimental response of the post-tensioned pier 
PT1. Details of this pier were discussed in Chapter 4 (and briefly summarised in 
Precast properties  
Calibrated flexural stiffness, EcIe 103846 kNm2 
Computed confinement ratio, f’cc/f’c 1.91 
Measured Unconfined compression strength, f’c 45.1 MPa 
Measured post-tensioning properties  
Initial post-tensioned force, Tpt,0 98.9kN (0.021f’cAg) 
Unbonded length, Lub,pt 3558mm 
Young’s modulus, Ept 197100MPa 
Area of tendon, Apt 99mm2 
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Table 7.2) where it was mentioned that testing was only carried out to a lateral drift 
ratio of 0.75% to prevent damage under subsequent testing. Again, Figure 7.21 
indicates the local and global response parameters are matching well. The analytical 
model captures the initial loading stiffness well and the transition to the bilinear 
stiffness. A summary of the parameters used in the modelling of PT1 are listed in 
Table 7.6. 
 
 
 
Figure 7.21 Comparison between the experimental cyclic response and the RMBA analytical 
model of the post-tensioned only pier PT1 
 
 
Table 7.6 Model properties of PT1 (precast concrete) 
 
 
 
The final analytical-experimental comparison is carried out on the post-tensioned pier 
PT2. This precast concrete post-tensioned pier was detailed with a 25mm steel plate at 
the base of the pier. There is some uncertainty as to what constitutive material model 
to use within the rocking interface. Two extreme bounds exist: the first is to model the 
material as confined concrete as per the analysis of HBD1, HBD2 and PT1, while the 
other bound is to model the material as an elasto-plastic material representative of 
steel. In fact, these two analytical models are compared to the experimental test in 
Precast properties  
Calibrated flexural stiffness, EcIe 13784 kNm2 
Computed confinement ratio, f’cc/f’c 1.19 
Measured Unconfined compression strength, f’c 54MPa 
Measured post-tensioning properties  
Initial post-tensioned force, Tpt,0 204kN (0.031f’cAg) 
Unbonded length, Lub,pt 2685mm 
Young’s modulus, Ept 197100MPa 
Area of tendon, Apt 99mm2 
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Figure 7.22. The model labelled Analytical E = 200GPa refers to an elasto-plastic 
steel constitutive rule, while Analytical E = 36.7GPa is a non-linear confined concrete 
model. While neither model accurately captures the entire response, a more correct 
solution lies somewhere within this window. It is quite a difficult task to precisely 
define the correct constitutive stress-strain relationship that should be adopted due to 
interaction between the steel plate and the surrounding concrete. A rather arbitrary 
linear stress-strain relationship with a Young’s modulus of 100GPa is shown in Figure 
7.23; the response lies somewhere in the middle of the two aforementioned solutions. 
A summary of the parameters used in this model are listed in Table 7.7. 
 
 
 
Figure 7.22 Comparison between the experimental cyclic response and two RMBA analytical 
models providing an upper and lower bound solution for the post-tensioned only pier PT2 
 
 
Table 7.7 Model properties of PT2 (precast concrete with steel base plate) 
 
 
 
Precast properties  
Calibrated flexural stiffness, EcIe 11487 kNm2 
Young’s modulus at rocking interface 100,000MPa 
Measured post-tensioning properties  
Initial post-tensioned force, Tpt,0 294kN (0.044f’cAg) 
Unbonded length, Lub,pt 2685mm 
Young’s modulus, Ept 197100MPa 
Area of tendon, Apt 99mm2 
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Figure 7.23 Comparison between the experimental cyclic response and the RMBA analytical 
model of the post-tensioned only pier PT2 
 
 
(d) An Analytical Model for Post-Tensioned Only Systems with Alternative 
Material Constitutive Relationships 
Following on from Section 7.2.2(c) which touched on the use of an elastic stress-
strain material relationship at the rocking interface, this section studies the use of 
alternative non-linear constitutive relationships in detail. The PT-only Monolithic 
Beam Analogy (ptMBA) is suitable for post-tensioned systems with any material 
constitutive relationship. As no yielding taking place within the PT section, the PT-
only analogy is valid in this case. If yielding steel elements are located internal to the 
PT section (bonded reinforcement) then an analogy is required to relate the 
compression strains within a PT connection to those within an equivalent yielding 
monolithic connection made of the same non-linear material– this can be difficult to 
develop for material other than concrete. 
 
Laminated Veneer Lumber (LVL) is well suited for its application in rocking systems 
as the strength is comparable to that of concrete; however, the stiffness (parallel to the 
timber grain) is approximately 1/3 that of concrete. Furthermore, the stress-strain 
relationship is very similar in shape to unconfined concrete and can be modelled with 
existing mathematical relationships. The monotonic stress-strain relationship of three 
LVL test specimens (testing presented in Chapter 5) are compared with two non-
linear stress-strain models in Figure 7.24. The first analytical model is a 5th order 
polynomial fitted to the test data using regression analysis. The stress of the LVL fLVL 
is given by Eq.(7.54), where εLVL is the LVL strain and the five coefficients are listed 
below 
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The coefficients of fLVL(εLVL) are given below and are in units of MPa. 
 
 A = -21588x107 
 B =  22758x106 
 C = -46751x104 
 D =  25859x102 
 E =  5294 
 
This polynomial was chosen as it could accurately capture the initial softening 
observed during each test, Figure 7.24 (a). The polynomial was found to be only 
appropriate for strains less than εLVL = 0.011. For strains greater than 0.011, the 
polynomial deviates from the test data; rather a linear descending branch with 
stiffness equal to the derivative of the polynomial at εLVL = 0.0085 is more appropriate 
if stress-strain data is needed for strains greater than εLVL = 0.011. The second 
proposed non-linear model is used extensively for unconfined concrete, Popovics 
[1973], where the stress fLVL is related to strain εLVL by the following 
 ( )
( ) ''1
')( LVLnk
LVLLVL
LVLLVL
LVLLVL fn
nf εε
εεε +−
⋅=  7.55 
 
Where, 
 fLVL’  = peak compressive stress, corresponding to a strain of εLVL’ 
 k  = curve fitting parameter effecting the post peak branch of the curve 
 n  = curve fitting parameter equal to ( )'LVLLVLLVL EEEn −=  
 ELVL  = initial stiffness when εLVL is zero. 
 ELVL’  = secant stiffness to the peak compressive stress ''' LVLLVLLVL fE ε=  
 
The Popovics [1973] curve could only be compared to the material testing if a strain 
offset was added to the curve to shift the curve to the right to account for the initial 
softening that was observed within the test data, Figure 7.24 (b). To do so, the 
Popovic curve was shifted along the positive x-axis by an amount equal to 
εoffset = 0.00067. By ignoring the initial softening the modulus of elasticity for LVL 
was found to equal ELVL = 10,600MPa. The remaining Popovics [1973] parameters 
are listed below 
 
 ε’LVL = 0.0063 
 f’LVL = 54MPa 
 ELVL’ = 8571MPa 
 n = 5.22 
 k = 0.67 
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Figure 7.24 Analytical models used for the stress-strain constitutive relationship of LVL 
 
 
Both non-linear stress-strain curves are only shown up to a maximum strain of 
εLVL = 0.011; however, this is sufficient for the analyses herein. Referring to the strain 
relationships in Figure 7.19, the strains within a post-tensioned-only system are 
significantly lower than a traditional hybrid system with internal (bonded) yielding 
elements (in the order of 50% for a base rotation of 0.03). Many of the experimental 
tests presented in this document have relatively low axial load and prestressed 
reinforcement ratios. This allowed many tests to be carried out without comprising 
subsequent tests due to damage of the rocking connection. It is for this reason that the 
theoretical LVL compression strains are also low and tend to be well below the peak 
strain ε’LVL. In Section 7.2.1(e) equivalent stress block factors were presented for 
confined concrete based on the integration of the confined stress-strain curve. A 
similar exercise was carried out for the non-linear stress-strain curve of LVL. The 
stress block factors (α and β) are summarised in Table 7.8 and Figure 7.25 where εLVL 
is the compression strain in LVL and ε’LVL is the compression strain corresponding to 
the peak LVL stress f’LVL (refer Figure 7.25). 
 
 
Table 7.8 LVL stress block factors for design1 
εLVL/ε’LVL2  
0.4 0.6 0.8 1.0 1.2 1.4 1.6 1.8 2.0 2.2 2.4 
α 0.352 0.565 0.761 0.927 1.056 1.152 1.224 1.277 1.318 1.347 1.369 
β 0.689 0.683 0.671 0.656 0.638 0.620 0.603 0.587 0.573 0.560 0.548 
1 Descending branch is linear with a gradient equal to -1808MPa (Figure 7.25) 
2 ε’LVL = 0.0076mm/mm 
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Figure 7.25 LVL stress block factors as a function of compression strain 
 
 
The ptMBA analytical model, utilising an alternative stress-strain relationship, is 
compared to the experimental response of the post-tensioned wall LVL Wall 1 in 
Figure 7.26. The stress-strain at the rocking interface is modelled with a 5th order 
polynomial (with the coefficients listed above) to model the initial softening of the 
LVL material. This model compares extremely well to the test data at a local and 
global level; the model parameters are listed in Table 7.9. 
 
 
 
Figure 7.26 Comparison between the experimental cyclic response and the RMBA analytical 
model of the LVL post-tensioned only wall, LVL Wall 1 
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Table 7.9 Model properties of LVL Wall 1 
 
 
 
Figure 7.27 compares the global and local analytical response of two LVL stress-
strain relationships: one includes the initial LVL softening shown in Figure 7.24 (a), 
the other ignores it. The 5th order polynomial, which accounts for the initial softening 
of the LVL material, is plotted as a solid black line while the Popovics [1973] curve 
(with no strain offset), which does not account for the initial softening, is plotted as a 
dashed black line. At a global level, the difference is relatively minor and it could be 
argued that either solution will agree reasonably well with the test data of Figure 7.26. 
The difference is more evident at the local level, where it can be appreciated that by 
accounting for the initial softening, the stiffness of the rocking interface better 
compares to the experimental data. 
 
 
 
Figure 7.27 Comparison between two analytical models: one including the initial LVL softening, 
the other neglecting it. The analysis is carried out for the LVL post-tensioned wall, LVL Wall 1 
 
 
It is important to understand that the above ptMBA analogy can be applied to any 
post-tensioned-only rocking system having any constitutive material relationship at 
the rocking interface only if (bonded) yielding elements are not present within the 
rocking connection. That is, there is no plastic hinge or strain penetration within the 
Precast properties  
Calibrated flexural stiffness, EcIe 41664 kNm2 
LVL constitutive relationship 5th order polynomial 
Measured post-tensioning properties  
Initial post-tensioned force, Tpt,0 98.96kN (0.0179f’LVLAg) 
Unbonded length, Lub,pt 3400mm 
Young’s modulus, Ept 197100MPa 
Area of tendon, Apt 99mm2 
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equivalent monolithic connection. In fact, previous experimental and analytical 
studies have been carried out on post-tensioned LVL connections for use in seismic 
applications by Newcombe [2007]. As part of an extensive testing program, testing 
included post-tensioned LVL connections with internally bonded (with epoxy) 
reinforcement within the rocking connection. In this case expressions were developed 
to determine the plastic hinge length (related to the strain penetration of the epoxied 
reinforcement) and yield curvature of an equivalently reinforced LVL monolithic 
connection. Newcombe [2007] presents a number of recommendations to estimate the 
strain penetration and plastic hinge lengths for such connections. 
 
(e) An Analytical Model for Post-Tensioned Systems with External Damping 
Elements 
The extension of the MBA analogy to include post-tensioned systems with external 
yielding elements is relatively minimal. While yielding is taking place, it is external to 
the section and no plastic strain develops (or strain penetration) within the section; 
therefore, no plastic hinge develops. Figure 7.28 illustrates the analogy between a 
post-tensioned (PT) system with external yielding elements and an equivalently 
reinforced monolithic (EM) system. In the analogy, the EM section has identical 
external reinforcement to the PT system in addition to bonded, unstressed tendons, 
which are required as part of the PT-only analogy (ptMBA) discussed in 
Section 7.2.2 (c). Apart from the external elements, no yielding takes place within the 
EM element; therefore, the curvature of the cantilever is linear with height (and 
remains elastic). In fact, the external elements are analogous to an additional axial 
load acting on the section. It is possible that some curvature demand is deducted from 
the monolithic element if the forces in the yielding elements are not of equal 
magnitude or sign (Figure 7.28 (b)). This is denoted as ∆φ in Figure 7.28 (b); 
however, for all practical purposes, the forces in the yielding elements are assumed to 
be similar in magnitude and of the same sign (i.e. both in tension); therefore, ∆φ is 
assumed to be small enough that it can be neglected. 
 
 
 
Figure 7.28 Monolithic beam analogy for post-tensioned only systems with external damping 
elements 
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With this analogy in mind, the compression strains at the rocking interface of the PT 
element are computed from Eq.(7.56). In fact, this relationship can be used for any 
post-tensioned connection which does not have internally grouted reinforcement. This 
relationship is referred as the Post-Tensioned Monolithic Beam Analogy (ptMBA) 
and is appropriate for any post-tensioned connection with or without external 
dissipation (viscous or hysteretic). 
 
c
L deccant
imp
c ⎥⎦
⎤⎢⎣
⎡ += φθε 3  7.56 
 
The ptMBA analogy for PT systems with external yielding dampers is compared with 
two experimental tests. The first comparison is made to the monotonic push-over 
response of a precast concrete post-tensioned wall with external tension-compression-
yielding (TCY) steel dampers, PC Wall 5. The push-over response was recorded prior 
to release of the free-vibration testing (Chapter 6). The analytical model compares 
well at a global level in Figure 7.29 and at the local level in Figure 7.30. Being a 
monotonic push-over test, the mild steel stress-strain envelope does not account for 
cyclic loading within the analytical model; this issue was discussed in Section 
7.2.1 (a). The confined concrete model is identical for each of the PC Wall analytical 
models in that the confinement is smeared over the entire cross section to account for 
confinement provided by the steel channel at the rocking toe.  
 
The second analytical-experimental comparison is carried out for the cyclic response 
of an LVL post-tensioned wall: LVL Wall 4 in Figure 7.31. The stress-strain model of 
LVL follows a 5th order stress-strain polynomial (Section 7.2.2(e)), while the stress-
strain backbone curve of the mild steel dissipaters accounts for the effects of cyclic 
loading (Section 7.2.1(a)). Again, the comparison is excellent at the global and local 
level. A summary of the model parameters for both wall models are listed in Table 
7.10. 
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Figure 7.29 Comparison between the experimental push-over response (prior to release of free 
vibration) and the RMBA analytical model of the precast concrete post-tensioned wall, PC Wall 5 
 
 
 
Figure 7.30 Comparison at a local level between the experimental push-over response (prior to 
release of free vibration) and the PT-MBA analytical model of the precast concrete post-
tensioned wall, PC Wall 5 
 
 
Chapter 7: Modelling Techniques for Post-Tensioned Rocking Connections 7.43 
 
Figure 7.31 Comparison between the experimental cyclic response and the PT-MBA analytical 
model of the LVL post-tensioned wall, LVL Wall 4 
 
 
 
Figure 7.32 Comparison at a local level between the experimental cyclic response and the PT-
MBA analytical model of the LVL post-tensioned wall, LVL Wall 4 
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Table 7.10 Model properties of LVL Wall 4 (cyclic envelope) and PC Wall 5 (push-over envelope) 
Precast properties LVL Wall 4 (Cyclic envelope) 
PC Wall 5 (Monotonic 
envelope) 
Calibrated flexural stiffness, EcIe 41664 kNm2 113092 kNm2 
Constitutive stress-strain relationship LVL 5th order polynomial Confined concrete 
Computed confinement ratio, f’cc/f’c - 1.91 
Measured Unconfined compression strength, f’c - 45.1MPa 
Measured post-tensioning properties   
Initial post-tensioned force, Tpt,0 60.2 kN (0.011 f’LVLAg) 79.3 kN (0.017 f’cAg) 
Unbonded length, Lub,pt 3400 mm 3558 mm 
Young’s modulus, Ept 197100 MPa 197100 MPa 
Area of tendon, Apt 99 mm2 99 mm2 
Measured mild steel properties   
TCY damper fuse length, lfuse 136 mm 90 mm 
Diameter of fuse, ds 7 mm 7 mm 
Diameter of the bar outside fuse, db 20 mm 20 mm 
Total length of the dissipater, ldiss 337.5 mm 337.5mm 
Young’s modulus, Ems 202500 MPa 201250 MPa 
Yield strain, εy,ms 0.00167 0.0016 
Strain hardening, εsh,ms 0.0094 0.0264 
Stain x, εx.ms 0.024 0.055 
Strain at ultimate, εsu,ms 0.100 0.2 
Yield stress, fy,ms 336 MPa 322 MPa 
Stress x, fx.ms 416 MPa 400 MPa 
Ultimate stress, fu.ms 485 MPa 457 MPa 
 
 
(f) An Analytical Model for Post-Tensioned Systems with External Viscous 
Damper Elements 
The section analysis procedure for post-tensioned (PT) connections with external 
viscous damper elements is identical to that of a PT connection with external 
hysteretic damper elements; the difference is how the damper forces are computed 
within the section and how the section is assessed. To perform a moment-rotation 
section analysis of a PT-viscous system two parameters must be defined 
• The first is the target displacement ∆d to which the analysis will run to. 
• The second is the excitation period Te, or the time taken to reach the target 
displacement; this will define the velocity time-history of the analysis. 
 
Generally, the response of a structure during its excursion to the maximum 
displacement is assumed to be of steady-state harmonic motion. Thus, the 
displacement time-history can be represented by sinusoidal motion to the peak 
displacement ∆d; that is, the displacement ∆(t), velocity v(t) and acceleration a(t) 
time-history are given by the following relationships 
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Alternatively, if the excitation period Te is not specified, then the maximum system 
velocity vd can be specified. In doing so, the excitation period is computed from 
below 
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Initially, the analysis should assume the precast element is rigid such that the base 
rotation time-history θ(t) is defined by 
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Therefore, the angular velocity at the base )(tθ&  is given by 
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Figure 7.33 Mechanics of a post-tensioned system with viscous dampers 
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From geometry, the velocity of each damper layer vvd,i(t) is given by the following 
expression 
 
( )[ ]vdivd dDttv ±−⋅= χθ 5.0)()(, &  7.63 
 
Where 
 D  = the depth of the section 
 χ  = the dimensionless neutral axis depth χ = c/D 
dvd  = the distance from the centreline of the section to the damper layer. 
The sign of dvd will depend on the which damper layer is being 
considered. 
 
The force in each damper layer Fvd,i(t) is computed from 
 
( ) ( ))()()( ,,,, tvsigntvcntF ivdivdvdivdivd ⋅= α  7.64 
 
Where 
 nvd,i  = the number of damper elements at layer i 
 cvd   = the damper coefficient 
α  = the non-linear viscous damper exponent ( ))(, tvsign ivd  = the sign of the velocity (+ or –). This is necessary to define 
the entire force-displacement time-history of the damper 
 
If the elastic (flexural) displacement of the cantilever element is included in the 
analysis, the analysis increases in complexity. The total displacement ∆(t) at the 
effective height will be equal to the rigid-body rotation displacement θ(t)He plus the 
elastic displacement of the cantilever element ∆e(t) in Eq.(7.65). However, the elastic 
displacement is a function of the lateral load, which in itself is a function of time; 
therefore, the elastic displacement will also be a function of time. 
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The angular velocity at the base )(tθ& , accounting for the flexibility of the precast 
element, can be re-derived to account for the proportion of velocity associated with 
the elastic deformation ( dttd e )(∆ ) of the cantilever as follows 
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Furthermore, the elastic component of velocity is not unique as the lateral force 
(hence displacement, and velocity) varies with time and must be defined at each time 
increment ∆t 
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The velocity and force in the damper layer is then computed from Eq.(7.63) and 
Eq.(7.64), respectively, where )(tθ&  was defined in Eq.(7.66) to account for the 
column/wall flexibility. It follows that iteration on θ(t) is required at each time step in 
order to converge on the target displacement ∆(t) at time t; however, this is 
computationally time consuming. In some cases the elastic displacement can be 
ignored. For example, in Section 7.2.1 (g) it is shown that the elastic displacement of 
a cantilever element may be negligible if the tendon groups are located to either side 
of the centreline of the precast section. However, in the event that they cannot be 
ignored, a simplified section analysis technique is developed to target any 
displacement ∆d. 
 
1. First, carry out a section analysis including elastic displacements. 
However, instead of imposing a displacement time-history ∆(t) (which 
requires iteration at each time step), re-write the analysis to impose a base-
rotation time history θ(t) (no iteration required) according to Eq.(7.68) 
below. The elastic displacement ∆e(t), and hence the total displacement 
∆(t), will be a bi-product of the analysis. 
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2. Determine the ratio between the target displacement ∆d and the maximum 
total displacement ∆(Te/4) resulting from the analysis in Step 1, i.e. ( )4ed T∆∆ . Reduce the target base rotation θd in Step 1 by this same ratio 
and repeat the section analysis. Depending on the accuracy required, only a 
single iteration may be needed for an acceptable convergence of ( ) 14 ≈∆∆ ed T . 
 
The cyclic force-displacement time-history of a viscous damper can be uniquely 
defined by the single equation of Eq.(7.64). Unlike steel, which requires complex 
mathematical equations to be able to describe the loading, unloading and reloading 
branches, the simplicity in describing the hysteretic response of a non-linear viscous 
damper is well suited to a pseudo-cyclic analysis. That is, because the damper force 
can be described by a single closed form solution, a cyclic section-analysis can be 
computed for a PT-viscous connection from 0 < T < Te/2. The analysis is termed 
pseudo-cyclic if only a backbone stress-strain curve is used to model the material at 
the rocking interface (concrete, LVL etc), as opposed to a conventional cyclic analysis 
which adopts the full loading, unloading and re-loading branches. 
 
The response of the PT-viscous analytical model is compared to the global 
experimental response of LVL Wall 2 under an excitation frequency of 0.5Hz in 
Figure 7.34. Each drift cycle represents a single analysis (a total of seven analyses are 
required to complete the monotonic backbone curve). Only the loading cycle is 
shown: the unloading response is ignored for clarity. Each analysis cycle reveals a 
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sudden drop in lateral load at the end of the loading cycle as the damper velocity 
approaches zero. The lateral load and tendon response compare very well in Figure 
7.34. The analytical model is able to capture the local behaviour of the neutral axis 
depth in Figure 7.35 (a) and the damper velocity in Figure 7.35 (b) reasonably well. A 
positive damper velocity in Figure 7.35 (b) represents the damper layer furthermost 
from the rocking toe, while a negative velocity represents the damper layer closest to 
the rocking toe. More error is associated with the damper layer located closest to the 
rocking toe, in fact this damper layer was located very close to the neutral axis: the 
damper layer was located at a depth of 0.217D (where D is the depth of the wall 
element). It is for this reason that some error can be expected in capturing the velocity 
of this damper layer. 
 
The PT-viscous model is next compared to the test specimen LVL Wall 3 under an 
excitation frequency of 0.5Hz, which has both viscous and hysteretic dampers. Again, 
a total of seven analyses are undertaken to generate the entire monotonic backbone 
response. The global response in Figure 7.36 compares very well. Again, both the 
neutral axis depth and the damper velocity are both well captured in Figure 7.37. A 
summary of the model properties for LVL Wall 2 and LVL Wall 3 is listed in Table 
7.11. 
 
 
Table 7.11 Model properties of LVL Wall 2 and LVL Wall 3 
Precast properties LVL Wall 2 LVL Wall 3 
Calibrated flexural stiffness, EcIe 41664 kNm2 41664 kNm2 
Constitutive stress-strain relationship 5th order polynomial 5th order polynomial 
Computed confinement ratio, f’cc/f’c - - 
Measured Unconfined compression strength, f’c - - 
Measured post-tensioning properties   
Initial post-tensioned force, Tpt,0 29.7 kN (0.011 f’LVLAg) 20.0 kN (0.0072 f’cAg) 
Unbonded length, Lub,pt 3400 mm 3400 mm 
Young’s modulus, Ept 197100 MPa 197100 MPa 
Area of tendon, Apt 99 mm2 99 mm2 
Measured mild steel properties   
TCY damper fuse length, lfuse - 90 mm 
Diameter of fuse, ds - 7 mm 
Diameter of the bar outside fuse, db - 20 mm 
Total length of the dissipater, ldiss - 337.5mm 
Young’s modulus, Ems - 185250 MPa 
Yield strain, εy,ms - 0.00183 
Strain hardening, εsh,ms - 0.0108 
Stain x, εx.ms - 0.024 
Strain at ultimate, εsu,ms - 0.1033 
Yield stress, fy,ms - 339 MPa 
Stress x, fx.ms - 404 MPa 
Ultimate stress, fu.ms - 484 MPa 
Measured FVD properties   
Damping coefficient, cvd 4.945 kNsα/mmα 4.945 kNsα/mmα 
Velocity power coefficient, α 0.153 0.153 
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Figure 7.34 Comparison between the experimental cyclic response and the PT-MBA analytical 
model of the LVL post-tensioned wall, LVL Wall 2 under an excitation frequency of 0.5Hz 
 
 
 
Figure 7.35 Comparison at a local level between the experimental cyclic response and the PT-
MBA analytical model of the LVL post-tensioned wall, LVL Wall 2 under an excitation 
frequency of 0.5Hz 
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Figure 7.36 Comparison between the experimental cyclic response and the PT-MBA analytical 
model of the LVL post-tensioned wall, LVL Wall 3 under an excitation frequency of 0.5Hz 
 
 
 
Figure 7.37 Comparison at a local level between the experimental cyclic response and the PT-
MBA analytical model of the LVL post-tensioned wall, LVL Wall 3 under an excitation 
frequency of 0.5Hz 
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Based on the confirmation of the analytical PT-viscous model, a parametric analysis 
was undertaken to study the influence of input velocity and damper properties on the 
lateral response of a PT-viscous system. The parametric study considers a PT-
concrete wall of identical geometry and properties to PC Wall 2 (for simplicity elastic 
deformations are ignored). Three parameters are varied: the velocity exponent α, the 
damper coefficient cvd and the period of excitation T defining the input velocity. The 
results of the parametric analyses are presented in Figure 7.38 for three levels of α 
(0.15, 0.5 and 1.0) in terms of the lateral load versus base rotation. Also plotted in 
Figure 7.38 is the normalised proportion of overturning moment provided by the 
viscous dampers (Mvd/Mtotal). For each level of α two excitation periods (T = 0.5 and 
1.0 seconds) and two damping coefficients cvd are studied. To simplify the 
comparisons between each wall, cvd reduces as α increases to ensure the damper 
forces are not excessively different for each analysis (this can dictate the compression 
depth at the rocking interface). 
 
By comparing the two solid lines and the two dashed lines (i.e. black versus grey), it 
is obvious that as α decreases, the influence of input velocity on the lateral load 
reduces: that is, the lateral load becomes increasingly dependant on the damping 
coefficient cvd alone. 
 
By comparing the two black lines and the two grey lines (i.e. solid versus dashed), as 
the damping coefficient cvd is increased the increase in the proportion of damper 
moment remains almost constant for all values of α. That is, by doubling the damper 
coefficient cvd, under each excitation period, the increase in the damper moment ratio 
Mvd/Mtotal is relatively constant for each level of α. 
 
If the neutral axis depth remains relatively constant between each of the parametric 
analyses, then the normalised damper force and damper moment is primarily 
dependant on the velocity exponent α. Figure 7.39 (a) indicates that as α decreases, 
the damper force approaches a constant value while travelling to the peak response. 
As α increases the response becomes increasingly non-linear and the maximum 
damper force occurs at a base rotation of approximately 33% of the peak base 
rotation. A similar trend is observed with respect to the damper moment of Figure 
7.39 (b) where the peak damper moment may or may not occur at the point in time as 
the peak damper force. The damper moment is a product of the damper force and the 
distance to the centroid of the compression region, therefore, the peak damper 
moment will also depend on the location of the neutral axis and the position of the 
centroid of the concrete compression force. Depending on α, the peak damper 
moment occurs between 33% and 50% of the peak base rotation. It is interesting to 
observe the phase difference between the system velocity and the peak damper force 
and damper moment. In the following chapter, the design of PT-viscous systems 
adopts a second design displacement (in addition to the target displacement ∆d). This 
intermediate design displacement ∆r is equal to 2d∆ , which is defined by the 
intersection of the system velocity and system displacement curves in Figure 7.39 
(intersection of the grey curves). At this intermediate displacement Figure 7.39 
illustrates that the damper force and damper moment is equal to at least 80% of the 
peak value, depending on the velocity exponent α of the damper. 
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Figure 7.39 Normalised viscous damper, force and moment relationship following a parametric 
analysis of a PT viscous wall 
 
 
7.2.3. An Analytical Model for Post-Tensioned Systems Subjected to Biaxial 
Bending 
The general failure surface of a symmetric column section under biaxial bending is 
illustrated in Figure 7.40. Generally, for a given axial load P, the failure surface is 
expressed by an elliptical formulation proposed by Bresler [1960]  
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Where 
 Mnx  = x-axis component of the biaxial applied moment 
 Mny  = y-axis component of the biaxial applied moment 
 Mx0  = capacity of the section about the principle x-axis 
 My0  = capacity of the section about the principle y-axis 
 Θ  = skew angle defining the orientation of the applied moment. 
 
Many analytical studies have been carried out to quantify (or qualify) the exponent α 
describing the interaction surface in Figure 7.40. Such studies vary significantly in 
complexity ranging from simplified section analyses to detailed fibre and finite-
element models, Sakai and Mahin [2004]. Generally, the exponent α is in the range of 
1.5-2 and is a function of the reinforcement ratio, axial load, concrete strength, 
reinforcement yield strength and the ratio between the long dimension and short 
dimension of a column section, Furlong [1960]; Parme et al. [1966]. 
 
With reference to Figure 7.40, the influence of axial load is generally assumed to vary 
linearly from the pure compression load Pc to the balanced point of the section Pb. It 
is also assumed to vary linearly from the pure tension Pt capacity to pure flexure P0. 
Between pure flexure and the balanced point a parabolic relationship is commonly 
adopted as this is typically where the section will be designed to operate about. 
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Figure 7.40 3-Dimensional biaxial limit-state surface of a (symmetric) column 
 
 
To construct an accurate biaxial failure surface a 3-dimensional section analysis must 
be carried out in which the skew angle Θ and axial load N act as global variables. The 
moment-curvature and moment-rotation methods discussed in Section 7.2 are 
extended in this section to perform a biaxial section analysis about any skew angle Θ. 
With respect to a monolithic section, the biaxial analysis is performed following the 
illustration in Figure 7.41 (a). The following variables are defined 
 
 c  = neutral axis depth 
cx = neutral axis depth in the x-direction along the centreline of the 
section  
cy = neutral axis depth in the y-direction along the centreline of the 
section  
 φi = imposed curvature 
Y   = location from the extreme edge of the section to the centroid of the 
concrete compression region 
Cc  = resultant concrete compression force 
Cs = resultant steel compression force 
N = Axial load acting on the section 
Ts = resultant steel tension force 
x, y = original coordinate system parallel to the geometry of the section 
x’, y’ = skewed coordinate system parallel to the imposed curvature 
 
Further accuracy is incorporated into the program by accounting for unconfined cover 
concrete and confined core concrete as shown in Figure 7.41 (b). 
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Figure 7.41 Generic 3-Dimensional section analysis technique 
 
 
It should be appreciated that the 3-dimensional lateral response of a column section is 
dependant on the displacement path. That is, a displacement path following a clover-
shape will result in a different lateral response than, for example, a square or diagonal 
displacement path. The unique clover-shaped displacement protocol adopted during 
the experimental testing in Chapter 4 requires the program to step through curvature 
increments φi as well as skew angle increments Θi. This ensures that the resulting 
displacement path from the section analysis approximates that of the displacement 
demand imposed during testing. The incremental moment-curvature analysis in Figure 
7.42 (a) is shown as a solid grey circle which traces the imposed curvature demand 
(black dashed line). The results of each analysis increment can be viewed in Cartesian 
coordinates (φX,i, φY,i) & (MX,i, MY,i) as in Figure 7.42 (b), or in polar coordinates 
(Θi, φi & Mi). 
 
The displacement of the section is computed by integration of the curvature over the 
length of the element in each Cartesian direction. For a cantilever element, where the 
curvature demand φX/Y,i is less that the yield curvature φy, the displacement is 
computed from Eq.(7.70), otherwise Eq.(7.71) is used (refer Figure 7.43). Where, 
∆X/Y,y is the uniaxial yield displacement in the x or y direction. In Eq.(7.71) the plastic 
hinge length is computed from expressions developed for uniaxial flexure (see 
Chapter 3). 
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Figure 7.42 3-Dimensional section analysis considering a clover-shape displacement path 
 
 
At the end of the analysis, the resulting displacement path computed using Eq.(7.70) 
and Eq.(7.71) should agree with the imposed experimental displacement path: this 
ensures a proper comparison exists between the analytical model and the experimental 
test. For this to occur, at each analysis step (skew angle increment Θi) the curvature φi 
should be adjusted until there is agreement between the computed and known 
displacement. However, to avoid this computationally demanding iteration at each 
skew angle, the clover-shape relationship can be enforced at the curvature level, as 
opposed to the displacement level. The curvature coordinates are then computed from 
the following expressions 
 
)cos()2sin(, iiniX Θ⋅Θ⋅= φφ  7.72 
 
)sin()2sin(, iiniY Θ⋅Θ⋅= φφ  7.73 
 
Where φn is the magnitude of curvature at Θ = 45º. φn is adjusted until the computed 
displacement at Θ = 45º agrees with the imposed experimental displacement, i.e. 
∆n = ∆expt. In fact, the adjusted curvature φn can be computed by rearranging Eq.(7.71) 
for φn = φX,Y,i. Hence, instead of satisfying the displacement at all skew angles during 
the incremental analysis, only the final displacement at Θ = 45º will compare to the 
experimental displacement demand. 
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Figure 7.43 Polar coordinates, vector magnitudes and quadrants following a biaxial analysis 
 
 
With respect to the analysis path of a PT system, the imposed curvature is replaced 
with an imposed base-rotation θ i, 
 
)cos()2sin(, iiniX Θ⋅Θ⋅= θθ  7.74 
 
)sin()2sin(, iiniY Θ⋅Θ⋅= θθ  7.75 
 
Where θn is the base rotation at Θ = 45º. Again, θn is adjusted until the computed 
displacement at Θ = 45º agrees with the experimental displacement, i.e. ∆n = ∆expt. For 
a PT system the displacement at the effective height is computed from Eq.(7.76) 
 
eYXeiYXiYX H ,/,/,/ ∆+⋅=∆ θ  7.76 
 
Where ∆X/Y,e is the elastic displacement in the x and y direction. The elastic 
displacement is computed from Eq.(7.77) below, ignoring the prestressed induced 
elastic deformations (refer Section 7.2.1 (g)). IX/Y,e represents the effective second 
moment of area to be used when calculating the displacements in the x and y direction 
respectively. 
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eYX IE
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Again, to avoid iterating at each rotation increment in order to satisfy the actual 
experimental displacement path, the clover-shape can be imposed at the base rotation 
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level (as opposed to the global displacement level). The resulting displacement profile 
at the effective height will not exactly match the experimental displacement profile; 
however, the difference is minimal in the case of a PT system. 
 
Table 7.12 Summary of test specimens providing a comparison to the biaxial analytical model  
 Brief description 
Material at 
rocking 
interface 
Dissipation 
MON Precast concrete monolithic bridge pier. 
Cast in-situ 
concrete 
16-D10 cast-in longitudinal 
reinforcing bars 
HBD5 Precast concrete post-tensioned bridge pier. Steel plate 
8-8mm externally mounted TCY 
dampers 
 
 
(a) Biaxial Section Analysis: Comparison with the Experimental Response of a 
Monolithic Bridge Pier (MON) 
The biaxial section analysis is first compared to the experimental response of a 
traditional reinforced concrete section i.e. a moment-curvature analysis. The biaxial 
moment-curvature analysis is compared to the experimental response of MON in 
Figure 7.44. The graph plots two sets of data: one for each set of quadrants. 
Furthermore, only the loading cycle is shown. With reference to Figure 7.43 (a) 
above, instead of plotting the response in Cartesian coordinates ([FXi, ∆Xi] & [FYi, 
∆Yi]), the data points are plotted using vector magnitudes (Fi, ∆i) for the two quadrant 
sets (Quadrant 1&3 and Quadrant 2&4) as shown in Figure 7.43 (b). By displaying 
the results in this way the loading envelope is independent of the path; however, it is 
only appropriate to plot the loading data as the unloading portion will give erroneous 
results when the load becomes negative in either the x or y direction. As mentioned, 
two plots are shown on the same graph in Figure 7.44: Quadrant 1&3 and Quadrant 
2&4. The analytical (biaxial) model compares very well to the experimental response. 
The initial stiffness, yield displacement and post-yield stiffness are all captured well. 
As the displacement ductility increases the model does not capture the strength 
degradation associated with bond degradation and rupture of the longitudinal 
reinforcement. It should be recognised that the program only produces a monotonic 
backbone curve; therefore, stiffness degradation is obviously not included in the 
analysis. 
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Figure 7.44 Biaxial global comparison between the analytical model and the experimental 
response of the monolithic bridge pier MON. 
 
 
Table 7.13 Model properties of MON 
Precast properties  
Computed confinement ratio, f’cc/f’c 1.19 
Measured Unconfined compression strength, f’c 54 MPa 
Axial load, N 200 kN (0.030 f’cAg) 
Measured mild steel properties  
Diameter of reinforcement, db 10 mm 
Young’s modulus, Ems 187000 MPa 
Yield strain, εy,ms 0.00170 
Strain hardening, εsh,ms 0.03 
Stain x, εx.ms 0.078 
Strain at ultimate, εsu,ms 0.2 
Yield stress, fy,ms 317 MPa 
Stress x, fx.ms 400 MPa 
Ultimate stress, fu.ms 433 MPa 
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(b) Biaxial Section Analysis: Comparison with the Experimental Response of a 
Hybrid Post-Tensioned Bridge Pier (HBD5) 
The biaxial moment-rotation analysis of HBD5 (Hybrid PT bridge pier with external 
hysteretic dampers, refer Table 7.12) is compared to the biaxial experimental response 
in Figure 7.45 below. The global response presented in Figure 7.45 (a) shows good 
agreement between the model and the experiment. As discussed in Section 7.2.2 (c) 
the flexibility of the rocking interface of HBD5 is not trivial, but rather difficult to 
quantify. The steel plate at the base of the precast concrete adds a degree of 
complexity to the problem: the actual stiffness and strength of the composite system 
will lie somewhere between the two different materials (concrete and steel). The 
uniaxial analysis of PT2 in Section 7.2.2 (c) indicated that an effective elastic stiffness 
of 100,000MPa for the material at the rocking interface appeared to return reasonable 
results. These same material properties were used with the biaxial analysis of HBD5. 
The model parameters of HBD5 are summarised in Table 7.14 below. 
 
 
 
Figure 7.45 Comparison between the experimental cyclic response and the biaxial analytical 
model of a post-tensioned pier, HBD5 
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Figure 7.46 Comparison at a local level between the experimental cyclic response and the biaxial 
analytical model of a post-tensioned pier, HBD5 
 
 
Table 7.14 Model properties of HBD5 
Precast properties  
Calibrated flexural stiffness, EcIe 11027 kNm2 
Constitutive stress-strain relationship Linear elastic 
Flexibility of the rocking interface, E 100,000MPa 
Measured post-tensioning properties  
Total initial post-tensioned force, Tpt,0 288.0 kN (0.044 f’cAg) 
Unbonded length, Lub,pt 2340 mm 
Young’s modulus, Ept 197100 MPa 
Area of tendon, Apt 99 mm2 
Measured mild steel properties  
TCY damper fuse length, lfuse 115 mm 
Diameter of fuse, ds 8 mm 
Diameter of the bar outside fuse, db 20 mm 
Total length of the dissipater (short/long), ldiss 250mm/300mm 
Young’s modulus, Ems 193,900 MPa 
Yield strain, εy,ms 0.00165 
Strain hardening, εsh,ms 0.011 
Stain x, εx.ms 0.030 
Strain at ultimate, εsu,ms 0.111 
Yield stress, fy,ms 320 MPa 
Stress x, fx.ms 400 MPa 
Ultimate stress, fu.ms 461 MPa 
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(c)  Biaxial Moment-Interaction Parametric Analysis: Design Charts for 
Monolithic and Post-Tensioned Rocking Connections 
Following on from the experimental confirmation of the biaxial section analysis in the 
previous section, a parametric analysis was undertaken to develop a series of biaxial 
moment-interaction design charts. The parametric study was undertaken considering 
two connection typologies: a monolithic ductile pier and a Hybrid PT pier with 
internally grouted mild steel reinforcement. It should be noted that the moment 
capacity of a PT pier considering either external or internal reinforcement is 
comparable: the design charts are, therefore, expected to be applicable to any hybrid 
post-tensioned connection (internal or external hysteretic dissipaters). The two 
symmetrical pier sections used to undertake the parametric analyses are illustrated in 
Figure 7.47. Each connection has a total of 16 longitudinal reinforcing bars uniformly 
distributed around the perimeter of the section. The monolithic pier was modelled 
considering confined core concrete within the peripheral hoops and unconfined cover 
concrete. The PT pier was assumed to have cover concrete protection around the 
perimeter; therefore, the core confinement was extended to the perimeter of the 
section (Confinement Model C, refer Section 7.2.1 (d)). 
 
 
 
Figure 7.47 Details of the pier sections used in the biaxial parametric analysis 
 
 
For both the monolithic and PT bridge piers the mild steel mechanical reinforcement 
ratio ωms was varied from 0.1, 0.2 to 0.3. This covers a significant portion of the 
practical range of reinforcement contents within design, where ωms = fyAs/f’cBD and 
As is the total area of steel reinforcement. The axial load ratio ν = N/f’cBD was varied 
from 0.05, 0.15, 0.25 to 0.35. For the post-tensioned pier, the axial load ratio included 
the initial post-tensioning load such that ν = (N+Tpt0)/f’cBD. The prestressed 
mechanical reinforcement ratio ωpt was varied from 0.15 to 0.45, where 
ωpt = fy,ptApt/f’cBD and Apt is the total area of post-tensioned reinforcement. Finally, 
the confinement ratio f’cc/f’c was varied from 1.1 to 1.4 to encompass an upper and 
lower bound of possible solutions. 
 
Two limit states were considered when defining the interaction surfaces: the nominal-
yield interaction-surface and the design-capacity interaction-surface. The nominal 
yield surface is useful for macro-models utilising lumped plasticity modelling 
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techniques that adopt a user-defined biaxial yield surface. The nominal yield moment 
was defined by either a concrete strain of εc = 0.004 or a mild steel strain of 
εs = 0.015. The design capacity surface is a useful tool for satisfying strength 
requirements during design accounting for orthogonal earthquake loading. The design 
capacity was defined by either a mild steel strain of εs = 0.6εsu, where εsu = 0.1 for 
mild steel with a characteristic yield stress of 500MPa, or a tendon strain of 
εpt = 0.9εpt,y where εpty = 0.0078, or a concrete strain of εc = εcu. The concrete strain 
limit εcu is defined by Eq.(7.78), where all terms have been defined in 
Section 7.2.1 (e). 
 
'
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First, the results of the parametric analyses are presented to show the nominal-yield 
interaction-surface. The normalised and dimensionless moment-interaction charts 
corresponding to the nominal yield strength of a monolithic square pier (or column) is 
presented in Figure 7.48 as a function of the mild steel mechanical reinforcement ratio 
ωms and the axial load ratio ν. The dimensionless moment capacity µ is defined by the 
equation µ = M/f’cBD2, where M is the moment capacity of the section (the yield 
moment in this case). By definition, at nominal yield the concrete strain will be less 
than or equal to 0.004, hence, the concrete confinement will have negligible effect on 
the nominal moment capacity of the section or on the shape of the biaxial interaction 
surface (the confinement ratio of f’cc/f’c = 1.1 is presented in Figure 7.48). As ωms and 
ν is increased, Figure 7.48 confirms that the nominal moment capacity increases and 
the biaxial interaction becomes more linear (α reduces). As intuition would suggest, 
as the axial load ratio increases, the shape of the yield surface has less dependency on 
ωms. 
 
 
 
Figure 7.48 Nominal yield surface for monolithic ductile square piers/columns. 
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The normalised and dimensionless nominal yield moment-interaction charts are 
shown in Figure 7.49 for a square post-tensioned hybrid pier (or column) as a function 
of the mild steel mechanical reinforcement ratio ωms and the axial load (plus initial 
post-tensioning Tpt0) ratio ν. The PT steel mechanical reinforcement ratio in Figure 
7.49 is equal to ωpt = 0.15; in fact, ωpt has very little influence on the response of the 
section at nominal yield as the tendon elongation is minimal. The dependency on ωpt 
further reduces as the axial load and initial post-tensioning increase. The shape of the 
yield surface in Figure 7.49 (a) is almost independent of the mild steel mechanical 
reinforcement ratio ωms for all levels of axial load and initial post-tensioning ν within 
the section. 
 
 
 
Figure 7.49 Nominal yield surface for post-tensioned, hybrid square piers/columns. 
 
 
Following a least-squares regression analysis, the yield surfaces of Figure 7.48 
(Monolithic connection) and Figure 7.49 (PT connection) were fitted to the biaxial 
interaction surface of Eq.(7.69). The exponent α for a monolithic square section is 
equal to the following linear equation with an average coefficient of variation of 8.3% 
for the range of variables considered in this parametric study. 
 
να 54.104.2 −=  7.79 
 
The exponent α for a hybrid PT square section is equal to the following linear 
equation with an average coefficient of variation of 2.6% for the range of variables 
considered in this parametric study. 
 
να 17.103.2 −=  7.80 
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The dimensionless design moment capacity for a monolithic square pier or column is 
shown in Figure 7.50 as a function of ωms, ν and the level of concrete confinement 
within the section f’c/f’cc. Recalling that the design capacity corresponds to one of 
three strain limit states, the concrete strains are likely to be in the range of 0.01 to 
0.02. For concrete strains in this range, the level of concrete confinement can have a 
significant influence on the capacity of the section and can be seen by the comparison 
of Figure 7.50 (a) with (b). 
 
 
 
Figure 7.50 Design capacity moment interaction-surface for monolithic square pier/columns 
 
 
The same design charts are produced for a hybrid post-tensioned square section in 
Figure 7.51 as a function of ωms, ωpt, ν and the level of concrete confinement within 
the section f’c/f’cc. The design charts confirm that the confinement of the section has a 
great effect on the capacity: confinement has a significant effect on the strength of the 
section as the axial load (plus initial post-tensioning load) increases. 
 
A least-squares regression analysis was carried out on the deign-level interaction-
surfaces. The exponent α for a monolithic connection is defined by the following 
linear relationship having a coefficient of variation of 4.4% for the range of 
parameters considered in this parametric study. 
 
να 47.083.1 +=  7.81 
 
For a post-tensioned hybrid system the exponent α has a coefficient of variation of 
5.4% and is defined by the following expression 
 
να 67.065.1 +=  7.82 
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Figure 7.51 Design capacity moment interaction-surface for post-tensioned hybrid square 
pier/columns 
 
 
It can be seen that PT systems are more linear (lower α) than an equivalent monolithic 
connection at the design level. In fact, at the design level, the PT connection has a 
total axial load that includes the tendon elongation of the post-tensioned tendons. 
Therefore, for a given initial axial load ratio ν, in reality, the axial load acting on a PT 
connection is greater than that acting on the monolithic connection due to the axial 
load within the tendons. 
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7.3. A CYCLIC MACRO-MODEL FOR POST-TENSIONED ROCKING 
SYSTEMS 
Two macro-models were presented in Chapter 3 to model the cyclic response of PT 
rocking connections. The first was a lumped plasticity model to represent the rocking 
response via a set of rotational springs at the location of the rocking interface. The 
second model was a variation of a lumped plasticity model with multiple axial springs 
(multi-spring model) distributed along the rocking interface to directly capture the 
rocking characteristics of a PT system. Both models currently exist in literature; the 
multi-spring model has the greatest potential in terms of accuracy versus 
computational effort. In this section, a method is developed to accurately implement a 
multi-spring model within a PT macro model. In particular, this section presents a 
systematic method to define the axial stiffness of the multi-spring element: this 
parameter is the most difficult to quantify and can greatly affect the accuracy of the 
model. 
 
The implementation of a macro-model incorporating a multi-axial spring model is 
illustrated in Figure 7.52. The damper springs (dissipaters) are non-linear inelastic, 
while the multi-spring contact element is a linear-elastic element. If the tendons can 
be guaranteed to remain elastic throughout the analysis, then these can also be 
modelled as a linear elastic spring, otherwise an appropriate non-linear relationship 
should be adopted. The precast element is modelled as an elastic Giberson element 
with effective section properties corresponding to the expected limit state. This 
macro-model is implemented into the computer program Ruaumoko, Carr [2005]. 
Details of the material models are discussed in greater detail in the following section. 
 
 
 
Figure 7.52 Multi-spring macro model for a PT system with external replaceable mild-steel 
dampers 
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7.3.1. Cyclic Material Models for Use within a Multi-Spring Macro Model 
(a) Non-linear Inelastic Steel Model 
The cyclic response of a PT system with any form of damper is essentially dictated by 
the behaviour of the damper. It is for this reason that the ability of the macro-model to 
accurately capture the cyclic response will depend on how accurately the damper 
element is modelled at the rocking interface.  
 
The cyclic steel model of Dodd and Restrepo-Posada [1995] was the preferred option 
to accurately describe the non-linear behaviour of the mild steel dampers. This model 
has the ability to accurately capture the entire loading and unloading cycle as shown 
in Figure 7.53. The model does have some difficulty in capturing the measured load in 
compression when unloaded from large displacement ductility; however, this error is 
small. The experimental test in Figure 7.53 is the behaviour of a tension-compression-
yielding (TCY) damper presented in Chapter 4. 
 
 
 
Figure 7.53 
 
 
(b) Linear Elastic Compression-Only Axial Springs Along the Rocking Interface 
A series of linear-elastic axial springs model the contact/uplift at the rocking interface. 
The springs act in compression only, allowing uplift to occur when subjected to 
tensile strain. A linear-elastic spring is preferred over a more complicated non-linear 
inelastic relationship for two reasons: 
• In most cases the amount of energy dissipation associated with the non-linear 
behaviour of the concrete (or other non-linear material) is relatively small in 
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comparison to the total energy dissipation within the connection. Therefore, 
ignoring this contribution will not affect the accuracy of the model to any 
serious degree. 
• Using a non-linear inelastic relationship will actually complicate the 
calibration of the axial spring stiffness as a larger number of parameters must 
be defined. The axial springs have units of force and displacement; therefore, 
any material stress-strain parameters must consider some equivalent spring 
length by which to convert to the correct spring units. An equivalent spring 
length adds yet another parameter to determine. 
 
The main difficulty in the implementation of a multi-spring macro model is the 
calibration of the axial spring stiffness. A method to accurately determine the axial 
stiffness is discussed in the following section. 
 
7.3.2. Calibration of the Axial Stiffness of a Multi-Spring Element via a 
Moment-Rotation Section Analysis 
In order to accurately determine the total stiffness of the multi-spring unit kmulti, a 
moment-rotation section analysis is first carried out. In fact, specific to calibration of 
the multi-spring stiffness, the section analysis does not include the mild steel (or 
viscous) dampers. Rather the additional axial load that would be induced by the 
dampers (at the rocking interface) is added to the axial load (or initial post-tensioning 
force). If all the damper elements are expected to be in tension, then the additional 
axial load to be added to the section is equal to ∆N = ρsAgfy, where ρs is the mild steel 
reinforcement ratio passing through the rocking interface. If the section is heavily 
reinforced and some of the dampers are expected to be in compression, then one needs 
to apply some judgement in determining the net value of axial load to be applied to 
the section. In carrying out this step, any error associated with calibration is isolated 
with the multi-spring element at the rocking interface, as opposed to errors associated 
with the damper elements. Replacing the damper forces with an equivalent axial load 
ensures that the concrete compression strain is similar in magnitude to that expected 
within the section with dampers: this improves the accuracy of the calibration when 
the dampers are later added to the model. 
 
The properties of the macro model that is generated for calibration of the axial 
stiffness are identical to those used to carry out the section analysis, including the 
total axial load acting on the section (including the additional axial load from removal 
of the damper elements) and the axial stiffness of each post-tensioned tendon group 
kPT. For calibration, the macro-model can be simplified by ignoring the cantilever 
element and by locating the tendon springs directly over the rocking interface as 
shown in Figure 7.54. Ruaumoko has four distribution options describing the location 
and stiffness of the individual axial springs within the multi-spring element. The four 
distribution options are: Lobatto Distribution, Gaussian Distribution, Trapezoidal 
Distribution and a Uniform Distribution. Typically, a uniform distribution is 
sufficient, but the actual distribution is situation dependant (offering yet another 
parameter to consider). Details of the stiffness weighting and location factors for a 
Lobatto and Gaussian distribution can be found elsewhere, Spieth et al. [2004b]. 
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Figure 7.54 Simplified macro model of a multi-spring element to be used in the calibration of a 
section analysis 
 
 
If the displacement of the spring located at the compression edge of the section is 
defined as ∆A and by ∆B at the uplifted edge of the section, then the dimensionless 
neutral axis depth χ is computed from  
 
AB
ADc ∆−∆
∆== χ/  7.83 
 
During calibration, both the section analysis and the macro-model are subjected to the 
same monotonically increasing rotation demand. Calibration concerns three key 
section parameters (as a function of rotation): the moment capacity, the neutral axis 
position and the position to the centroid of the contact compression force. The 
centroid of the compression region can be computed by considering moment 
equilibrium of the section in Eq.(7.84), where a is the length of the equivalent 
rectangular compression block, a/2 is the depth to the centroid (from the compression 
edge of the section), jdPT,i is the distance from the compression edge of the section to 
each tendon layer i, TPT,i is the total force in each tendon layer and M is the total base 
moment. 
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The axial stiffness of the multi-spring unit kmulti is updated until agreement is met 
between the section analysis and the multi-spring macro model. The agreement can be 
by visual observation or by computing a goodness of fit such as the Coefficient of 
Determination R2. If the agreement is not satisfactory, then the axial stiffness is 
updated; hence, the procedure is iterative but will converge rapidly if the initial 
“guess” of kmulti is of an appropriate order of magnitude. Based on limited calibration, 
the empirical equation of Eq.(7.85) can be used as an initial estimate to compute the 
axial stiffness kmulti (in kN/m); where, Lcant is the cantilever length of the element (in 
meters); B is the width/depth of the cross-section (in meters); and E is the elastic 
modulus of the material at the rocking interface (in GPa). 
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As an example, Figure 7.55 shows the calibration of the axial spring stiffness for 
LVL Wall 1. The dashed line is the response of the macro model (with multi-axial 
spring), while the solid line is the response of the section analysis. The total axial 
stiffness of the multi-spring unit is kmulti = 1.2x106 kN/m and has a Lobatto spring 
distribution. The moment-rotation and tendon load agree very well. The local 
response of the neutral axis depth in Figure 7.56 is also very well captured, while 
there is only a small error with regards to locating the centroid to the resultant 
compression force. It is unlikely that an exact agreement will exist between the 
macro-model and the section analysis for all parameters. As the compression strains 
increase in non-linearity both the neutral axis and the location of the centroid are 
unlikely to agree. This is because an effective elastic multi-spring is being used to 
capture the response of a non-linear material; if this is the case then some error must 
be accepted within both the neutral axis and force centroid. Alternatively, a bilinear-
elastic multi-spring could be introduced in such situations to account for the large 
non-linearity of the rocking interface. A bilinear spring option was not investigated 
due to instability issues within the analysis; furthermore, the accuracy achieved when 
using a linear-elastic multi-spring was more than acceptable. 
 
 
 
Figure 7.55 Comparison between a calibrated multi-spring macro model and a section analysis of 
the LVL post-tensioned wall, LVL Wall 1 
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Figure 7.56 Comparison at a local level between a calibrated multi-spring macro model and a 
section analysis of the LVL post-tensioned wall, LVL Wall 1 
 
7.3.3. Additional Modelling Issues to be Considered when Dealing with a 
Multi-Spring Macro-Model 
(a) Modification to the Axial Stiffness of the Precast Frame Element 
By placing a multi-spring at the base of a frame element to represent the precast 
column/wall section, the axial flexibility of the system is inherently increased (refer 
Figure 7.57). While this is unlikely to result in significant errors in the analysis, a 
simple method to increase the area of the precast element to compensate for the 
reduction in stiffness is presented. In fact, this added axial flexibility has also been 
noted by Spieth et al. [2004a] 
 
 
 
Figure 7.57 Two springs in series to represent the multi-spring axial stiffness (rocking surface) 
and the frame axial stiffness (precast element) 
 
 
With reference to Figure 7.57, the total axial stiffness of the system is given by 
Eq.(7.86), where A* is the magnified cross-section area of the section to account for 
the increased flexibility of the multi-spring element. Note that increasing the actual 
cross-sectional area A will only effect the axial stiffness of the element (ignoring 
shear stiffness): the flexural stiffness is not effected. 
 
Chapter 7: Modelling Techniques for Post-Tensioned Rocking Connections 7.73 
⎟⎟⎠
⎞
⎜⎜⎝
⎛ +=⋅=
h
EA
kh
EA
k c
multi
c
*11  7.86 
 
Thus the increased cross-section area A* is computed as 
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(b) Elastic Shortening Due to the Application of the Initial Post-Tensioning 
Force 
When the initial post-tensioning force is applied to the macro-model, either by 
internal prestressing of the tendon springs or via an axial load at the top of the frame 
element, elastic shortening and load transfer reduces the apparent axial load within the 
frame element. To overcome this, the following equation is derived which increases 
the initial post-tensioning force to ensure the target post-tensioning force TPT,0 is 
achieved within the frame element. 
 
( ) ( )ciPTPTPT EAkh
T
T ⋅⋅−= ∑ ,
0,*
0, 1
 7.88 
 
Where 
*
0,PTT  = is the increased (total) initial post-tensioned force applied to the 
section, either by internal prestressing of the tendon springs or via an 
axial load. 
TPT,0 = is the target (total) initial post-tensioned force required. 
ΣκPT,i = is the sum of the axial stiffness of all tendons within the section, 
where ∑ ∑= ptubPTPTiPT lEAk ,, . 
 
(c) Application of the Initial Post-Tensioning Force to Prevent Excessive Pre-
Load within the Hysteretic Dampers 
When the initial post-tensioning force is applied to a post-tensioned rocking system 
with external dampers, the dampers are normally installed after post-tensioning. This 
is also the case for internally grouted systems: the mild steel is grouted after the post-
tensioning load is applied. In doing so, the initial load in the dampers is zero, while 
the surrounding precast element resists the entire post-tensioned load. That is, no post-
tensioning force is transferred to the damper elements. Consider the macro model in 
Figure 7.52 presented at the beginning of Section 7.3 above; it is impossible to ensure 
that the load within the external damper elements are zero by lumping the initial post-
tensioning load at the top of the section (or by internally prestressing the tendon 
springs) as illustrated. In fact, it is possible for the damper springs to yield under the 
post-tensioning load alone (prior to any lateral load). A method of load application, by 
means to two post-tensioning forces, is described below to ensure the load in the each 
damper layer is zero after the application of the (total) initial post-tensioning load. 
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Consider the macro-model and nomenclature in Figure 7.58. First, the stiffness of a 
few sub-elements are determined. k1 is the axial stiffness of the frame element 
(accounting for the multi-spring) up to the height of the dampers. 
 
( ) multicdiss kEAhk 1
1
*1 +⋅=  7.89 
 
k2 includes the total stiffness of all dampers 
 
∑+= disskkk 12  7.90 
 
k3 is the axial stiffness of the frame element above hdiss 
 
( ) ( )dissc hhEAk −⋅= *3  7.91 
 
ktotal is the total (net) axial stiffness of the macro model 
 
∑++= iPTtotal kkkk ,23 11
1  7.92 
 
The three step procedure is described as follows, with reference to Figure 7.58. 
 
Step 1 
Apply an initial post-tensioning force 1* 0,ptT  to the top of the frame section equal to the 
following, where TPT,0 is the target (total) initial post-tensioning force. 
 
totaliPT
PT
pt kk
T
T ∑−= ,
0,1*
0, 1
 7.93 
 
Step 2 
Apply an additional force 2* 0,ptT  at height hdiss equal to the following 
 
( ) ⎥⎦
⎤⎢⎣
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T
T
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PT
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Step 3 
An internal prestressing force Fdiss is applied to each damper, acting internally within 
the spring element (the sign of this internal force acts to put the damper spring into 
tension). This internal prestressing force must not affect the surrounding nodal forces 
or adjoining elements (Ruaumoko has the option to ensure that the internal 
prestressing force is internal to the element only). In Eq.(7.95) ΣFdiss is the total 
internal prestressing force across all damper layers and should be divided equally into 
each damper layer within the section. 
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When viscous dampers (with no hysteretic dampers) are implemented within the 
macro-model this three-step procedure is not necessary, rather the initial post-
tensioning force can be computed from Eq.(7.88) above and applied to the top of the 
cantilever (or via internal prestressing of the tendon springs) as per a post-tensioned 
only model. 
 
 
 
 
Figure 7.58 Stiffness properties of the macro-model and the implementation of a set of applied 
loads (or internal prestressing) to prevent induced damper forces immediately following post-
tensioning. 
 
 
(d) Multi-Spring Model versus a Simple Two Spring Model 
In Chapter 3 an early version of a multi-spring model that was proposed by Conley et 
al. [1999] was discussed. This model incorporated only two axial compression-only 
springs within the connection. A single spring was located at each end of the rocking 
interface positioned at the centroid of the resultant compression force. It was 
mentioned that this over-simplified method could lead to a non-conservative 
overestimation of the moment capacity of the connection. This model assumes that 
the uplift at the base of the wall is generated by pivoting about the centroid of the 
resultant compression force, which is also assumed to be fixed in a given position. 
However, in reality the “pivot” point is located at the neutral axis within the section 
and is varying during rocking. Given that the uplift of the wall dictates the elongation 
of the tendon and damper elements, if only a few axial springs are located along the 
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rocking interface (two in this case) the tendon elongation and internal moment can be 
significantly overestimated. It can be shown that the error between a two spring model 
and multi-spring model with an infinite number of springs can be related by Eq.(7.96). 
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Where, 
 β  = equivalent stress block depth parameter 
 χ = dimensionless neutral axis depth, χ = c/Lw 
 
As an example, if β = 0.85 a 4% error occurs if χ = 0.1 while a 15% occurs if 
χ = 0.25. That is, if the strains within the compression region is high, or the depth of 
the compression region is large, then greater accuracy will be achieved by increasing 
the number of axial springs along the rocking interface. 
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7.3.4. An Analytical Macro-Model for LVL Wall 4 with Hysteretic Dampers 
In this section the multi-spring macro model is first compared to the experimental 
response of LVL Wall 4. At a global level (Figure 7.59) and at a local level (Figure 
7.60) the ability of the model to capture the entire cyclic response is very good. 
 
 
 
Figure 7.59 Comparison between the experimental cyclic response and the analytical macro 
model of the LVL post-tensioned wall, LVL Wall 4 
 
 
 
Figure 7.60 Local comparison between the experimental cyclic response and the analytical macro 
model of the LVL post-tensioned wall, LVL Wall 4 
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7.3.5. An Analytical Macro-Model for LVL Wall 2 with Non-Linear Viscous 
Dampers 
A non-linear viscous damper element is available within the element library of 
Ruaumoko (Carr [2005]). Component testing of the viscous dampers in Chapter 5 
revealed slackness within the connections at each end of the viscous dampers due to 
the mechanical tolerances within the spherical connections. This slackness totalled to 
approximately ∆slack = 1.5mm. To account for this in the macro-model a linear elastic 
gap element was implemented in series with the non-linear viscous damper spring as 
illustrated in Figure 7.61. The elastic stiffness of the gap spring was sufficiently high 
to confine any elongation greater ±0.75mm to the viscous damper, in this case a 
stiffness of kgap = 7500kN/m was used. 
 
 
 
Figure 7.61 Modelling the slackness within the non-linear viscous dampers 
 
 
By accounting for the slackness within the damper the lateral response of the macro 
model compares well with the experimental response in Figure 7.62 and Figure 7.63. 
In fact, the importance of including the gap spring becomes more obvious when 
comparing the response of the model at higher excitation frequencies in Figure 7.64. 
During high frequency testing, the maximum wall displacement that could be 
achieved was reduced, which was limited by the velocity capacity of the shake-table. 
Figure 7.64 indicates that the slackness of the damper begins to dominate the response 
of the wall when the displacements of the dampers are small. The local response of 
the neutral axis position and the velocity of the damper elements are well represented 
in Figure 7.63. Some instability is observed in Figure 7.63 (b) when the velocity is 
small. This instability can be an issue for highly non-linear dampers (α<<1), which 
essentially have a very large axial stiffness. 
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Figure 7.62 Comparison between the experimental cyclic response and the analytical macro 
model of the LVL post-tensioned wall, LVL Wall 2 
 
 
 
Figure 7.63 Local comparison between the experimental cyclic response and the analytical macro 
model of the LVL post-tensioned wall, LVL Wall 2 
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Figure 7.64 Comparison between the experimental cyclic response and the analytical macro 
model of the LVL post-tensioned wall, LVL Wall 2 for excitation frequencies of 1.0Hz and 2.0Hz 
 
 
7.3.6. A 3-Dimensional Macro-Model for Post-Tensioned Rocking Systems 
In this section the 2-dimensional multi-spring macro model is extended to 3-
dimensions using Ruaumoko3D (Carr [2005]). The macro model of the PT bridge pier 
HBD5 is illustrated in Figure 7.65, which comprises of 10 sets of multi-spring 
elements at the rocking interface. Each multi-spring has 10 individual springs 
resulting in a total of 100 axial springs. Calibration of a 3D model requires two 
section analyses to be carried out: one about the principle axis and the other 45 
degrees to the principle axis. Calibration of the axial stiffness is undertaken for both 
section analyses and is likely to result in two different values for the multi-spring 
stiffness km. Three methods of calibration are suggested below. 
 
1) Adopt an average value of km for the calibration along the principal axis and 
that 45 degrees to the principal axis 
 
2) Adjust the axial stiffness of all individual springs located around the perimeter 
of the section such that the principle and 45 degree response compare well 
with the two section analyses 
 
3) Adjust the axial stiffness of the individual springs located in the corner toe of 
the pier section. This option achieves good accuracy whilst minimising the 
work involved in calibration. The response along the principle axis is little 
affected by altering the stiffness of a few of the corner springs. 
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Figure 7.65 3-Dimensional macro model utilising a multi-spring rocking interface for the post-
tensioned pier HBD5 
 
 
The comparison of the 3-dimensional macro-model with the biaxial experimental 
response of HBD5 is graphed in Figure 7.66 and Figure 7.67. The global response 
compares well within Figure 7.66 in that the initial stiffness, lateral strength and 
tendon force are well captured. In fact, for this 3-Dimensional model calibration of the 
multi-spring stiffness about the two orientations (the principle axis and 45 degrees to 
the principle axis) resulted in the same axial stiffness for both analyses. A value of 
km = 3.5x106 kN/m, being equal to the total axial stiffness of the multi-spring unit, 
was used. The lantern shape describing the neutral axis behaviour in Figure 7.67 
appears to be accurately modelling the flexibility of the rocking interface, suggesting 
that the calibrated multi-spring properties were of the correct magnitude. 
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Figure 7.66 Biaxial comparison between the experimental cyclic response and the analytical 
macro model of the post-tensioned pier, HBD5 
 
 
 
Figure 7.67 Biaxial comparison at a local level between the experimental cyclic response and the 
analytical macro model of the post-tensioned pier, HBD5 
 
 
Chapter 7: Modelling Techniques for Post-Tensioned Rocking Connections 7.83 
7.4. MODELLING THE DYNAMIC RESPONSE OF POST-TENSIONED 
ROCKING SYSTEMS 
7.4.1. Modelling the Contact Damping in Post-Tensioned Rocking Systems 
(a) Existing Contact Damping Models in Literature 
During impact of a colliding body some portion of energy is lost: this energy loss is 
referred to as contact damping. The energy loss was first included within an equation 
of motion by Housner [1963]. Housner expresses the energy lost during impact by a 
reduction in kinetic energy. Eq.(7.97) defines the coefficient-of-restitution as the ratio 
of angular velocity immediately before 1θ&  and immediately after 2θ&  impact. 
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Jankowski [2005] describes the problem of impact as being a complex phenomenon 
involving inelastic deformations, cracking, crushing and friction energy. A majority 
of the literature pertaining to contact damping models focus on the impact during 
structural pounding of buildings in series or along bridge decks. The most commonly 
adopted model is the classical linear visco-elastic model comprising of a linear-elastic 
spring (representing the stiffness of the two elements in contact) located in parallel 
with a linear viscous damper (representing the energy lost during contact): these 
elements are only activated when the two systems come into contact. A common 
method of quantifying the energy dissipated during impact is to relate the damping 
coefficient of the linear dashpot to the coefficient-of-restitution e: Anagnostopoulos 
[1988]; Maison and Kasai [1992]; Jankowski et al. [1998]; Jankowski [2006]. A 
second commonly adopted model is a non-linear elastic spring model, Chau and Wei 
[2001]. In Eq.(7.98) the force within a non-linear elastic spring F is given by a 
coefficient β multiplied by the contact displacement X raised to the power χ. The 
Hertz spring is a special case of the non-linear elastic spring with χ = 1.5 originally 
developed to model the contact of a sphere on an adjacent body, Davis [1992].  
 
( )χβ XF =  7.98 
 
Because the non-linear spring of Eq.(7.98) is elastic, energy dissipation must be 
accounted for by other means, either by including a coefficient-of-restitution or a 
calibrated linear/non-linear viscous damper in parallel to the non-linear spring, 
Jankowski [2005]. What ever modelling option is selected most research conclude 
that the displacement response has little effect on the amount of damping associated 
with impact and a slightly conservative response can be expected if energy dissipation 
is neglected altogether. Some research indicate that the accelerations, and to a lesser 
extent velocities, can be sensitive to the model parameters (Anagnostopoulos [1988]); 
however, the actual energy lost during impact is only a small percentage of the total 
energy dissipated by the entire structure, Maison and Kasai [1992]. 
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(b) Proposed Contact Damping Model for Post-Tensioned Rocking Systems 
In this section a physical contact damping model for PT rocking systems is 
incorporated within the macro-model presented in Section 7.3 above. The existing 
contact damping models discussed above, consisting of a spring and dashpot in 
parallel, form the basis of the contact damping model adopted within the macro-model 
herein. With reference to the classical linear visco-elastic model, the spring element 
representing the impact region already exists within the macro-model as a multi-
spring element (the multi-spring models the rocking response at the interface). The 
axial stiffness of the multi-spring element is determined (calibrated) from a detailed 
section analysis (see Section 7.3.2). The only missing piece of the model is an 
allowance for energy dissipation during (rocking) impact. As various researchers have 
concluded that the response can be quite insensitive to the amount of energy 
dissipation included within the model, the proposed model should be as simple as 
possible: anything more complicated is simply not justified. It is for this reason that 
the contact energy is accounted for by means of an additional damper element at the 
effective height of the system.  
 
In Chapter 6 the contact damping was quantified from free-vibration testing, where an 
equivalent viscous damping (EVD) ratio of 2.4% was found. This EVD ratio was 
found to be proportional to the secant stiffness of the system at the maximum 
displacement. The secant stiffness Ke is defined as the lateral load at the maximum 
displacement Fm divided by the maximum system displacement ∆m. The maximum 
displacement is defined as the peak displacement response from earthquake 
excitation, or in the case of free-vibration, the release displacement of the system. 
 
Chapter 6 mentioned that the energy lost during contact should be proportional to the 
vertical acceleration during rocking impact. Chapter 6 also showed that the maximum 
vertical acceleration during impact was directly proportional to the maximum system 
velocity, regardless of the amount of mechanical damping within the system. It was 
concluded in Chapter 6 that as the peak velocity is proportional to the peak 
displacement, the forces within the damping model should be proportional to both 
velocity and displacement. However, the actual proportion of contact energy 
dissipation attributed to both velocity and displacement was not quantified. From 
analytical comparisons with experimental free-vibration decay it was found that a 
50/50 split captured the response decay well. That is, a damping model utilising a 
velocity proportional damper element and a displacement proportional damper 
element, each dissipating an equal portion of the total energy lost due to contact 
damping. The velocity component was be modelled as a linear viscous dashpot, while 
the displacement component was modelled as a friction, or elasto-plastic spring. 
These two damping components (viscous and friction) are conceptually disaggregated 
in Figure 7.68. The linear viscous damper has a damping coefficient Ce equated from 
Eq.(7.99). This equation includes the calibrated damping ratio of ξ = 2.4% and the 
50% proportion of total EVD attributed to the viscous element. The secant stiffness Ke 
is computed from the maximum system displacement ∆m. In the case of design, ∆m is 
equal to the target design displacement ∆d. For an assessment (or time-history 
analysis) of an existing system, iteration may be required as the maximum 
displacement ∆m will not be known prior to carrying out the analysis. 
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A constant damping model was used to represent the level of contact damping within 
the system. That is, the damping coefficient and the friction force do not change 
during the analysis. Details of the macro-model incorporating the proposed damping 
elemens is illustrated in Figure 7.69, showing the contact damper elements located at 
the effective height of the system.  
 
The friction damper yield force FD is calculated by relating the hysteretic area of the 
damper to equivalent viscous damping (EVD). The area-based EVD formulation is 
presented in Eq.(7.100), which includes the proposed 50% proportion of total EVD. 
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By rearranging Eq.(7.100) and substituting in an EVD of ξ = 2.4% the friction damper 
yield force FD is computed as follows 
 
πξπ memeD KKF ∆⋅=∆= 006.04  7.101 
 
Also included within the macro-model of Figure 7.69 is an allowance for rotational 
flexibility of the foundation. The average spring stiffness was calibrated directly from 
the experimental data: this was calculated during the loading phase of the free-
vibration tests. The rotational stiffness of the foundation was equal to 48.82MNm/rad. 
 
 
 
Figure 7.68 The proposed components of equivalent viscous damping (EVD) for the macro model 
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Figure 7.69 Macro model incorporating system dynamic properties 
 
The global response of the macro-model is compared to a number of experimental 
shake-table tests in Appendix D. Each macro-model analysis incorporates the 
calibrated level of EVD of 2.4%, equal to a constant value and proportional to the 
secant stiffness of the system at the maximum displacement response. The macro-
model is compared to the experimental free-vibration testing of the PT concrete walls 
when released from a lateral drift ratio of 1.5% in Figure (D.1) to Figure (D.5). The 
comparison at 2.5% of drift is not included as similar conclusions were drawn. The 
analytical-experimental free-vibration comparison shows the displacement time-
history in addition to the various energy components of the system (input and kinetic). 
For each PT wall test the macro model is also compared to the experimental response 
under each MCE earthquake ground motion in Figure (D.6) to Figure (D.25). A 
comparison at the DBE intensity is not presented as sufficient evidence is given by the 
MCE comparison. The analytical-experimental comparison of each of the MCE time-
history responses in Figure (D.6) to Figure (D.25) is presented for the calibrated level 
of contact damping of ξ = 2.4%, but also includes a ±25% variation of contact 
damping to illustrate the sensitivity of the analysis to additional damping. 
 
It is worth mentioning that when the macro-model is analysed under free-vibration 
decay, the shake-table nodes are not fixed. Recalling from the experimental results 
presented in Chapter 6, table-interaction significantly modified the response of the 
wall. It is for this reason that the table displacement time-history recording during the 
experimental tests were used as a displacement input to the table nodes within the 
analytical model. 
 
Under free vibration, the analytical models with low levels of mechanical damping 
show some variation from the experimental response, which can be expected for 
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systems with low levels damping. In fact, the response of these systems (in particular, 
the PT-only system) is very sensitive to the level of damping adopted. The sensitivity 
to damping is illustrated in the time-history response of Figure (D.6), where a 
variation in contact damping of ±25% results in an entirely different displacement 
response. Two conclusions are made with regards to the response of the PT-only wall 
(PT Wall 1) under both MCE earthquake ground motions, 
 
• The peak ground displacement and displacement decay is captured when 
considering a damping window of ±25% of the calibrated value, ξ = 2.4%. 
• Neither of the damping ratio bounds has the capability of capturing both the 
peak displacement response and the actual displacement time-history decay. 
 
With respect to the PT walls with larger levels of mechanical damping (Wall 3, 4 & 
5), the contact damping represents only a small portion of the overall system 
damping. Therefore, the ability of the model to capture the free-vibration and 
earthquake excitation response is largely dictated the by how well the hysteretic 
damping is modelled along the rocking interface. 
 
Some instability was present within the models that had only non-linear viscous 
dampers (PC Wall 2 in Figure (D.10) to Figure (D.13)). These non-linear elements 
have a very high axial stiffness when the damper velocity is small. Furthermore, 
additional modelling complexity was included within the non-linear dampers by 
including a gap element to account for the slipping within the spherical connections at 
each of the viscous dampers (Section 7.3.5). While all effort was undertaken to 
minimise the instability, the current results were the best that could be achieved with 
the current version of Ruaumoko. The instability was related to the small out-of-
balance forces associated with high modes of the system. The chaotic response was 
not observed within the displacement time-history analyses. The response became less 
chaotic when hysteretic damping was combined with the viscous dampers, as seen in 
the comparison of PC Wall 3: Figure (D.15) to Figure (D.17). 
 
Table 7.15 summarises the maximum displacement and velocity obtained from the 
analytical model and compares this to the peak experiment response parameters 
measured during each PT wall test. The table also summarises the peak response of 
each analytical model considering a contact damping window of ±25%. With the 
exception of the PT-only system, the peak displacement and velocity response 
compares well with the peak experimental response given the calibrated level of 
contact damping equal to ξ = 2.4%. Furthermore, in most cases the displacement 
time-history decay was also captured reasonably well. In the event that the peak 
displacement or displacement time-history did not compare, the experimental 
response appeared to lie within the ±25% error window. For the heavily damped walls 
of PC Wall 3 and PC Wall 4, the response was only slightly affected by varying the 
level of contact damping. In this case, the energy dissipation was dominated by the 
hysteretic and viscous dampers. On the contrary as the level of mechanical damping 
reduced, as in PC Wall 2 and PC Wall 5, a slightly larger variation in response was 
observed considering a contact damping variation of ±25%. 
 
The peak absolute acceleration is compared between the model and the experiment in 
Table 7.16. There is some significant discrepancy here, which can largely be 
attributed to the digital filter that was applied during post-processing of the 
7.88                              D.J. Marriott.  The Development of High-Performance, Post-Tensioned Systems 
experimental data: acceleration is particularly sensitive to the Butterworth cut-off 
frequency. However, with this said the comparison is not too conflicting. 
 
In summary, two main conclusions are made, based on whether contact damping 
should be included within a model: 
• For all practical levels of mechanical damping, the option to ignore contact 
damping will have little effect on the maximum response of the system: from a 
performance-based design philosophy this is justified and, in fact, slightly 
conservative 
• For PT systems with zero (or very low levels of) mechanical damping, the 
peak response is largely affected by small levels of damping. In this case, it is 
worth accounting for contact damping, as well as a possible variation (error 
window). This will determine how sensitive the response is under different 
levels of contact damping, as the actual amount of contact damping is difficult 
to accurately quantify from experimental testing. 
 
Table 7.15 Analytical-experimental comparison of the maximum displacement and velocity of 
each post-tensioned wall (PC Wall 1 to PC Wall 5) under the NF & FF MCE ground motions. 
The maximum response of the analytical model considers a damping window of ±25% (0.75ξ and 
1.25ξ). 
Peak displacement ∆max [mm] Peak velocity vmax [mm/s] 
Model Model  Expt 0.75ξ ξ 1.25ξ Expt 0.75ξ ξ 1.25ξ 
NF 20.4 19.8 20.1 19.4 378 364 376 350 Wall 1 
FF 27.6 26.8 13.9 7.4 423 434 298 188 
NF 16.6 13.8 14.3 14.1 283 272 262 248 Wall 2 
FF 35.0 38.7 36.6 33.5 417 436 412 370 
NF 12.5 12.8 12.1 11.7 252 230 218 206 Wall 3 
FF 27.6 30.4 28.8 27.2 318 320 300 284 
NF 13.1 12.9 12.3 11.8 230 208 206 202 Wall 4 
FF 19.7 21.4 19.4 17.5 250 222 212 204 
NF 16.0 16.2 15.4 14.8 295 268 262 256 Wall 5 
FF 28.7 35.6 31.2 26.6 371 430 360 290 
 
Table 7.16 Analytical-experimental comparison of the maximum absolute acceleration of each 
post-tensioned wall (PC Wall 1 to PC Wall 5) under the NF & FF MCE ground motions. The 
maximum response of the analytical model considers a damping window of ±25% (0.75ξ and 
1.25ξ). 
Peak acceleration amax [g] 
Model  Expt 0.75ξ ξ 1.25ξ 
NF 0.473 0.412 0.410 0.408 Wall 1 
FF 0.518 0.455 0.365 0.316 
NF 0.372 0.332 0.332 0.328 Wall 2 
FF 0.591 0.483 0.471 0.452 
NF 0.389 0.335 0.325 0.321 Wall 3 
FF 0.575 0.471 0.460 0.450 
NF 0.446 0.375 0.370 0.363 Wall 4 
FF 0.537 0.462 0.445 0.422 
NF 0.499 0.405 0.398 0.394 Wall 5 
FF 0.617 0.551 0.523 0.490 
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7.5. CONCLUSIONS 
This chapter has presented an exhaustive description relating to the monotonic, cyclic 
and dynamic modelling of systems with post-tensioned rocking connections. 
Furthermore, attention has also been given to modelling the biaxial response of post-
tensioned rocking connections.  
 
A number of refinements to an existing global-member-compatibility condition for 
post-tensioned rocking systems were proposed. In particular, the most recent revision 
by Palermo [2004] considers three compatibility regions: it was shown that this 
analogy reduces to only two regions for post-tensioned systems with external devices 
(or no devices at all, PT-only). It was also shown that this two-region member-
compatibility-analogy could be applied to any post-tensioned connection with any 
stress-strain constitutive relationship. 
 
Simple methods were developed to account for the cyclic loading of steel within a 
monotonic section analysis. Furthermore, three options to account for the confinement 
effects of a post-tensioned section with protective elements located around the 
perimeter of the section were proposed. While the additional confinement provided to 
the section was not explicitly computed, an allowance was made. In cases where the 
response was sensitive to confinement, it was suggested that the upper and lower 
bound response should be considered.  
 
Further refinements include a modification to existing strain-displacement 
relationships for hybrid systems with “fused” internally grouted reinforcement. It was 
shown that the mild-steel elongation associated with strain penetration is significantly 
reduced in such hybrid connections. What’s more, stress-block factors were 
developed for confined concrete and LVL, derived by direct numerical integration of 
the Mander et al. [1988] stress-strain relationship for confined concrete and the 
proposed non-linear polynomial for LVL.  
 
A method to assess the monotonic response of post-tensioned systems with fluid 
viscous dampers was developed, using an effective period of excitation and a target 
displacement to define the forces within the non-linear viscous dampers. The 
monotonic modelling concluded with an extension to biaxial bending of post-
tensioned connections. An accurate section analysis was presented to compute the 
biaxial response of a PT connection and was shown to compare very well to 
experimental testing. A number of biaxial-moment interaction design charts were 
developed to define the biaxial moment capacity of a post-tensioned section at the 
equivalent yield and at the Damage Control limit state. 
 
An existing macro-model utilising multi(axial)-spring elements to replicate the 
rocking characteristics of a post-tensioned connection was developed further. In 
particular, a method was outlined to calibrate the stiffness of the multi(axial)-spring 
from a section analysis. Some minor refinements were discussed with regards to the 
application of the initial post-tensioned force to avoid pre-loading the external 
devices. A method to calibrate a 3-Dimensional multi(axial)-spring macro-model 
from a biaxial section analysis was also discussed and found to compare very well to 
experimental testing. 
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Finally, a damping model was presented to account for energy lost due to the rocking 
impact of post-tensioned connection under dynamic loading (contact damping). The 
key properties of the model are listed 
 
• The damping forces within the contact damping model are proportional to 
velocity and displacement, where the total energy dissipated by both 
components is equal. 
• The velocity dependency is modelled as a linear viscous damper, while the 
displacement dependency is modelled as a friction, or elasto-plastic spring 
• The magnitude of the damping coefficient and the friction force is proportional 
to the secant stiffness, which is defined by the maximum displacement 
response of the system. An equivalent viscous damping ratio of ξ = 2.4% is 
implemented. This was calibrated from experimental testing in Chapter 6. 
• The viscous damping coefficient and friction force are constant throughout the 
analysis. 
 
The response of the lightly damped post-tensioned walls was found to be sensitive to 
the level of contact damping used. However, by including a ±25% contact-damping 
window the model was able to capture both the peak displacement and the 
displacement time-history decay reasonably well. The analytical model compared 
well with the more heavily damped walls as the performance of the model was 
governed by how well the mechanical dampers were modelled. While peak response 
parameters compared reasonably well, peak horizontal accelerations did not compare 
as well as acceleration data was sensitive to the choice of the digital filter used during 
post-processing.  
 
Finally, it was concluded that for all practical levels of mechanical damping, the 
option to ignore contact damping will have little effect on the maximum response of 
the system. For PT systems with zero (or very low levels of) mechanical damping, the 
peak response is largely affected by small levels of damping. In this case, it is worth 
accounting for contact damping and to also include some variation of contact damping 
within the analysis. This will determine how sensitive the response is under different 
levels of contact damping as it has been shown that the actual contact damping is 
difficult to accurately quantify from experimental testing. 
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8. Direct Displacement-Based Design of Post-Tensioned 
Rocking Systems, Part I: SDOF Rocking Systems with 
Viscous Dampers 
8.1. INTRODUCTION 
This chapter outlines a design procedure for single degree of freedom (SDOF) post-
tensioned (PT) rocking systems incorporating external supplementary viscous damper 
devices. Following from the introduction of DDBD given in Chapter 3, an extension 
is proposed for the design of post-tensioned rocking systems with viscous dampers. 
The damped response of SDOF systems with non-linear viscous damping is 
investigated. A series of damped response spectra are presented to quantify the 
reduction in displacement and velocity response of a SDOF system with 
supplementary non-linear viscous damping. After relating the system damping to the 
maximum displacement and velocity response, the mechanics of post-tensioned 
rocking systems are investigated in detail to relate the local damping properties (of the 
devices) at the rocking interface to the global damping properties of the SDOF system 
(at the effective height of the system). Finally, the (mechanical) local-to-global 
damping relationship is uses the calibrated SDOF damped response to complete the 
design procedure. The chapter concludes by verifying the design procedure on six 
prototype post-tensioned walls. The error between the target displacement and the 
mean of the maximum displacements agreed well; with the exception of one 
prototype, each system achieved a displacement that was less than 5% of the target. 
 
8.1.1. Design Issues for Post-Tensioned Rocking Systems with Viscous 
Dampers 
Two fundamental issues arise when considering the displacement-based design 
(DBD) of a system with viscous dampers. First, as there is no defined yield point of a 
viscous damper, ductility is not an appropriate design parameter. Figure 8.1 compares 
the components of a PT-Hysteretic and a PT-Viscous system. The PT-Hysteretic 
system has a defined yield point corresponding to yield of the hysteretic (EP) element. 
The PT-Viscous has no defined yield point corresponding to yield of the damper. 
While there is a transition from an initial elastic stiffness to a bilinear stiffness, this 
does not define the energy dissipated by the non-linear damper. Figure 8.1 also 
indicates the high non-linearity of a PT-viscous system in that the viscous force is 90 
degrees out-of-phase with the system displacement. In this chapter a DBD procedure 
is developed for PT-viscous systems in which the design displacement spectra is not 
reduced according to damping-ductility equations, but reduced according to 
equivalent viscous damping properties of a SDOF system that have been calibrated to 
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time-history-analysis (THA). The second issue specific to a PT-viscous system is that 
the capacity of the system is dependant on the excitation velocity. Traditional 
displacement-based design procedures consider the response of the SDOF system at 
the peak displacement. The procedure developed herein adopts an intermediate system 
displacement with non-zero velocity. The procedure uses the displacement spectrum 
in addition to a velocity spectrum: the two spectra have independent reduction factors 
to recognise the out-of-phase response between spectral velocity and spectral 
displacement. While design procedures for systems with viscous dampers are in 
literature (Pekcan et al. [1999], Whittaker et al. [2003]) these methods are unable to 
be incorporated within a displacement-based design framework, which is the key 
concept behind the design procedure developed as part of this research. 
 
 
 
Figure 8.1 Comparison between a traditional hybrid system (a)-(b) and a hybrid viscous system 
(c)-(d) 
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To further illustrate the independency of ductility-damping of a PT-viscous system a 
series of area-based damping curves are graphed in Figure 8.2. The area-based 
equivalent viscous damping of a non-linear inelastic system is given by Eq.(8.2). 
 
mm
d
basedareaeq F
E
∆=− πξ 2
1
,  8.1 
 
Where 
 Ed = Energy dissipated in one complete cycle 
 Fm = Lateral force of the system at the peak displacement ∆m. 
 
For a PT-hysteretic system with elasto-plastic (EP) damping this equation can be 
written as 
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Where 
 Fy,ms = EP yield force 
 ∆y,ms = EP yield displacement 
Fy,PT = Force at the transition from the initial K to the bilinear stiffness rK of 
the PT component (apparent PT “yield” force) 
∆y,PT = Displacement at the transition from the initial K to the bilinear 
stiffness rK of the PT component (apparent PT “yield” displacement) 
∆m = Peak system displacement 
 
For a PT-viscous system (linear viscous) this equation can be written as 
 
( )[ ]rKF vF PTymPTy vdbasedareaeq ,, max,
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Where 
 Fvd(vmax)  = Maximum viscous damper force (at maximum velocity) 
 
The two systems in Figure 8.1 above are used as examples to plot the area-based 
damping curves in Figure 8.2 using Eq.(8.1) and (8.2) above. Three peak damper 
force magnitudes are shown, Fvd = Fy,ms = 15, 20 and 25 units. Figure 8.2 indicates 
that the PT-hysteretic damping curve is very dependant on the system ductility (in 
addition to the EP yield force), though the dependency reduces as the ductility 
increases. On the contrary, the PT-viscous damping relationship has minimal 
dependency on system ductility. In fact, this dependency is entirely related to the 
bilinear stiffness of the PT component. In the case where the bilinear stiffness of the 
PT component is zero (which is typically the case for a bridge system with P-∆ 
induced loads) the dependency on ductility is zero, Figure 8.2 (b). This example 
clearly illustrates why ductility can not be used as a design parameter for a PT-viscous 
system, instead the actual properties of the viscous damper give a better indication of 
the level of equivalent damping within the system. 
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Figure 8.2 Damping-ductility relationship of a PT-Viscous and PT-Hysteretic (EP) system 
 
8.2. DEVELOPMENT OF A DAMPED DESIGN SPECTRA FOR SYSTEMS 
WITH NON-LINEAR VISCOUS DAMPING 
An extensive series of time history analyses (THA) were undertaken to develop a set 
of damped response spectra for the design of post-tensioned (PT) rocking systems 
incorporating supplementary viscous damping. The push-over envelope of a generic 
post-tensioned system with viscous damping is presented in Figure 8.3 (a), achieving 
a target design displacement ∆d. The non-linear elastic PT component is shown as a 
black dashed line. Besides the input signal, there are five major parameters defining 
the push-over response of a viscous flag-shape 
 
1. The initial stiffness, KPT 
2. The bilinear stiffness rKPT 
3. The force defining the transition from the initial to the bilinear stiffness of the 
PT spring, Fy,PT 
4. The supplementary viscous damper coefficient, CVD 
5. The velocity exponent of the supplementary damper, α 
 
In order to reduce the number of variables above from five to three, the system was 
simplified by representing the non-linear elastic PT spring as an effective elastic 
spring with secant stiffness to the target displacement ∆d. This is illustrated in Figure 
8.3 (b), where Ke is the effective elastic stiffness of the PT spring. The non-linear 
elastic PT spring has been replaced with an equivalent elastic spring of stiffness Ke: 
the response of the viscous damper is not affected by the linearisation of the PT 
spring. The premise of linearising the PT spring defines the SDOF model used to 
develop the design response spectra. In a later section, consideration is given to 
modification factors to account for the actual bilinear loading envelope. 
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Figure 8.3: Linearisation of a viscous hybrid system 
 
8.2.1. Description of the SDOF System and THA Model Parameters 
A SDOF model was created for the development of a set of damped response spectra. 
An effective linear model with non-linear viscous damper properties was used in to 
undertake the analysis. This linearization of the model was discussed above and 
illustrated in Figure 8.3. A schematic of the elastic SDOF model is pictured in Figure 
8.4 consisting of an equivalent linear elastic PT spring and two dashpot elements: one 
representing the supplementary viscous damper (linear or non-linear) and one 
representing the elastic (intrinsic) system damping. The elastic spring was kept 
constant and equal to a value of ke=1000kN/m, while the mass M was varied in order 
to achieve the desired structural (secant) period. The analysis stepped in period 
increments of 0.5sec, beginning at T=0.5sec and ending at T=4sec. The elastic 
damping was equal to 5% of critical damping. Because the SDOF model is an 
effective elastic system, a 5% initial, tangent or secant stiffness proportional damping 
model are identical in this case. For each structural period T, the supplementary 
damper properties were varied as follows, 
 
1. The damping coefficient CVD was normalised with respect to critical damping 
Cc, defining the parameter Ω = CVD/Cc. This parameter is referred to as the 
Supplementary Damping Ratio (SDR). Five SDR ratios were considered, Ω: 
0.05, 0.10, 0.15, 0.20 and 0.30. For each analysis the damping coefficient CVD 
is defined by the following expression 
 
π
TK
CC ecVD
2⋅Ω=⋅Ω=  8.4 
 
2. Five velocity exponents were also studied, α : 0.15, 0.30, 0.50, 0.75 and 1.00. 
 
This resulted in 200 SDOF structural models and a total of 6000 individual time-
history analyses. The model matrix is illustrated in Figure 8.5. 
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Figure 8.4 Equivalent elastic SDOF model 
 
 
 
Figure 8.5 SDOF model matrix 
 
8.2.2. Selection and Scaling of the Earthquake Ground Motions 
Two strong ground motion data sets were compiled: a far-field suite and a near-field 
suite. The far-field records comprised of 10 historical records and 5 spectrum 
compatible artificial records. The 10 historical far-field records were those of previous 
studies specifically concerning the development of DDBD, Pettinga and Priestley 
[2005] and Sullivan et al. [2006]. The artificial records were assembled using the 
Ruaumoko package, SIMQKE (Carr [2005]). The near-field records comprised of 15 
historical ground motions recorded within 15km of the rupture source. In many cases 
it proved difficult to scale near-field ground motions to the design acceleration or 
displacement spectrum because of the directivity characteristics of near-field 
acceleration records. It is for this reason that the ground motions were scaled to the 
New Zealand (pseudo) design velocity spectrum over a period range of 0-4sec, 
 
mass 
Elastic system 
damping: ξel 
Supplementary 
damper: CVD, α 
Equivalent elastic 
Spring: Ke 
Ground motion
Chapter 8. Design of SDOF Rocking Systems with Viscous Dampers 8-7 
NZS1170.5 [2004]. The records were scaled to a ground motion hazard having a zone 
factor z = 0.28, soil class C, return period of 500years Ru = 1.0 and a structural 
performance factor Sp = 1.0. The far-field ground hazard had a distance of 20km to 
the fault, while the near-field ground hazard had a distance of 2km to the fault. 
Following the scaling procedure, the mean of the 5% damped acceleration, velocity 
and displacement response spectra are compared to the corresponding New Zealand 
design spectra in Figure 8.7. The method of scaling to the velocity spectrum proved to 
be an appropriate method as the mean spectral response compares well with the target 
design spectra. The agreement is less accurate for periods greater than 3sec, where for 
larger periods the New Zealand design displacement spectrum is truncated, making it 
difficult to fit records over the entire period range. 
8-8                            D.J. Marriott.  The Development of High-Performance, Post-Tensioned Systems 
 
k3
 
1.
08
9 
1.
11
4 
2.
33
9 
1.
59
7 
0.
88
3 
0.
57
2 
1.
65
6 
0.
70
1 
1.
92
3 
1.
03
0 
1.
00
0 
1.
00
0 
1.
00
0 
1.
00
0 
1.
00
0 
PG
V
 
[m
/s
] 
0.
29
8 
0.
40
2 
0.
13
7 
0.
30
0 
0.
43
9 
0.
64
3 
0.
14
8 
0.
46
2 
0.
14
6 
0.
51
4 
0.
52
4 
0.
29
1 
0.
39
6 
0.
42
7 
0.
37
0 
PG
A
 
[g
] 
0.
21
5 
0.
41
3 
0.
10
7 
0.
11
6 
0.
26
9 
0.
49
6 
0.
23
9 
0.
36
3 
0.
12
2 
0.
24
5 
0.
38
5 
0.
38
5 
0.
38
5 
0.
38
5 
0.
38
5 
So
il 
ty
pe
2  
D
 
C
 
D
 
D
 
D
 
D
 
D
 
D
 
E D
 - - - - - 
O
ri
en
ta
tio
n 
27
0 
N
-S
 
L1
 
0 16
5 
E-
W
 
90
 
90
 
90
 
27
0 - - - - - 
R
up
tu
re
 M
ec
h 
St
rik
e-
Sl
ip
 
R
ev
er
se
-O
bl
iq
ue
 
R
ev
er
se
 
R
ev
er
se
 
R
ev
er
se
-O
bl
iq
ue
 
St
rik
e-
Sl
ip
 
R
ev
er
se
 
St
rik
e-
Sl
ip
 
St
rik
e-
Sl
ip
 
St
rik
e-
Sl
ip
 
- - - - - 
R
1 
[k
m
] 
6.
09
 
35
 
28
.8
 
20
.0
 
24
.8
 
4.
4 
29
.9
 
11
.3
 
28
.1
 
23
.6
 
- - - - - 
M
w
 
6.
.9
5 
7.
62
 
7.
35
 
7.
01
 
6.
93
 
6.
69
 
6.
69
 
6.
9 
6.
9 
7.
28
 
- - - - - 
St
at
io
n 
Im
pe
ria
l V
al
le
y 
C
W
B
 T
C
U
04
7 
70
 B
os
hr
oo
ye
h 
Fo
rtu
na
 B
lv
d 
H
ol
lis
te
r D
iff
 
A
rr
ay
95
 E
rz
ic
an
 
LA
-B
al
dw
in
 H
ill
s 
A
m
ag
as
ak
i 
Sa
ka
i 
Y
er
m
o 
Fi
re
 S
ta
tio
n 
- - - - - 
Y
ea
r 
19
40
 
19
99
 
19
78
 
19
92
 
19
89
 
19
92
 
19
94
 
19
95
 
19
95
 
19
92
 
- - - - - 
EQ
 e
ve
tn
t 
El
 C
en
tro
 
C
hi
 C
hi
 
Ta
ba
s 
C
ap
e 
M
en
 
Lo
m
a 
Pr
ie
ta
 
Er
zi
ca
n 
N
or
th
rid
ge
 
K
ob
e 
K
ob
e 
La
nd
er
s 
A
rti
fic
ia
l 
A
rti
fic
ia
l 
A
rti
fic
ia
l 
A
rti
fic
ia
l 
A
rti
fic
ia
l 
1  C
lo
se
st
 d
is
ta
nc
e 
fr
om
 th
e 
si
te
 to
 th
e 
ru
pt
ur
e 
ar
ea
 
2  S
oi
l c
la
ss
ifi
ca
tio
ns
, e
qu
iv
al
en
t N
ZS
 1
17
0.
5 
cl
as
si
fic
at
io
n 
3  S
ca
le
 fa
ct
or
 fo
r 1
0%
 p
ro
ba
bi
lit
y 
of
 e
xc
ee
da
nc
e 
in
 5
0 
ye
ar
s i
.e
. R
u=
1.
0 
 
 
T
ab
le
 8
.1
 S
el
ec
te
d 
fa
r-
fie
ld
 e
ar
th
qu
ak
e 
gr
ou
nd
 m
ot
io
ns
 
Chapter 8. Design of SDOF Rocking Systems with Viscous Dampers 8-9 
 
k4
 
0.
40
4 
0.
76
6 
0.
51
1 
0.
60
3 
0.
55
6 
0.
81
5 
0.
32
7 
0.
41
0 
0.
59
4 
1.
58
4 
0.
45
3 
0.
43
6 
0.
64
0 
1.
00
8 
0.
59
2 
PG
V
 
[m
/s
] 
1.
29
 
0.
51
 
0.
76
 
0.
91
 
1.
09
 
0.
62
 
1.
09
 
1.
77
 
1.
15
 
0.
50
 
1.
21
 
1.
13
 
1.
47
 
0.
43
 
0.
84
 
PG
A
 
[g
] 
0.
84
3 
0.
34
9 
0.
57
1 
0.
37
7 
0.
46
3 
0.
33
2 
0.
93
1 
0.
56
6 
0.
44
0 
0.
24
4 
0.
85
2 
1.
23
0 
0.
72
7 
0.
28
4 
0.
53
5 
So
il 
ty
pe
2  
D
 
B
 
C
 
D
 
D
 
D
 
B
 
B
 
D
 
B
 
B
 
B
 
B
 
D
 
D
 
O
ri
en
ta
tio
n 
36
0 
33
4 
22
 
23
0 
23
0 
27
0 0 27
0 0 0 TR
 
16
4 
26
0 
90
 
27
0 
R
up
tu
re
 M
ec
h 
R
ev
er
se
 
R
ev
er
se
 
R
ev
er
se
 
St
rik
e-
Sl
ip
 
St
rik
e-
Sl
ip
 
R
ev
er
se
-O
bl
iq
ue
 
R
ev
er
se
-O
bl
iq
ue
 
R
ev
er
se
-O
bl
iq
ue
 
R
ev
er
se
-O
bl
iq
ue
 
St
rik
e-
Sl
ip
 
R
ev
er
se
 
R
ev
er
se
 
St
rik
e-
Sl
ip
 
St
rik
e-
Sl
ip
 
St
rik
e-
Sl
ip
 
R
1 
[k
m
] 
5.
3 
5.
92
 
5.
43
 
3.
95
 
0.
56
 
13
.7
 
0.
92
 
0.
32
 
9.
96
 
10
.9
2 
2.
05
 
1.
81
 
1.
1 
11
.6
 
8.
2 
M
w
 
6.
69
 
6.
69
 
6.
69
 
6.
53
 
6.
53
 
6.
93
 
6.
93
 
7.
62
 
7.
62
 
7.
51
 
7.
35
 
6.
61
 
7.
3 
7.
3 
7.
1 
St
at
io
n 
Sy
lm
ar
 O
liv
e 
V
ie
w
 
LA
 D
am
 
Je
ns
en
 fi
lte
r p
la
nt
 
El
 C
en
tro
 A
rr
ay
 #
5 
El
 C
en
tro
 A
rr
ay
 #
7 
Sa
ra
to
ga
 W
 V
al
le
y 
Lo
s G
at
os
 P
re
s 
TC
U
06
8 
C
H
Y
10
1 
G
eb
ze
 
Ta
ba
s 
D
am
 a
bu
tm
en
t 
Lu
ce
rn
e 
Jo
sh
ua
 T
re
e 
D
uz
ce
 
Y
ea
r 
19
94
 
19
94
 
19
94
 
19
79
 
19
79
 
19
89
 
19
89
 
19
99
 
19
99
 
19
99
 
19
78
 
19
71
 
19
92
 
19
92
 
19
99
 
EQ
 e
ve
tn
t 
N
or
th
rid
ge
 
N
or
th
rid
ge
 
N
or
th
rid
ge
 
Im
p.
 V
al
le
y 
Im
p.
 V
al
le
y 
Lo
m
a 
Pr
ie
ta
 
Lo
m
a 
Pr
ie
ta
 
C
hi
 C
hi
 
C
hi
 C
hi
 
Tu
rk
ey
 
Ir
an
 
Pa
co
im
a 
D
am
 
La
nd
er
s 
La
nd
er
s 
Tu
rk
ey
 
1  C
lo
se
st
 d
is
ta
nc
e 
fr
om
 th
e 
sit
e 
to
 th
e 
ru
pt
ur
e 
ar
ea
 [k
m
] 
2  S
oi
l c
la
ss
ifi
ca
tio
ns
 , 
eq
ui
va
le
nt
 N
ZS
 1
17
0.
5 
cl
as
si
fic
at
io
n 
3  S
ca
le
 fa
ct
or
 fo
r 1
0%
 p
ro
ba
bi
lit
y 
of
 e
xc
ee
da
nc
e 
in
 5
0 
ye
ar
s i
.e
. R
u=
1.
0 
 
 
T
ab
le
 8
.2
 S
el
ec
te
d 
ne
ar
-fi
el
d 
ea
rt
hq
ua
ke
 g
ro
un
d 
m
ot
io
ns
 
8-10                            D.J. Marriott.  The Development of High-Performance, Post-Tensioned Systems 
 
 
 
 
 
 
Fi
gu
re
 8
.6
 R
es
po
ns
e 
sp
ec
tr
a 
fo
r 
15
 fa
r-
fie
ld
 r
ec
or
ds
 (a
)-(
c)
 a
nd
 1
5 
ne
ar
-fi
el
d 
re
co
rd
s (
d)
-(f
) 
Chapter 8. Design of SDOF Rocking Systems with Viscous Dampers 8-11 
8.2.3. Spectral Reduction Factors for Linear Viscous Dampers 
In developing a set of damped response spectra, attention was first be given to the 
pure viscous case i.e. linear viscous dampers with α = 1.0. The mean displacement, 
velocity and acceleration response spectra are presented in Figure 8.7 for far-field (a)-
(c) and near-field (d)-(f) ground motions. Each response spectrum is presented for the 
six supplementary damping ratios (SDR) discussed previously, Ω = 0-0.30. In this 
case, because the supplementary damping is linear (α = 1.0), Ω is exactly equal to 
EVD, i.e. Ω = ξeq. Also shown in the same figure are six corresponding NZ design 
spectra (grey dashed lines): the first being the 5% damped spectra, while the other five 
correspond to increasing levels of damping. These five damped spectra levels are 
reduced from the elastic spectrum according to a calibrated level of equivalent viscous 
damping (EVD), calibrated to each SDR Ω (0.05 to 0.30). The damping reduction 
factor η adopted for DDBD is rewritten below in Eq.8.5. This factor represents the 
ratio of the x% damped response to the 5% damped response. In this equation S 
represents the maximum response, being displacement, velocity or acceleration. 
While some publications impose a lower limit for η (the now superseded European 
code enforced a lower limit of η > 0.7, Eurocode:8 [1998]), no lower limit is used in 
Eq.8.5 as the reduction is computed directly from calibrated time-history analysis 
(THA) 
 
%5
%
02.0
07.0
S
S
eq
ξ
ξη =+=  8.5 
 
The maximum response from THA Sξ% (being acceleration, velocity or displacement), 
is divided by the 5% damped response S5% at each period (0.5s to 4.0s). This defines 
the spectral reduction η as a function of period, i.e.η(T). This reduction is then 
averaged over the entire period range to define a single reduction factor η = ηave. This 
is repeated for each SDR Ω defining the spectral reduction η as a function of Ω. The 
reduction in spectral displacement, velocity and acceleration is graphed in Figure 8.8 
as a function of the supplementary damping ratio Ω. It is immediate evident that as Ω 
increases, the spectral reduction η significantly differs between displacement, velocity 
and acceleration. As the level of damping is increased, the traditionally adopted in-
phase response of acceleration and 90 degrees out-of-phase response of velocity is no 
longer valid (considering steady-state harmonic motion). It is also important to 
illustrate the variation of η over the entire period range to confirm the viability of an 
average value. Figure 8.9 plots the error between the spectral reduction at each period 
η(T) and the average spectral reduction ηave over the entire period range. For design 
purposes, the variation is relatively minor and reduces as the amount of 
supplementary damping increases. Furthermore, for near-field ground motions [Figure 
8.9(b)], the difference is found to be less than 5% over the entire period range for all 
damping ratios. 
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Figure 8.7 Damped response spectra (α=1.0) for far-field records (a)-(c) and near-field records 
(d)-(f) 
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Figure 8.8 Spectral reduction-supplementary damping relationship (=1.0) 
 
 
 
Figure 8.9 Variation in spectral displacement reduction with period 
 
 
It is also important to recognise the difference in spectral reduction between the far-
field ground motions in Figure 8.8(a) and the near-field ground motions in Figure 
8.8(b). This figure would suggest that, for design, the damping reduction relationships 
will depend on the ground motion hazard of the site. In fact, work by Bommer and 
Mendis [2005] has shown that the spectral reduction is dependant on a number of 
ground motion properties; the reduction decreases as magnitude increases, decreases 
as site-to-source distance decreases, increases for softer soils and decreases as 
duration of shaking increases. This work also supported the suggestion by Priestley 
[2003] to adopt the spectral reduction relationship of Eq.(8.6) for near-field ground 
motions having a forward directivity velocity pulse (in Eq.(8.6) an exponent of 0.25 is 
used as opposed to 0.5 used in Eq.(8.5) for far-field ground motions). The 0.25 
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exponent essentially recognises (hysteretic) damping is less effective for systems 
subjected to velocity pulse type ground motions. 
 
25.0
02.0
07.0
⎟⎟⎠
⎞
⎜⎜⎝
⎛
+= eqξη  
8.6 
 
For the proposed design procedure it is not desirable to have two different equations 
describing the spectral reduction (one for far-field and one for near-field). The 
proposed design procedure uses the spectral reduction of Eq.8.5 (adopting the 0.5 
exponent) to describe the reduction of both near-field and far-field ground motions. In 
fact, the spectral reduction shape of Eq.(8.6) did not agree with the observed time-
history reduction for either the far-field or near-field ground motions. Using the 
relationship of Eq.(8.5) above the EVD ξeq is calibrated to the observed spectral 
reduction from THA, %%5 ξSS in Figure 8.8. Calibration of Eq.(8.5) is carried out by 
rearranging and solving for ξeq. In this particular case, the EVD is made up of two 
components: the elastic damping ξel (5% of critical herein) and the supplementary 
damping component ξvd. By substitution of elvdeq ξξξ +=  into Eq.(8.5), the EVD 
associated with the supplementary damper ξvd is computed from Eq.(8.7). 
 
⎥⎥⎦
⎤
⎢⎢⎣
⎡
−⎟⎟⎠
⎞
⎜⎜⎝
⎛=−−= 107.002.007.0
2
%
%5
2
ξ
ξηξ S
S
elvd  8.7 
 
As a final step, ξvd can be expressed as a function of the supplementary damping ratio 
Ω. This relationship is graphed in Figure 8.10 (a) & (b) for spectral displacement and 
spectral velocity respectively, considering far-field and near-field ground motions. 
The EVD relationship is expressed as a linear equation for displacement [Eq.(8.8)] 
and velocity [Eq.(8.9)]. The coefficients of the linear regression analysis are 
summarised in Table 8.3. Note that for the linear case, one would expect the 
coefficient a1 to be approximately equal to 1.0; this difference results from the 
specific ground motions used and the spectral reduction formula to which calibration 
was performed to (Eq.(8.5) herein). 
 
el
disp
eq a ξξ +Ω= 1  8.8 
 
el
vel
eq b ξξ +Ω= 1  8.9 
 
Hence, using Eq.(8.8) and Eq.(8.9) the displacement and velocity spectral reduction 
are computed from the following expressions 
 
disp
eq
disp ξη += 02.0
07.0  8.10 
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vel
eq
vel ξη += 02.0
07.0  8.11 
 
 
Table 8.3 EVD, spectral reduction coefficients (α=1.0) 
 Far-field Near-field 
a1 0.884 0.707 
b1 0.645 0.609 
 
 
 
Figure 8.10 Relationship between EVD and the supplementary damping ratio for linear viscous 
dampers (α=1.0) 
 
8.2.4. Spectral Reduction Factors for Non-Linear Viscous Dampers 
The procedure outlined in Section 8.2.3 for linear dampers was repeated for non-
linear dampers having velocity exponents of α = 0.15, 0.30, 0.50 and 0.75. The 
response spectra are shown in Appendix E for displacement and velocity. 
Acceleration is not actually necessary for the proposed design procedure and is, 
therefore not presented. The mean spectral displacement reduction η versus the SDR 
Ω is graphed in Figure 8.11 for α ranging from 0.15 to 1.0. Figure 8.11(a) plots the 
spectral reduction for far-field ground records, while Figure 8.11(b) plots the spectral 
reduction for near-field ground records. For each supplementary damping ratio Ω the 
spectral reduction increases as the linearity of the supplementary damper increases i.e. 
η increases as α approaches 1.0. This relationship is not linearly proportional: the 
spectral reduction η becomes independent of the velocity exponent α as it approaches 
0.75. 
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Figure 8.11 Spectral reduction factors (α=0.15 to 1.0) 
 
 
It is interesting to note that the variation in spectral reduction across the period range 
is larger for the far-field ground motions [Figure 8.12(a)]. Considering effective 
periods in the range of Teff=1.0-4.0s, which is appropriate to buildings and bridges, 
the variation in spectral reduction is likely to be less than 10% for far-field ground 
motion and 5% for near-field ground motion.  
 
 
 
Figure 8.12 Variation of spectral displacement reduction with period for α=0.15 & 0.75 and 
Ω=0.05 & 0.30 
 
 
The spectral reduction relationships are summarised in Figure 8.13 by relating the 
EVD (viscous damper component ξvd) to the SDR Ω as a function of the velocity 
exponent α. For α = 0.75 & 1.0 the difference in spectral reduction is negligible, thus, 
an average is used. 
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Figure 8.13 Relationship between EVD and the supplementary damping ratio for non-linear 
viscous dampers (α=0.15 to 1.0) 
 
 
Recalling from Eq.(8.8) & (8.9) the EVD ξeq is related to the supplementary damping 
ratio (SDR) Ω by a linear relationship with coefficients a1 (for spectral displacement) 
and b1 (for spectral velocity) in the following form 
 
el
disp
eq a ξξ +Ω= 1  8.12 
el
vel
eq b ξξ +Ω= 1  8.13 
 
Following the linear regression of Figure 8.13 the coefficients a1 and b1 are 
summarised below in Table 8.4 for any non-linear damper in the range of 
0.15 < α < 1.0 and considering either a far-field or near-field seismic hazard. 
 
 
Table 8.4 EVD coefficients 
Velocity exponent, α  
1.0-0.751 0.501 0.301 0.151 
a1 0.880 0.693 0.839 0.602 0.714 0.456 0.440 0.262 
b1 0.642 0.598 0.608 0.526 0.521 0.412 0.341 0.243 
1Values in the left column relate to far-field seismicity, values in the right column refer to near-field seismicity 
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8.2.5. Modification of the Spectral Reduction Factors to Account for a Bilinear 
Backbone Envelope 
The spectral reduction factors determined in Section 8.2.3 and 8.2.4 were performed 
on a linear elastic system. The results of this calibration were found to be less accurate 
for systems with a bilinear-elastic loading envelope representative of a post-tensioned 
system. Figure 8.14 illustrates the common trend in that the peak maximum 
displacement of a bilinear system was consistently less than the maximum 
displacement of an equivalent linear system targeting the same displacement ∆d. As 
there is no unique bilinear stiffness for post-tensioned systems an additional study was 
undertaken to address this issue. 
 
 
 
Figure 8.14 The effect of having a bilinear loading envelope represented by a secant stiffness 
 
 
To reduce the number of structural models to a manageable number the study 
considers only a few system parameters. With respect to Figure 8.15, two damper 
velocity exponents are considered: α = 0.30 & 0.75, as well as two supplementary 
damping ratios (SDR): Ω = 0.05 & 0.30. Finally, three effective periods are selected: 
T = 1.0, 2.25 & 3.0sec, resulting in four parametric models at each of the three 
periods, Figure 8.15(a). For each parametric model, four unique bilinear-elastic 
backbone curves are constructed, Figure 8.15(b). Each bilinear-elastic model targets 
the mean of the maximum displacement response of the equivalent elastic system 
(determined from the THA output in Section 8.2). The four bilinear-elastic models are 
constructed considering two bilinear stiffness ratios (0.02ki and 0.05ki) and two 
‘yield’ force ratios (0.6Vb and 0.8Vb). These four bilinear-elastic models are defined 
as Model A through to Model D. This study was undertaken for far-field and near-
field seismicity, which equated to an additional 96 structural models, or 1440 
individual time history analyses. An analysis matrix is illustrated in Figure 8.16 to 
further explain the parameters of the individual models: one matrix each for far-field 
and near-field seismicity. 
 
In this bilinear study the elastic damping was again set equal to 5% of critical 
damping. In this case a constant damping was implemented and was computed 
considering the secant stiffness to the target displacement ∆d. Hence, the elastic 
damping model was constant throughout the time history, but proportional in 
magnitude to the secant stiffness defining the target displacement. 
∆d 
F 
Ke 
Equivalent 
elastic system 
Bilinear-elastic 
system 
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Figure 8.15 Bilinear study and the system parameters investigated 
 
 
 
Figure 8.16 Bilinear study, model matrix 
 
 
The ratio of the mean peak response of the bilinear system to the mean peak response 
of the equivalent elastic system is shown in Figure 8.18 (for far-field seismicity) and 
Figure 8.19 (for near-field seismicity). The graphs at the top of each figure present the 
displacement ratio, while the graphs on the bottom present the velocity ratio. Each 
graph has four divisions along the x-axis representing the four bilinear backbone 
models described previously (Model A to Model D). As the effective period increases, 
the dependency on each model appears to reduce, i.e. the slope of the lines approaches 
zero. From these results it can be assumed that the displacement (and velocity) ratio is 
independent of the backbone model and entirely dependant on the velocity exponent α 
and the supplementary damping ratio Ω. While there is some dependency on each 
model for effective periods equal to T = 1.0sec, this represents a lower bound solution 
and will be outside the range of typical effective periods. Furthermore, the response 
appears to be stable enough to allow interpolation to be carried out for intermediate 
values of α, Ω and T. 
∆d 
Τeff 
α= 0.30 & 0.75 
Ω=0.05 
∆d 
r1ki r2ki 
Vb 
Ω=0.30 
F1 
F2 
1.0s 3.5s 2.25s 
(a) Displacement spectrum (b) Loading envelope, 
Model A-D 
Ke 
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It is of particular importance to note that the displacement is significantly more 
effected than the velocity. In fact, the ratio of the mean peak bilinear velocity to the 
mean peak elastic velocity is relatively close to 1.0. It was to this end that no velocity 
modification is considered for the proposed design procedure. 
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In order to implement this displacement modification within design, an equivalent 
strain-energy approach was used. The PT loading component (ignoring the viscous 
contribution) in Figure 8.19 illustrates the original bilinear-elastic loading envelope 
(denoted as system (1)), having an elastic stiffness k1 and bilinear stiffness rk1 and 
based on a design strength of V * at a displacement of ∆d. In Figure 8.19 the strength 
of system (2) is reduced to a value of bV  by multiplying the design base shear V 
* by 
a base shear reduction factor φBL, defined by Eq.(8.14). The bilinear reduction factor 
φBL is determined by equating the strain energy between the original bilinear system 
(1) and the reduced bilinear system (2), i.e. 21 EE = . From a strain energy point of 
view, the maximum bilinear displacement of the reduced system (2) will be similar in 
magnitude to the displacement of the equivalent elastic system ∆d. 
 
*VV BLb φ=  8.14 
 
 
 
Figure 8.19 Equating strain energy between the bilinear backbone and the elastic backbone. 
 
 
When Eq.(8.14) was used in the design of a system under near-field ground motions, 
this equal energy approximation was found to be violated. Under near-field ground 
motions the system achieved much larger displacements than expected from Figure 
8.19. A further modification is proposed in Figure 8.20, which illustrates the original 
bilinear backbone denoted as (1) and the reduced bilinear system (2). Considering the 
near-field THA, the displacement response was better achieved with a base shear 
reduction defined by system (3). The reduction of system (3) is computed such that 
the base shear reduction is 50% of the base shear reduction considering far-field 
ground motions. The formulation of the bilinear base shear reduction factor φBL is 
outlined in Appendix E and summarised in Table 8.5 and Table 8.6 for far-field and 
near-field seismicity respectively. 
 
E2 
E1 
rk1 
k1 
Ke 
∆d 
V* 
∆BL 
rk2 
k2 
Vb=φBLV* 
∆y 
1 
2 
Equivalent 
Elastic system 
Reduced 
bilinear-elastic 
system 
Bilinear-elastic 
system 
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Figure 8.20 Bilinear reduction factor for near-field response 
 
 
Table 8.5 Bilinear, base-shear reduction factors φBL: Far-field 
α=0.30 α=0.75 φBL Ω=0.05 Ω=0.30 Ω=0.05 Ω=0.30 
Te=1.00s 0.717 0.794 0.744 0.837 
Te=2.25s 0.755 0.888 0.731 0.892 
Te=3.50s 0.978 0.983 0.966 0.900 
 
 
Table 8.6 Bilinear, base-shear reduction factors φBL: Near-field 
α=0.30 α=0.75 φBL Ω=0.05 Ω=0.30 Ω=0.05 Ω=0.30 
Te=1.00s 0.722 0.803 0.745 0.838 
Te=2.25s 0.775 0.861 0.784 0.896 
Te=3.50s 0.840 0.882 0.852 0.898 
 
 
rk1 
k1 
∆d 
V* 
∆BL 
rk2 
k2 
Vb,FF 
∆y 
keff 
1 
2 
3 
Equivalent 
Elastic system 
Reduced bilinear-
elastic 
System (far-field) 
Bilinear-elastic 
system 
Reduced bilinear-
elastic 
System (near-field) 
Vb,NF 
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8.3. RELATING LOCAL SUPPLEMENTARY DAMPING PROPERTIES 
TO GLOBAL STRUCTURAL DAMPING PROPERTIES 
The damper properties at the rocking interface (defined as local damper properties) 
must be converted to system damper properties at the effective height of structure 
(defined as global or system damper properties) to make use of the proposed design 
procedure. The focus of this chapter is on post-tensioned rocking wall or column 
systems with supplementary dampers located at the rocking interface. Consider the 
SDOF system in Figure 8.21; the forces within the viscous dampers Fvd can be 
expressed as an equivalent force at the effective height of the structure FVD,sys by 
equating moment equilibrium of the section.  
 
The following parameters in Figure 8.21 are defined below, 
CVD  = the global damping coefficient 
vr  = the system velocity at the effective height 
nvd  = the total number of supplementary damper devices at the rocking 
interface 
cvd  = the damper coefficient of the viscous damper devices at the rocking 
interface 
vvd  = the velocity of the damper 
α  = the damper velocity exponent 
 
To begin with, the velocity of the dampers can be related to the velocity at the 
effective height by considering the geometry and the mechanics of the rocking system 
in Figure 8.21. These two considerations alone define a unique relationship relating 
the local damping properties to equivalent global (system) damping properties. 
 
 
 
Figure 8.21 Relationship between system damping and local damping properties 
 
 
Direct displacement-based design makes use of a target (or design) displacement at 
the peak response. The velocity is zero at the peak displacement response; therefore, it 
is impossible to relate any information about the viscous dampers using the current 
He 
Equivalent Global 
damping response  
( )αrVDsysVD vCF =,  
Local damper response 
( )αvdvdvdvd vcnF =  
hw 
Unbonded 
tendon 
Supplementary 
damper 
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design procedure. Therefore, in addition to the target displacement, it is necessary to 
define an intermediate design displacement such that the viscous damper forces will 
be non-zero. Assuming steady state harmonic motion during the excursion to the 
target displacement ∆d, the intermediate displacement ∆r is defined by the following 
equation 
 
2
d
r
∆=∆  8.15 
 
 
With reference to Figure 8.22, at the intermediate displacement ∆r, the normalised 
velocity and displacement are equal; therefore, the influence of the velocity dependant 
components and the displacement dependant components on the capacity of the 
section will be similar in magnitude. 
 
 
 
Figure 8.22 Normalised displacement and velocity time history describing sinusoidal harmonic 
motion 
 
 
The spectral reduction factor η defined in Section 8.2.3 is explicitly expressed here as 
ηdisp for the reduction in spectral displacement and ηvel for the reduction in spectral 
velocity. For low system damping the spectral velocity can be approximated by the 
pseudo-spectral velocity; however, as the supplementary damping increases, this 
relationship is increasingly violated. The damped spectral velocity v(T,ξ) is related to 
the 5% damped spectral velocity v(T,5%) by 
 
velTvTv ηξ ⋅= %)5,(),(  8.16 
 
Similarly for displacement 
 
dispTT ηξ ⋅∆=∆ %)5,(),(  8.17 
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Through substitution, the velocity vr at the intermediate displacement ∆r is defined as 
 
2
12),( ⎟⎟⎠
⎞
⎜⎜⎝
⎛∆==
disp
vel
e
dr T
vTv η
ηπξ  8.18 
 
Considering Figure 8.21, the system damper force FVD,sys is related to the system 
damping coefficient CVD by the following 
 
( )αrVDsysVD vCF =,  8.19 
 
By equating moment equilibrium the system force is expressed in terms of the 
moment capacity at the rocking interface Mvd 
 
( ) ( )
e
vdvdvd
e
n
i
ivdivdvdivd
e
vd
sysVD H
jDvcn
H
jdvcn
H
MF
VIS
α
α
===
∑
=1
,,,
,  
8.20 
 
Where 
nvis  = the number of damper groups (or sets, or layers) within the rocking 
interface 
nvd,i  = the number of supplementary damper devices within each group i at 
the rocking interface 
nvd  = the total number of supplementary damper devices at the rocking 
interface 
cvd  = the damper coefficient of the viscous damper devices at the rocking 
interface 
vvd,i  = the velocity of the damper at i 
jdvd,i  = the internal lever arm to damper group i 
 vdv  = the average velocity considering all viscous devices 
jD  = the internal lever arm to the centroid of the resultant damper force 
(sum of all damper forces) 
 
Through Eqs.(8.19) and (8.20) a relationship is defined relating the global damping 
coefficient CVD to the local damping coefficient cvd. The ratio between the two is 
defined as βvd. 
 
vd
e
vd
vd
VD
vd H
jDn
c
C γβ ⋅⎟⎟⎠
⎞
⎜⎜⎝
⎛==  8.21 
 
A number of approximate methods can be employed to estimate the internal lever arm 
jD; however, accurate equations are derived in Appendix E. The term γvd in Eq.(8.21) 
is the ratio of the average damper velocity vdv  to the system velocity vr (raised to the 
power of α), see Eq.(8.22). This velocity ratio can be approximated by Eq.(8.23); 
however, more accurate expressions are outlined in Appendix E if greater detail is 
required. 
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α
γ ⎟⎟⎠
⎞
⎜⎜⎝
⎛=
r
vd
vd v
v
 8.22 
 
er
vd
H
jD
v
v ≈  8.23 
 
The ratio between the average velocity of the dampers and the system velocity is 
illustrated graphically in Figure 8.23. This ratio is largely a function of the aspect ratio 
Ar of the system (with respect to the effective height He) and, to a lesser extent, the 
depth of the concrete compression block βχ. In Figure 8.23 β is the concrete stress 
block depth multiplier and χ is the dimensionless neutral axis depth (c/d). It is clear 
that the velocity of the damper is only a fraction of the velocity of the system. 
 
 
 
Figure 8.23 Ratio of damper velocity to system velocity versus aspect ratio 
 
 
The ratio between the global damping coefficient and the local damping coefficient 
βvd in Eq.(8.21) above is plotted in Figure 8.24. To do so, the concrete stress block 
depth βχ must be assumed. In Figure 8.24 an average value of βχ = 0.11 is used. 
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Figure 8.24 Ratio between the global to the local damping coefficient (assuming two dampers 
located at each damper layer) 
 
 
The curves in Figure 8.24 are fitted to the closed form relationship of Eq.(8.24). In 
this closed form equation a is a constant and depends on the damper velocity 
exponent, given in Table 8.7. 
 
( ) ( )αβ +−⋅== 1rvis
vd
VD
vd Anac
C  8.24 
 
 
Table 8.7 Constant to be used in conjunction with Equation 8.24 
α a 
0.15 0.746 
0.30 0.632 
0.50 0.514 
0.75 0.405 
1.00 0.324 
 
 
The local-to-global damping relationship above is combined with the EVD 
formulations developed in Section 8.2.3 to directly relate the local damping properties 
to the equivalent viscous damping (EVD) of the SDOF system. The EVD associated 
with a reduction in spectral displacement is given by the following formula 
 
el
c
vdvd
el
disp
eq C
c
aa ξβξξ +=+Ω= 11  8.25 
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Here, Cc is the critical damping of the structure. Considering only the proportion of 
EVD attributed to the supplementary dampers, the formula reduces to 
 
c
vdvd
vd C
c
aa
βξ 11 =Ω=  8.26 
 
The EVD associated with the supplementary viscous dampers ξvd is graphed in Figure 
8.26 against the dimensionless (local) damping coefficient cvdvis Ccn /  for far-field and 
near-field seismicity. This relationship is plotted as a function of the aspect ratio Ar. 
The variable cvdvis Ccn /  is a measure of the amount of damping provided at the 
rocking interface i.e. the damping supplied at a local level. As expected, as the 
amount of damping supplied increases (i.e. cvdvis Ccn /  increases) the amount of EVD 
ξeq also increases. It is interesting to note that as the non-linearity of the damper 
reduces (i.e. as α reduces) the EVD increases. It is difficult to comprehend this trend 
in Figure 8.26. The reason being that the damping coefficient must be related to the 
total (local) damping force Fvd to understand what is going on in the system; to do so, 
Eq.(8.20) & (8.21) above are rearranged for Fvd resulting in the following equation 
 
( ) ( ) )1( αα +−⎟⎟⎠
⎞
⎜⎜⎝
⎛⋅= revisrvdvd AjD
H
navcF  8.27 
 
Where 
 Fvd  = the sum of the damper forces at the rocking interface 
 cvd  = the local damper coefficient of a single damper 
 vr  = the system velocity (demand) at the effective height He 
 α  = the damper non-linearity, or velocity exponent 
a  = a coefficient used to relate the global-to-local damping coefficient in 
Table 8.7 above 
nvis  = the number of damper layers within the rocking interface 
jD  = the internal lever arm to the centroid of the resultant damper force 
Fvd 
Ar  = the aspect ratio of the system (to the effective height, He) 
 
Consider two identical systems denoted as System 1 and System 2, both having a 
dimensionless damper coefficient of nviscvd/Cc = 4. System 1 has a damper non-
linearity of α1=0.5 and the other α2 = 0.75, both are subjected to a velocity demand of 
vr = 0.5m/s and each have an aspect ratio of Ar = 5. From Figure 8.26 (b), System 1 
can expect to have an EVD 1.89 times that of System 2. It is not immediate obvious 
why the highly non-linear damper is associated with a greater level of damping until 
the total damping force is computed from Eq.(8.27): in this example, the total (local) 
damping force of System 1 is 2.26 times greater than System 2. Therefore, the greater 
level of damping is attributed to the larger damper forces that are induced at the 
rocking interface, which is not immediately obvious from Figure 8.26. Naturally, as 
the aspect ratio increases the damper velocities reduce, hence the EVD also reduces. 
Furthermore, Figure 8.26 also illustrates the reduction in EVD for near-field 
seismicity when compared to far-field seismicity. 
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A second relationship is plotted in Figure 8.27 to grasp a better understanding of the 
(local) damper forces Fvd and the EVD ξeq. The series of graphs in Figure 8.27 graph 
the relationship of EVD against the total damping force (divided by the critical 
damping of the system) as a function of the velocity exponent α, aspect ratio Ar and at 
two levels of peak velocity demand vr for far-field seismicity (near-field seismicity is 
graphed in Figure 8.28). As intuition suggests, as the peak damper force increases the 
EVD increases in proportion. Furthermore, as the damper exponent decreases, or the 
aspect ratio increases, the EVD reduces.  
 
Interestingly, as the velocity demand increases (considering a fixed damper force Fvd) 
the EVD reduces. As the velocity demand increases, the damper coefficient cvd 
reduces (given that Fvd remains constant), hence the level of EVD reduces in 
proportion to the ratio of cvd/Cc in Eq(8.26). As the velocity demand exceeds 1.0m/s 
Figure 8.27 indicates that more efficiency (in terms of greater EVD) can be achieved 
considering non-linear dampers. In fact, this last trend is investigated in greater detail 
in Figure 8.29. This figure plots the relationship between the (local) damper force 
(divided by the critical damping ratio) and the damper exponent α for five specified 
levels of EVD. Figure 8.29 can be used to determine the optimal damper properties 
(in terms of damper exponent and coefficient) appropriate for a PT viscous system. 
The cost of a fluid viscous damper (FVD) is directly proportional to the load capacity 
of the damper; therefore, the most efficient solution (in targeting some desired level of 
EVD) is the solution requiring the lowest damper forces Fvd. Figure 8.29 indicates 
that for velocity demands less than 1.0m/s, a linear damper is the optimal solution for 
all levels of EVD. For velocity demands equal to 1.0m/s a damper non-linearity in the 
range of 0.75 < α < 1.0 is the most efficient. For a velocity demand of 1.5m/s the 
most efficient solution is one requiring a damper exponent of α = 0.5 for far-field 
seismicity and α = 0.75 for near-field seismicity; this trend becomes more pronounced 
as the velocity demand increases. The optimal solution is indicated in each graph by a 
black dashed line. While Figure 8.29 is only presented for an aspect ratio of Ar = 5, 
the shape of each curve is unaffected, thus the optimal solution is primarily dependant 
on the velocity demand and not the geometry of the system. As a rough rule, a damper 
exponent of α = 0.75 provides the most efficient system considering the entire 
velocity range and ground motion characteristics investigated. 
 
8-32                            D.J. Marriott.  The Development of High-Performance, Post-Tensioned Systems 
 
 
 
 
 
 
 
 
Fi
gu
re
 8
.2
5 
R
el
at
io
ns
hi
p 
be
tw
ee
n 
E
V
D
 a
nd
 th
e 
to
ta
l d
am
pi
ng
 c
oe
ffi
ci
en
t f
or
 fa
r-
fie
ld
 (t
op
) a
nd
 n
ea
r-
fie
ld
 (b
ot
to
m
) s
ei
sm
ic
ity
 a
s a
 
fu
nc
tio
n 
of
 th
e 
A
s p
ec
t r
at
io
 ,A
r 
Chapter 8. Design of SDOF Rocking Systems with Viscous Dampers 8-33 
 
 
 
 
Fi
gu
re
 8
.2
6 
R
el
at
io
ns
hi
p 
be
tw
ee
n 
E
V
D
 a
nd
 th
e 
to
ta
l (
lo
ca
l) 
da
m
pi
ng
 fo
rc
e 
fo
r 
fa
r-
fie
ld
 se
ism
ic
ity
 a
s a
 fu
nc
tio
n 
of
 th
e 
as
pe
ct
 r
at
io
, A
r 
8-34                            D.J. Marriott.  The Development of High-Performance, Post-Tensioned Systems 
 
 
 
Fi
gu
re
 8
.2
7 
R
el
at
io
ns
hi
p 
be
tw
ee
n 
E
V
D
 a
nd
 th
e 
to
ta
l (
lo
ca
l) 
da
m
pi
ng
 fo
rc
e 
fo
r 
ne
ar
-fi
el
d 
se
ism
ic
ity
 a
s a
 fu
nc
tio
n 
of
 th
e 
as
pe
ct
 
ra
tio
, A
r 
Chapter 8. Design of SDOF Rocking Systems with Viscous Dampers 8-35 
 
 
 
 
Fi
gu
re
 8
.2
8 
R
el
at
in
g 
da
m
pe
r 
fo
rc
e 
to
 d
am
pe
r 
ex
po
ne
nt
 a
s a
 fu
nc
tio
n 
of
 v
el
oc
ity
 d
em
an
d 
to
 d
et
er
m
in
e 
th
e 
m
os
t o
pt
im
al
 so
lu
tio
n 
(a
sp
ec
t 
ra
tio
 e
qu
al
 to
 A
r=
5)
 
8-36                            D.J. Marriott.  The Development of High-Performance, Post-Tensioned Systems 
8.4. A VISCOUS DIRECT DISPLACEMENT-BASED DESIGN (VISCOUS-
DDBD) PROCEDURE 
In this section, a Direct Displacement-Based Design (DDBD) procedure is described 
with reference to a precast rocking wall structure having unbonded post-tensioned 
tendons and non-linear viscous damper devices located at the foundation level. The 
general procedure is termed Viscous-DDBD. Details of the precast wall, the 
mechanics of the rocking interface and the details of the viscous damper assembly are 
illustrated in Figure 8.29.  
 
 
 
Figure 8.29 Schematic of a hybrid rocking system with viscous dampers located at the rocking 
interface 
 
 
An overview of the design procedure is discussed below. Two design methods are 
presented in flowcharts within Figure 8.32 and Figure 8.33, while a worked example 
is presented in Appendix E. 
 
Step 1. Defining the SDOF system. 
As per Figure 8.30 the MDOF system is converted to an equivalent SDOF based on 
the elastic first mode-shape at the target displacement. Eq.(8.28), (8.29) and (8.30) are 
used to determine the effective mass, effective height and displacement of the 
effective mass respectively. 
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(a) MDOF structure (b) SDOF substitute (c) SDOF effective properties  
Figure 8.30: Conversion of the MDOF system to a SDOF system 
 
Step 2. Local-to-Global Damper Properties 
The parameter βvd, defining the ratio between the global (system) damper coefficient 
CVD and the local damper coefficient cvd, is computed from the detailed expression of 
Eq.(8.31) or the approximate relationship of Eq.(8.32) and Figure 8.24. The ratio of 
cvd and CVD is a function of the aspect ratio Ar of the section, the non-linearity of the 
viscous damper α and the number of dampers within the section nvd. The system 
damping coefficient CVD is computed from Eq.(8.33). 
 
vd
e
vd
vd
VD
vd H
jDn
c
C γβ ⋅⎟⎟⎠
⎞
⎜⎜⎝
⎛==  8.31 
 
( ) ( )αβ +−⋅== 1rvis
vd
VD
vd Anac
C  8.32 
 
vdvdVD cC β=  8.33 
 
Step 3. Defining the Equivalent Viscous Damping ξeq and the Effective Period Te 
The system damping CVD is normalised with respect to critical damping Cc of the 
system, defining the supplementary damping ratio (SDR) Ω in Eq.(8.34). The elastic 
damping ξel is added to the proportion of EVD associated with the supplementary 
dampers ξvd to evaluate Ω considering spectral displacement and spectral velocity in 
Post-tensioned 
tendons 
Non-linear 
viscous 
dampers 
He 
me 
F 
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Eq.(8.35) & Eq.(8.36) respectively. The coefficients a1 and a2 are summarised in 
Table 8.4.  
 
cVD CC=Ω  8.34 
 
el
disp
eq a ξξ +Ω= 1  8.35 
 
el
vel
eq b ξξ +Ω= 1  8.36 
 
Step 4. Damped Design Spectrum 
The spectral reduction factor ηdisp and ηvel is computed in order to reduce the 5% 
design displacement spectrum ∆(T,5%) from (Eq.(8.37)) and the design pseudo-
velocity spectrum v(T,5%) from (Eq.(8.38)). The target displacement ∆d is located 
along the damped design spectrum and the effective period Te is determined (refer 
Figure 8.31). 
 
disp
eq
disp ξη += 02.0
07.0  8.37 
 
vel
eq
vel ξη += 02.0
07.0  8.38 
 
 
 
Figure 8.31: Design displacement spectra for viscously damped systems 
 
 
Step 5. Base Shear Calculation 
The effective (secant) stiffness Ke is determined from the effective period Te in 
Eq.(8.39). The secant stiffness Ke is multiplied by the design displacement ∆d of the 
∆d 
Τe 
ξel=0.05 
ξel=0.05,  Ω, α ∆d 
Near field 
design 
Far field 
design 
(a) Design Displacement Spectra  (b) Near-field and Far-Field Design 
Displacement Spectra 
Τe 
ζel=0.05,  Ω, α 
∆ 
Τ Τ 
∆ 
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SDOF system, which equates to the base shear V *. A base shear reduction factor φBL 
is applied to define the design base shear Vb in Eq.(8.40). This base shear reduction 
factor recognises the reduction in displacement of a bilinear-elastic system when 
compared to an equivalent elastic system to which the damped design equations were 
calibrated to. The base shear reduction factor φBL is summarised in Table 8.5 and 
Table 8.6. 
 
224 eee TmK π=  8.39 
 
deBLb KV ∆= φ  8.40 
 
 
Following the above design procedure, two detailed approaches are developed; both 
methods are based on a target inter-storey drift θd defining a design displacement ∆d. 
 
Design Method A targets a specific level of EVD ξeq and then designs the properties 
of the damper (cvd, α) and the post-tensioning to satisfy this level of damping. This 
design method is illustrated via the flowchart in Figure 8.32. 
 
Design Method B is based on pre-defined damper properties (cvd, α). The selected 
damper properties define the level of EVD ξeq. This method is presented in Figure 
8.33. 
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Figure 8.32 Design Method A for post-tensioned viscous systems 
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Figure 8.33 Design Method B for post-tensioned viscous systems 
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8.5. TIME HISTORY DESIGN VERIFICATION 
Three prototype post-tensioned viscous wall systems were designed for far-field and 
near-field seismicity, resulting in a total of six prototype walls. A target rotation of 
1% was chosen for design; although, specific to prototype 3, this was reduced to 
0.725% as the target displacement was controlled by the corner period of the 
displacement spectrum. For simplicity the precast wall unit was assumed to be rigid, 
i.e. elastic flexural displacements were ignored, essentially reducing the MDOF 
system to a SDOF system. A summary of the properties of each wall unit is given in 
Table 8.8. 
 
Table 8.8 Details of the prototype walls to verify the design procedure 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
  
 Prototype 1  
(3 levels @ 3m) 
Prototype 2 
( 5 levels @ 3m) 
Prototype 3 
(8 levels @ 3m) 
Hn [m] 9 15 24 
lw [m] 1.8 2.5 3.5 
tw [m] 0.25 0.25 0.25 
mi 15 tonne 20 tonne 25 tonne 
nvis 1 2 3 
nvd 2 4 6 
α 0.30 0.50 0.75 
Ω 0.05 0.15 0.30 
 
A summary of the design output, following the proposed design procedure above, is 
tabulated in Table 8.9. Furthermore, a worked design example of Prototype 2 under 
near-field seismicity (P2NF) is provided in Appendix E. A detailed section analysis 
was carried out for each post-tensioned wall based on modelling techniques discussed 
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in Chapter 7 to accurately determine the damping and spring properties to be 
implemented within the non-linear time history program Ruaumoko, Carr [2005]. In 
doing so, the amount of prestressing steel, initial prestress and the damping coefficient 
were determined for each post-tensioned wall. The two lateral load resisting 
components (post-tensioning and viscous) were calibrated to an appropriate hysteretic 
model. A bilinear-elastic spring was used to model the post-tensioning component and 
a viscous dashpot element was used to model the non-linear viscous damper 
component. Each prototype was subjected to the same 15 far-field and 15 near-field 
records used in the THA calibration of Section 8.2. 
 
From the THA, the mean of the maximum displacement response ∆eq,ave is reported in 
Table 8.10 and compared to the target design displacement ∆d. The error between the 
target and recorded displacements are acceptable and are conservative in this case. 
The displacement error is made up of two components: the first is the error associated 
with the design procedure itself such as calibration and modelling simplifications. The 
second error is due to the difference between the design displacement spectrum 
(defining the target displacement) and the mean earthquake displacement spectrum of 
the scaled records (defining the demand). A larger displacement error exists for 
Prototype 1 under near-field ground excitation; being only lightly damped, more 
scatter was observed in the displacement response leading to a larger error. 
 
 
Table 8.9 Design summary of the prototypes 
 Tpt,0 [kN] nduc npt (total) CVD 
[kNsα/mα] 
cvd 
[kNsα/mmα] 
∆d 
[mm] 
Te [sec] Vb [kN] 
P1-FF 539 2 6 24.85 27.33 70 0.975 80.4 
P2-FF 578 2 6 77.76 19.26 110 1.983 71.7 
P3-FF 775 2 6 202.80 16.45 123.3 2.952 79.5 
P1-NF 594 2 6 25.70 28.51 70 0.943 86.6 
P2-NF 809 2 8 90.81 23.45 110 1.698 98.0 
P3-NF 1374 2 10 264.15 19.46 123.3 2.267 134.8 
1P1 refers to Prototype 1, FF & NR refer to the design according to far-field and near field seismicity 
respectively 
 
 
Table 8.10 THA summary 
 ∆ eq,ave 
[mm] 
∆d 
[mm] 
Error 
[%] 
P1-FF 69.9 70 0.2% 
P2-FF 104.6 110 4.9% 
P3-FF 119.6 123.3 3.0% 
P1-NF 63.0 70 10.1% 
P2-NF 106.6 110 3.1% 
P3-NF 120.0 123.3 2.7% 
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8.6. ACCOUNTING FOR ELASTIC DEFORMATIONS IN THE DESIGN 
OF POST-TENSIONED VISCOUS SYSTEMS 
Depending on the structural application (walls, columns, bridge piers etc), elastic 
displacements may or may not need to be considered. If for example a wall system is 
to be used as a retrofit intervention for an existing reinforced concrete (RC) frame 
structure then the interaction between the cantilever displaced shape of the wall and 
the shear displaced shape of the frame will reduce the elastic deformation of the 
precast wall unit. However if elastic (flexural) displacements are important, as may be 
the case in a bridge pier system, then the following section outlines a method to 
account for elastic displacements within the design procedure above. 
 
Figure 8.34 illustrates the displacement contribution of a post-tensioned (PT) rocking 
system. It is evident that the angular velocity of the base is directly related to the rigid 
body displacement ∆θ at the top of the system hw. The elastic deformation ∆e due to 
flexure (and shear) does not induce any fixed-end rotation at the base. With this said, 
for a given displacement demand (and hence velocity demand), the elastic proportion 
should be deducted from the total displacement in order to determine the angular 
displacements and velocities at the rocking base. 
 
 
 
Figure 8.34: Displacement contributions of a rocking system 
 
 
Using simple mechanics a relationship between the rigid body displacement ∆θ and 
the total displacement ∆d can be derived. The total displacement can be written as 
follows 
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Base rotation, θ 
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Rearranging for the ratio between the rigid body displacement and the total 
displacement, 
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θθ  
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Here, Mi is the moment demand at the base of the precast element (which is equal to 
the moment capacity at the rocking interface) due to the applied load P. The precast 
element would be designed to satisfy capacity design and will, therefore, consider an 
over-strength moment at the rocking section. Considering a lower-bound case, the 
nominal flexural strength of the precast element Mn,pc can be assumed to equal the 
moment at the base Mi multiplied by an over-strength factor φo as follows 
 
iopcn MM φ=,  8.43 
 
That is, φo represents the ratio of the nominal flexural capacity of the precast element 
Mn,pc to the moment at the rocking base Mi. Considering a design moment equal to 
Mi, the moment demand acting on the precast element can be expressed as a 
proportion of its nominal flexural capacity. Recognising that the yield curvature φy is 
independent of strength and can be estimated from simple formulas (Priestley et al. 
[2007]), the moment demand acting on the precast element can be expressed as 
follows 
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Substitution of Eq.(8.44) into Eq.(8.42) defines the rigid body displacement ratio Γ∆. 
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In this equation εy is the yield strain of the longitudinal reinforcement within the 
precast element and Ar is the loaded aspect ratio (He/lw). The over-strength ratio φo 
can be estimated considering a capacity design philosophy. Capacity design will 
ensure that yielding is confined to flexural yielding at the rocking interface and avoid 
flexural yielding of the precast element (a shear mechanism will also be avoided). 
Therefore, considering the nominal moment capacity of the rocking section Mn, the 
over-strength can be determined based on capacity design principals. The New 
Zealand concrete standard (NZS3101 [2006]) stipulates that the over-strength moment 
of a section should consider material over-strength of both the concrete and 
reinforcement. A concrete over-strength of (f’c+15)MPa is suggested, while a 
reinforcement over-strength of 1.25fy for grade 300MPa, 1.35fy for grade 500MPa, 
and 1.10fpt,y for prestressed reinforcement is recommended. With respect to rocking 
systems, the following comments are made 
8-46                            D.J. Marriott.  The Development of High-Performance, Post-Tensioned Systems 
For hybrid systems having external viscous devices, the device over-strength should 
consider the uncertainty associated with spectral velocity as this will give rise to 
larger damper forces. This aleatory over-strength will be more significant for devices 
with velocity exponents close to α = 1.0. In fact, damper over-strength actions 
resulting from incremental dynamic analysis is studied in further detail in Chapter 11. 
The conclusion from this study indicates that the over-strength from viscous dampers 
is no more significant than that of mild steel reinforcement. 
 
For hybrid systems having mild steel TCY devices, the material over-strength will 
depend on whether grade 300MPa or Grade 500MPa is adopted. Grade 300MPa has 
more strain ductility than grade 500MPa which may influence the decision to use 
grade 300MPa. Furthermore, if the characteristic yield strength is adopted and the 
effect of strain hardening is included within the section analysis to define the 
characteristic moment capacity then the material over-strength may be relaxed from 
the suggestions above. 
 
The over-strength resulting from an increase of the concrete compressive strength of 
15MPa will depend on the type of analysis undertaken. If the characteristic 
compressive strength is adopted within the analysis and the effect of confinement is 
also included, then this consideration may also be relaxed. Furthermore, a concrete 
strength enhancement of 15MPa may have only a minor effect on the strength 
enhancement of the section. 
 
For sections comprising of prestressing reinforcement, non-prestressed reinforcement 
and axial load, then the effective section over-strength factor can be weighted based 
on the contribution of each component to the total section capacity. 
 
In light of these points, an effective section over-strength action of φο = 1.25 would 
appear a conservative design choice for hybrid systems incorporating non-linear 
viscous devices with velocity power coefficients less than 1.0 i.e. α<1.0. The nominal 
moment capacity of the precast element could be estimated from the following 
 
nnopcn MMM 25.1, == φ  8.46 
 
Therefore, at the design displacement where Mi = Mn 
 
opcn
i
M
M
φ
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,
=  8.47 
 
The ratio Γ∆ defined in Eq.(8.45) is plotted in Figure 8.36 as a function of the aspect 
ratio Ar, mild steel yield strain εy, and over-strength ratio φo. As the strength (and 
hence stiffness) of the precast element increases, or the base rotation increases, a 
larger proportion of deformation is attributed to the rigid body rotation at the base.  
Chapter 8. Design of SDOF Rocking Systems with Viscous Dampers 8-47 
 
 
 
 
Fi
gu
re
 8
.3
5:
 R
ig
id
 b
od
y 
di
sp
la
ce
m
en
t r
at
io
 sh
ow
n 
fo
r 
th
re
e 
as
pe
ct
 r
at
io
s a
nd
 tw
o 
gr
ad
es
 o
f m
ild
 st
ee
l r
ei
nf
or
ce
m
en
t 
8-48                            D.J. Marriott.  The Development of High-Performance, Post-Tensioned Systems 
8.6.1. Design Parameters to be used Considering Elastic Deformations 
To include the effects of elastic deformations, a displacement reduction factor is 
applied during design. With respect to Figure 8.34, the base rotation θ is equal to the 
rigid body rotation θ rb . The design base rotation θ can be computed by reducing the 
system drift ratio θd = ∆d/He by the rigid body displacement factor Γ∆ to account for 
the elastic deformation of the precast element. 
 
e
d
d H
∆Γ=Γ= ∆∆θθ  8.48 
 
Similarly, the angular velocity of the rocking base is reduced as follows 
 
ee
d
TH
πω 2∆Γ= ∆  8.49 
 
The geometric constant that relates the average velocity of the damper group to the 
system velocity, discussed in Section 8.3, is repeated below 
 
α
γ ⎟⎟⎠
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 8.50 
 
To account for flexural deformations the constant γvd is reduced by Eq.(8.51) to 
recognise a reduction in damper velocity vdv . The superscript e indicates that elastic 
flexural deformations are accounted for. 
 
( )αγγ ∆Γ⋅= vdevd  8.51 
 
The parameter βvd that relates the global system damping coefficient CVD to the local 
damping coefficient cvd is repeated below 
 
vd
VD
vd c
C=β  8.52 
 
Due to elastic deformations, βvd is reduced according to Eq.(8.53) to recognise that the 
dampers have become less effective, resulting in a reduction to the equivalent system 
damping coefficient CVD. 
 
( )αββ ∆Γ⋅= vdevd  8.53 
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8.6.2. Design Considerations for Equivalent Viscous Damping of a System with 
Elastic Deformations 
If the elastic deformations of the precast element are accounted for, then the damping 
associated with the rocking connection and the damping associated with the elastic 
displacements should be weighted based on the proportion of strain energy associated 
with each component. In this case, the system is essentially comprised of two springs 
in series: one spring representing the rigid rocking body, the other representing the 
precast element. This concept is analogous to that used in DDBD to account for 
damping associated with foundation flexibility, Priestley et al. [2007]. Hence, the total 
EVD ξeq of the system can be computed from the following equation 
 ( )
e
eelvd
eq ∆+∆
∆+∆+∆=
θ
θθ ξξξ  8.54 
 
Where, 
 ξeq = the total system EVD 
ξvd = the total damping associated with the rocking connection (this could 
be attributed to both viscous and hysteretic dampers as in Chapter 9) 
ξel = the elastic damping associated with the elastic deformation of the 
precast element 
∆θ = the displacement associated with the rigid rotation of the base 
∆e = the elastic displacement of the precast element. The total 
displacement of the system is a summation of ∆θ and ∆e. 
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8.7. CONCLUSIONS 
A Direct-Displacement Based Design (DDBD) was developed for post-tensioned 
connections with viscous dampers, termed DDBD-viscous. Two single-degree-of-
freedom (SDOF) design methods are presented: both procedures consider two 
fundamental steps 
 
1. The properties of the dampers at the rocking connection (the damping 
coefficient cvd and the velocity exponent α) are converted to an 
equivalent damping coefficient CVD at the effective height of the SDOF 
system. 
2. The design displacement and velocity spectrum are reduced according 
equivalent viscous damping (EVD) equations calibrated from time-
history analysis and depend entirely on the equivalent damper 
coefficient CVD (normalised to the critical damping of the system Cc) 
and the velocity exponent α. 
 
The design procedure is iterative as the critical damping Cc must be defined prior to 
design. To start with Cc is estimated from a design base shear of Vb = 0.1Wt, where an 
updated value is computed from eec KmC 2= . 
 
The damping of a non-linear viscous system is less effective for near-field ground 
motions. Hence, the amount of equivalent viscous damping (EVD) associated with a 
non-linear viscous system reduces if considering near-field seismic hazards. 
Furthermore, separate spectral reduction factors are defined for velocity and 
displacement. 
 
As calibration of the spectral reduction was performed on a linear elastic system with 
non-linear dampers, a base shear reduction factor φBL was introduced (based on 
calibration) to account for the expected reduction in response of an equivalent bilinear 
system. Moreover, an intermediate design displacement is introduced ∆r to enable the 
design of the system to be carried out considering a non-zero velocity. This is 
necessary to design the non-linear dampers within the section. 
 
By considering the mechanics of a rocking post-tensioned system, the local damping 
coefficient of the dampers was related to an equivalent system damping coefficient: 
this ratio was primarily dependant on the aspect ratio of the section and the velocity 
exponent α of the non-linear dampers. Furthermore, the damper velocity was found to 
be only a fraction of the system velocity (5-15%), being roughly inversely 
proportional to the aspect ratio of the section. 
 
Through parametric analyses it was revealed that, in general, a non-linear damper 
with a velocity exponent of α = 0.75 is the optimal choice in terms of requiring the 
smallest damper force that is required to achieve a given level of EVD. Through time-
history analyses of six prototype post-tensioned viscous systems, the design procedure 
was found to be very accurate, with the largest displacement error being 10%. 
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9. Direct Displacement-Based Design of Post-Tensioned 
Rocking Systems, Part II: SDOF Systems with Viscous 
and Hysteretic Dampers 
9.1. INTRODUCTION 
In Chapter 8 a Direct Displacement-Based Design (DDBD) procedure was developed 
for post-tensioned rocking systems with non-linear viscous dampers (termed Viscous-
DDBD). This chapter extends the design procedure to include SDOF systems having 
a combination of non-linear viscous dampers and hysteretic dampers. The procedure 
focuses on applications to SDOF systems (MDOF systems are dealt within in the 
following Chapter), where the design procedure is verified using six prototype post-
tensioned wall structures. 
 
9.2. DIRECT DISPLACEMENT-BASED DESIGN OF POST-TENSIONED 
ROCKING SYSTEMS WITH HYSTERETIC DAMPING 
An overview of DDBD specific to hysteretic systems was discussed in Chapter 3. 
However, what was not discussed in detail was the calculation of equivalent viscous 
damping (EVD). For traditional reinforced concrete (RC) or structural steel structures, 
the equivalent viscous damping is related to the displacement ductility µ∆ of the 
system through a number of equations calibrated from non-linear time-history 
(NLTH) analyses; Blandon and Priestley [2005] and Priestley et al. [2007]. For 
MDOF systems, the displacement ductility is defined as the target displacement (at 
the effective height of the structure) divided by the equivalent yield displacement 
(also determined at the effective height of the structure) 
 
y
d
∆
∆
=∆µ  9.1 
 
For RC frame structures the EVD is based on a “Fat” Takeda (TF) hysteresis rule, 
defined by 
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For RC wall structures or bridges, the EVD is based on a ‘Thin’ Takeda (TT) 
hysteresis rule to account for a proportion of axial load acting on the section. 
 
⎟⎟⎠
⎞
⎜⎜⎝
⎛ −
+=
∆
∆
πµ
µξ 1444.005.0eq  9.3 
 
Finally, for steel framed structures, the EVD is based on a Ramberg Osgood (RO) 
hysteresis rule, defined by 
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The extension of the DDBD procedure to include post-tensioned hybrid systems is 
relatively minor. The refinement relates to the calculation of the equivalent yield 
displacement and the EVD, Palermo et al. [2005]. The yield rotation θy of a hybrid 
post-tensioned section can be estimated from 
 
D
H
K eyyieldy
ε
θ θ ,=  9.5 
 
Where: 
Kθ,yield  = a constant depending on the section geometry (square, rectangular 
etc) 
εy  = the yield strain of the internally grouted mild steel crossing the 
rocking interface 
 He  = the effective height of the structure 
 D  = the cross-section length of the rocking section 
 
Ignoring elastic displacements the ductility can be estimated from the lateral drift ratio 
of the structure θd =∆d/He. 
 
HK
D
yyield
d
ε
θµ
θ ,
≈∆  9.6 
 
Palermo et al. [2005] found that Kθ,yield ≈ 0.5 for square sections and 0.48 for 
rectangular sections. It should be recognised that if Kθ,yield is calibrated to the yield 
drift of the structure to include elastic deformations (as opposed to the yield rotation 
of the connection), then the validity of Eq.(9.6) will improve. 
 
The EVD of a post-tensioned hybrid system is related to the displacement ductility µ∆ 
of the system and the moment ratio λ. The moment ratio (also termed the re-centring 
ratio) is defined as the post-tensioned and axial load moment contribution divided by 
the hysteretic moment contribution (see Eq.( 9.7)).The λ ratio can be expressed as a 
moment ratio of the rocking section (i.e. at a connection level) as in Eq.(9.7) or at a 
global ratio defined by the over-turning moment contributions of the system. 
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The moment ratio λ is used as a weighting factor to estimate the proportion of EVD 
associated with the hysteretic moment contribution Mms and the non-linear elastic 
moment contribution Mpt+MN. With reference to Eqs.(9.2) to (9.4), the EVD of a 
post-tensioned system is summarised in the following form (which adopts 5% 
damping for the PT component) 
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Where Rξ depends on the type of hysteretic dissipation located at the rocking interface 
 Rξ  = 0.565 for internally grouted mild steel dissipation (TF) 
 Rξ  = 0.577 for externally mounted mild steel yielding devices (RO) 
 Rξ  = 0.670 for externally mounted friction devices (EPP) 
 
9.3. DDBD OF POST-TENSIONED ROCKING SYSTEMS WITH VISCOUS 
AND HYSTERETIC DAMPING 
The extension of the procedure to include both hysteretic damping and viscous 
damping involves the summation of two EVD contributions. The lateral response of a 
generic post-tensioned viscous-hysteretic system is presented in Figure 9.1(a). The 
three components providing lateral resistance are shown in Figure 9.1(b): the non-
linear elastic post-tensioned component; the non-linear inelastic hysteretic steel 
component and the linear or non-linear viscous component. The hysteretic and 
viscous elements act in parallel to one another; therefore, the total absorbed energy 
(the area beneath the force-displacement response) is a straight summation of the two 
components (see Figure 9.1(c)). 
 
 
 
Figure 9.1 Disaggregated response of a post-tensioned system with viscous and hysteretic energy 
dissipation 
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9.3.1. Elastic Damping Component of EVD, ξel 
For hysteretic systems, the EVD formulations in Eqs.(9.2) to (9.4) include both the 
elastic damping ξel and hysteretic damping ξhyst within a single equation. If the 
hysteretic component of EVD is defined separately (discussed in Section 9.3.3), then 
the elastic damping component must also be treated separately. Blandon and Priestley 
[2005] relate the secant damping of the equivalent elastic system to a tangent stiffness 
damping model. If an elastic damping ratio of 0.05 is assumed then the elastic 
component of EVD ξel is given by 
 
λµξ 05.0=el  9.9 
 
Where λ, in this case, is a parameter relating tangent stiffness damping to secant 
stiffness damping and µ is the ductility of the system. For flag-shape hysteresis 
behaviour λ=-0.430. 
 
9.3.2. Viscous Damper Component of EVD, ξvd 
Recalling from Chapter 8 the viscous damper component of EVD associated with a 
reduction in displacement is given by 
 
Ω= 1avdξ  9.10 
 
When the viscous damper component of EVD is to be associated with a reduction in 
velocity, the coefficient a1 is replaced with b1. The coefficients a1 and b1 are listed 
below in Table 9.1. This velocity/displacement aspect is discussed further in Section 
9.3.5. 
 
Table 9.1 EVD coefficients 
Velocity exponent, α  
1.0-0.751 0.501 0.301 0.151 
a1 0.880 0.693 0.839 0.602 0.714 0.456 0.440 0.262 
b1 0.642 0.598 0.608 0.526 0.521 0.412 0.341 0.243 
1Values in the left column relate to far-field seismicity, values in the right column refer to near-field seismicity 
 
 
The supplementary damping ratio (SDR) Ω  is defined as 
 
c
vdvd
c
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C
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Cc is the critical damping of the equivalent elastic system and βvd is a parameter 
relating the global damper coefficient CVD to the local damper coefficient cvd. An 
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approximate solution for βvd is given by the following relationship (developed in 
Chapter 8) 
 
( ) ( )αβ +−⋅== 1rvis
vd
VD
vd Anac
C  9.12 
 
Where 
 a = a constant, listed in Table 9.2 
 nvis = the number of viscous damper layers 
 Ar = the aspect ratio of the section He/D 
 α = the velocity exponent of the viscous damper 
 
 
Table 9.2 Constant to be used in conjunction with Equation 9.12 
α a 
0.15 0.746 
0.30 0.632 
0.50 0.514 
0.75 0.405 
1.00 0.324 
 
 
The critical damping of the system is computed from 
 
eec KmC 2=  9.13 
 
The effective stiffness Ke is defined by the peak displacement of the system (where 
the viscous contribution to the lateral resistance is zero). The disaggregated system is 
illustrated in Figure 9.2 being the summation of a post-tensioned hysteretic system (a) 
and a viscous system (b). 
 
 
 
Figure 9.2 Post-tensioned hysteretic system combined with a viscous component 
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9.3.3. Hysteretic Component of EVD, ξhyst 
Blandon and Priestley [2005] provide more detailed formulations for the hysteretic 
component of EVD ξhyst which have both period and ductility dependency. By also 
combining the post-tensioned moment ratio λ, the hysteretic EVD formulation can be 
written as 
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µλξ  9.14 
 
Where: 
 a,b,c,d  = constants depending on the hysteresis rule 
 µ  = the system ductility 
 Te  = the effective period 
 
The EVD coefficients a-d are summarised in Table 9.3. 
 
 
Table 9.3 Coefficients to determine the hysteretic component of EVD 
 a b c d 
Internally grouted steel (TF) 0.305 0.492 0.790 4.463 
Externally mounted steel (RO) 0.289 0.622 0.856 6.460 
Externally mounted friction (EPP) 0.224 0.336 -0.002 0.250 
 
 
9.3.4. Modifying the Hysteretic Component of EVD for Near-Field Seismicity 
In Chapter 8 it was discussed how the spectral reduction factor η in traditional DDBD 
takes on two forms. With reference to Eq.(9.15) the exponent α is equal to 0.5 for far-
field seismicity and 0.25 for near-field seismicity. The procedure developed in 
Chapter 8 adopts only a single equation with α = 0.5. Therefore, to ensure the two 
procedures (traditional DDBD and Viscous-DDBD) are compatible, a minor 
modification to the calculation of the hysteretic component of EVD ξhyst is required 
when considering design for near-field seismicity. 
 
α
ξη ⎟⎟⎠
⎞
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By manipulating the spectral reduction factor of Eq.(9.15), the two DDBD procedures 
can become compatible if they adopt the common exponent of α = 0.5 in Eq.(9.16), 
regardless of the seismicity. The manipulation of Eq.(9.15) is outlined in Appendix F 
with the results summarised below. 
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For the design of a post-tensioned viscous-hysteretic system under near-field 
seismicity, the hysteretic component of EVD ξhyst is computed in the following way  
 
( )[ ] 07.007.007.0 5.0, −+= DDBDhysthyst ξξ  9.17 
 
Where 
 ξhyst,DDBD  = the hysteretic component of EVD computed from Eq.(9.14) 
ξhyst  = the modified hysteretic damping component specific to near-
field seismicity. For far-field seismicity ξhyst,DDBD = ξhyst. 
 
9.3.5. Combining the Components of EVD 
The total EVD associated with a reduction in displacement is a summation of the 
three components below: elastic damping ξel, hysteretic damping ξhyst and viscous 
damping ξvd = a1Ω. 
 
Ω++= 1ahystel
disp
eq ξξξ  9.18 
 
The total EVD associated with a reduction in spectral velocity is given by Eq.(9.19) 
below; the difference between Eq.(9.18) & (9.19) being the coefficients a1 and b1. 
 
Ω++= 1bhystel
vel
eq ξξξ  9.19 
 
The coefficients a1 and b1 are listed in Table 9.1 above as a function of the damper 
velocity exponent α. Hence, the spectral reduction factor for displacement is given by 
Eq.(9.20), while the spectral reduction factor for velocity is given by Eq.(9.21). 
 
disp
eq
disp ξη += 02.0
07.0  9.20 
 
vel
eq
vel ξη += 02.0
07.0  9.21 
 
9.3.6. Design Displacement for Post-Tensioned Viscous-Hysteretic systems 
An intermediate design displacement ∆r was incorporated into the design of a post-
tensioned viscous system in Chapter 8. Similarly, it is incorporated into the design of 
a post-tensioned viscous-hysteretic system. At the target displacement ∆d the velocity 
is zero, hence, the viscous component of lateral resistance is also zero. The 
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intermediate displacement in Eq.(9.22) allow the viscous dampers to be 
assessed/designed for some non-zero velocity. 
 
2
d
r
∆
=∆  9.22 
 
The system velocity demand vr at the intermediate displacement ∆r was derived in 
Chapter 8 and is reproduced below 
 
2
12
⎟⎟⎠
⎞
⎜⎜⎝
⎛
∆=
disp
vel
e
dr T
v
η
ηπ  9.23 
 
All parameters in Eq.(9.23) have been previously defined. In aid of more detailed 
calculations outlined in Chapter 8, the average damper velocity vdv  at the rocking 
interface can be approximated from Eq.(9.24), which requires an estimation of the 
internal lever arm jD to the centroid of the resultant damper force ΣFvd,i. 
 
r
e
vd vH
jDv ≈  9.24 
 
 
9.3.7. Bilinear Base Shear Reduction Factor, φBL,sys 
Recalling from Chapter 8 a base shear reduction factor φBL was incorporated to 
recognise the reduction in displacement response between a bilinear-elastic system 
and an equivalent elastic system. For systems with viscous and hysteretic energy 
dissipation the system base-shear reduction factor φBL,sys is determined from a 
weighted proportion of viscous and hysteretic energy dissipation as follows 
 
vdhyst
hyst
BLBLsysBL ξξ
ξφφφ
+
−+= )1(,  9.25 
 
The un-weighted base-shear factor φBL is listed in Table 9.4 for far-field seismicity 
and in Table 9.5 for near-field seismicity (reproduced from Chapter 8) and is a 
function of the effective period Te, the damper velocity exponent α and the 
supplementary viscous damping ratio Ω. It follows that the design base shear Vb is 
defined by Eq.(9.26) below. 
 
desysBLb KV ∆= ,φ  9.26 
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Table 9.4 Bilinear, base-shear reduction factors φBL: Far-field 
α=0.30 α=0.75  
 Ω=0.05 Ω=0.30 Ω=0.05 Ω=0.30 
Te=1.00s 0.717 0.794 0.744 0.837 
Te=2.25s 0.755 0.888 0.731 0.892 
Te=3.50s 0.978 0.983 0.966 0.900 
 
 
Table 9.5 Bilinear, base-shear reduction factors φBL: Near-field 
α=0.30 α=0.75  
 Ω=0.05 Ω=0.30 Ω=0.05 Ω=0.30 
Te=1.00s 0.722 0.803 0.745 0.838 
Te=2.25s 0.775 0.861 0.784 0.896 
Te=3.50s 0.840 0.882 0.852 0.898 
 
 
From Eq.(9.25), when the viscous damper component of EVD ξvd approaches zero, 
the base-shear reduction φBL,sys approaches 1.0 and the design reverts to a traditional 
DDBD procedure. Conversely, when the hysteretic damping component of EVD ξhyst 
approaches zero, the base-shear reduction φBL,sys approaches the un-weighted 
reduction factor φBL listed in Table 9.4 and Table 9.5 and the design reverts to the 
pure Viscous-DDBD procedure developed in Chapter 8. 
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9.4. TIME HISTORY DESIGN VERIFICATION  
Three prototype wall systems are designed for far-field and near-field seismicity: 
resulting in a total of six prototypes. Each post-tensioned wall has a combination of 
hysteretic and viscous supplementary dampers located at the rocking interface. For 
simplicity, each precast wall unit is assumed to be rigid, i.e. elastic flexural 
displacements are ignored. A summary of each prototype is given in Table 9.6. 
Table 9.6 Prototype summary 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
  
 Prototype 1  
(3 levels @ 3m) 
Prototype 2 
( 5 levels @ 3m) 
Prototype 3 
(8 levels @ 3m) 
Hn [m] 9  15 24 
lw [m] 1.8 2.5 3.5 
tw [m] 0.25 0.25 0.25 
mi 15 tonne 20 tonne 25 tonne 
nvis 1 1 2 
nvd 2 2 4 
α 0.30 0.50 0.75 
cvd [kNsα/mα] 250 250 400 450 1000 1000 
nms 2 2 2 2 1 1 
λ 1.5 1.25 1.0 1.0 2.0 2.0 
1 The sub-divided columns on the bottom-left refer to far-field, while columns on the bottom-right 
refer to near-field 
 
The design of each post-tensioned hysteretic-viscous wall is summarised in Table 9.7. 
A worked example of Prototype 2 designed for near-field seismicity (P2NF) is 
outlined in Appendix F. A section analysis was carried out on each post-tensioned 
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wall to accurately determine the damping and spring properties to be implemented 
into the non-linear time-history program Ruaumoko, Carr [2005]. In doing so, the 
post-tensioned steel content, initial post-tensioned force and the area of mild steel 
(hysteretic dampers) was determined. The over-turning moment capacity was 
disaggregated into the three components and calibrated to an appropriate hysteresis 
rule. The post-tensioned component was calibrated to a bilinear-elastic spring while a 
bilinear-inelastic spring was calibrated to the hsyteretic component. Finally, a dashpot 
element was used to model the non-linear viscous damper contribution. Elastic 
damping of the system was included within the model using a simple elastic dashpot, 
hence equivalent to a constant damping model. The magnitude of the elastic damping 
coefficient was equal to 5% of critical damping computed from the secant stiffness, 
defined by the design displacement of the system. The 15 far-field and 15 near-field 
ground motions used in Chapter 8 are used as the ground motions for this time-history 
validation. 
 
 
Table 9.7 Design summary of each prototype 
Prototype 1 (P1) Prototype 2 (P2) Prototype 3 (P3) 
 
FF NF FF NF FF NF 
θd [mm] 1.0% 1.75% 1.4% 1.5% 1.0% 1.4% 
∆d [mm] 70 123 154 165 170 238 
ξel 0.050 0.050 0.050 0.050 0.050 0.050 
ξhyst 0.061 0.034 0.078 0.034 0.039 0.021 
ξvd 0.042 0.048 0.050 0.023 0.077 0.054 
ξeq 0.153 0.132 0.178 0.107 0.165 0.125 
η 0.637 0.678 0.594 0.742 0.614 0.695 
Te [sec] 1.25 1.82 2.82 2.10 2.98 2.82 
Vb [kN] 60.87 49.24 58.92 109.24 108.69 164.23 
φBL,sys 0.891 0.871 0.943 0.908 0.916 0.876 
cvd [kNsα/mα] 250 250 400 450 1000 1000 
CVD [kNsα/mα] 29218 30840 25738 27270 61861 61273 
npt (total) 4 2 2 4 6 10 
Tpt0 [kN] 216 138 226 420 676 962 
Ast 1 [mm] 586 515 792 1497 1091 1655 
1 Total area of steel (hysteretic) yielding dampers (tension-compression-yielding dampers-TCY) 
 
 
The mean of the maximum displacement response ∆eq,ave (THA results) is reported in 
Table 9.8 and compared with the target design displacement ∆d. First, the mean error 
associated with the far-field design decreases as the proportion of hysteretic damping 
reduces. The error associated with the near-field design is consistently in the range of 
18-20%. The reason this error is greater considering near-field seismicity is due to the 
hysteretic damping spectral reduction factor ηdisp. In Eq.(9.5), α = 0.25 is used for the 
hysteretic spectral reduction for near-field ground conditions. This factor is based on 
relatively limited analytical work and is likely to be significantly conservative. With 
this in mind, at the very least, the procedure appears to result in a conservative design 
while adopting logical reasoning behind each of the key design steps. 
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Table 9.8 Summary of the mean displacement response from THA 
 ∆ eq,ave 
[mm] 
∆d 
[mm] 
Error 
[%] 
P1-FF 62.1 70 11.3% 
P2-FF 139.0 154 9.7% 
P3-FF 167.1 170 1.7% 
P1-NF 99.8 123 18.5% 
P2-NF 133.2 165 19.3% 
P3-NF 189.3 238 20.5% 
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9.5. DESIGN METHODS 
Two Viscous-DDBD design methods are developed and illustrated in the form of a 
flow chart. Both methods are based on a target inter-storey drift θd defining the design 
displacement ∆d. 
 
Design Method A targets a specific supplementary damping ratio (SDR) Ω and then 
designs the properties of the damper (cvd, α), mild steel and the post-tensioning to 
satisfy this level of damping. This design method is illustrated in the flowchart of 
Figure 9.3. 
 
Design Method B is based on pre-defined damper properties (cvd, α). The selected 
damper properties define the viscous component of EVD ξvd. This method is 
presented in Figure 9.4. 
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Figure 9.3 Design method A for post-tensioned viscous-hysteretic systems 
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Figure 9.4 Design method B for post-tensioned viscous-hysteretic systems 
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9.6. CONCLUSIONS 
A Direct-Displacement Based Design (DDBD) has been presented for single-degree-
of-freedom (SDOF) post-tensioned systems with viscous and hysteretic dampers. The 
design procedure combines the traditional DDBD of hysteretic yielding systems with 
the DDBD-viscous procedure presented in Chapter 8. The design procedure was 
validated on six prototype SDOF systems subjected to time-history analysis. The 
largest displacement error for the systems designed for far-field seismicity was 11%, 
whereas an error of 21% was associated with systems designed for near-field 
seismicity. In both cases the designs were conservative. Additional conservatism was 
thought to exist within the hysteretic component of equivalent-viscous-damping 
(EVD). In particular, traditional DDBD heavily penalises hysteretic systems designed 
for near-field seismicity, which was found to be over-conservative in this case. 
 
The procedure explicitly separates the three contributions of EVD: Viscous 
(supplementary), hysteretic and elastic. The individual viscous and hysteretic 
components of EVD must be defined as their ratio is used as a weighting factor within 
a base-shear reduction factor. As per Chapter 8, this reduction factor recognises the 
expected reduction in response of a bilinear system when compared to an equivalent 
elastic system. 
 
It was discussed that traditional DDBD uses two different spectral reduction factors 
depending on whether near-field or far-field seismicity is considered, while a common 
EVD is used specific to the hysteretic system alone. In hind site, DDBD-viscous uses 
a common spectral reduction factor, but alters the level of EVD depending on whether 
far-field or near-field seismicity is considered. It was shown that the two procedures 
become compatible when a damping modification factor is incorporated for the 
hysteretic component of EVD when dealing with near-field seismicity. With these 
modifications in mind, it was shown that the DDBD-viscous procedure is 100% 
compatible with existing DDBD in all aspects. 
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10. Direct Displacement-Based Design of Post-Tensioned 
Rocking Systems, Part III: MDOF Systems with Viscous 
and Hysteretic Dampers 
10.1. INTRODUCTION 
In Chapter 8 a Direct Displacement-Based Design (DDBD) procedure was developed 
for SDOF post-tensioned rocking systems with viscous dampers (termed Viscous-
DDBD). This procedure was extended to include SDOF post-tensioned rocking 
systems with viscous and hysteretic dampers in Chapter 9. This chapter extends the 
procedure to MDOF systems, with a specific emphasis on post-tensioned, rocking, 
continuous bridge systems. The fundamental concepts of DDBD are first discussed 
with respect to traditional reinforced concrete (RC) bridge systems; the procedure is 
then extended to include post-tensioned rocking bridge systems with viscous and 
hysteretic dampers. The design procedure is verified on six prototype bridge systems 
subjected to a suite of far-field and near-field ground motions. 
10.2. AN OVERVIEW OF DDBD FOR CONVENTIONAL MDOF RC 
CONTINUOUS BRIDGE SYSTEMS 
The DDBD procedure is somewhat more cumbersome for MDOF bridge systems 
when compared to MDOF buildings. This is because bridge systems will generally 
have two load paths to consider: the first being the bridge bents (piers) and the second 
being the superstructure (bridge deck) and abutments. The bridge bents will respond 
in the inelastic range, while the prestressed superstructure will, in general, be designed 
to remain elastic. It is for this reason that the design procedure is iterative (in fact, a 
double iteration is required); an initial estimate is required for the proportion of base 
shear resisted by the superstructure x as well as an estimate of the deformed shape of 
the bridge system φ. An initial estimate should adopt a parabolic displaced profile, 
while 50% of the base shear can initially be assumed to be resisted by the 
superstructure (via the abutments), i.e. x = 0.5. The displacement capacity of the most 
critical pier can be estimated from the applied axial load (plus initial post-tensioned 
force) and the post-tensioned reinforcement content within the section; this will define 
the design displacement of the bridge system to which the design can target. In its 
most recent state, DDBD is discussed in great detail in Priestley et al. [2007]. This 
procedure is similar to the earlier approach of Kowalsky [2002], but with refined 
weighted damping equations and calibrated equivalent viscous damping (EVD) 
formulations, Grant et al. [2005] & Blandon and Priestley [2005]. A summary of 
DDBD for continuous bridge systems is presented below to provide an extension to 
post-tensioned rocking viscous-hysteretic bridge systems. With reference to Figure 
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10.1 below, the trial parabolic displaced shape φ for a continuous bridge, symmetrical 
about mid-span of the superstructure, is given by Eq.(10.1). The displaced shape φ 
should be written such that the value of φi at the location of the critical pier is equal to 
1.0. The critical pier is defined as being the pier that achieves its governing limit-state 
displacement first (material or geometric). This requires the limit-state displacement 
to be computed for each pier based on allowable material strain limits following a 
performance-based design philosophy. This performance-based design philosophy 
was introduced in Chapter 3 and is applied and discussed in detail via a feasibility 
study in Chapter 11. In Eq.(10.1), φ is written such that the critical pier is located at 
the middle of the super-structure, i.e. φi(0.5LSS) = 1.0. 
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When φi = 1.0 for the critical pier, the displacement profile of the superstructure is 
given by Eq.(10.2) where ∆crit is the displacement of the critical pier. In some cases it 
is not obvious which pier is critical until the analysis is complete (or, at least the first 
iteration is carried out). 
 
critii ∆=∆ φ  10.2 
 
Given the displacement profile of the bridge ∆i, the displacement ∆d of the effective 
mass me can be determined. 
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After calculating the yield displacement of each pier ∆y,i the ductility demand at each 
pier µi is defined by 
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i
i
,∆
∆
=µ  10.5 
 
The equivalent viscous damping (EVD) ξi of each pier is calculated from Eq.(10.6), 
specific to a reinforced concrete bridge pier. This formulation of EVD includes a 
proportion of elastic EVD. 
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The damping of each pier ξi is weighted to the equivalent work (shear force of the pier 
Vi multiplied by the pier displacement ∆i) undertaken by each pier and summed over 
all piers n to define the total EVD ξeq of the system. 
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Given that the superstructure will be responding elastically, a superstructure elastic 
damping ratio of ξss=0.05 can generally be adopted and weighted within the total 
system damping as follows: 
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As a further extension, damping associated with the abutments ξa (hysteretic or 
otherwise) can also be included and weighted in the following way: 
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Here, ∆a is the average displacement of each abutment. Following the computation of 
the EVD, the effective period Te, effective stiffness Ke and system base shear Vb are 
determined from the damped design displacement spectrum ∆(Te,ξeq). The base shear 
is then distributed along the bridge as discrete lateral loads Pi, proportioned according 
to the mass and displacement at each degree-of-freedom (DOF). 
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Generally, each pier would be designed to have the same reinforcement content as this 
results in similar moment capacities for each pier (in reality, however, the height of 
each pier will differ, altering the axial load and the P-∆ induced moment demand 
acting on each pier). The lateral capacity of each pier element is related by the 
following 
 
i
i
i H
M
V =  10.11 
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Where, Mi is the moment demand and Hi is the height of each pier. The total pier 
shear (1-x)Vb is distributed to each pier according to its strength. As each pier has the 
same/similar moment capacity, the total pier shear is proportioned according to 1/Hi.  
 
⎟⎟
⎟⎟
⎠
⎞
⎜⎜
⎜⎜
⎝
⎛
−=
∑
=
n
i
i
i
bi
H
H
VxV
1
/1
/1
)1(  10.12 
 
Using the applied loads Pi calculated in Eq.(10.10) and the pier shear Vi calculated in 
Eq.(10.12) a static analysis is carried out to update a) the proportion of base shear 
resisted by the superstructure x and b) the deformed shape of the bridge φ. With 
reference to Figure 10.1, a structural model of the bridge is constructed where the 
superstructure is modelled as an elastic beam element with section properties 
representative of the transverse response i.e. Iyy. Elastic springs are located at each 
DOF representing the effective stiffness of the piers (and abutments, if unrestrained) 
and defined as follows: 
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The design is revised using the updated deformed shape φ and the revised proportion 
of abutment shear x. 
 
 
Figure 10.1 Structural analysis model of bridge to update the displaced shape (φ) and the 
proportion of base shear resisted by the abutments (x) 
 
10.3. DDBD OF POST-TENSIONED HYBRID CONTINUOUS BRIDGE 
SYSTEMS 
The extension of the traditional DDBD procedure to include hybrid post-tensioned 
systems was discussed in Chapter 9 for SDOF systems. The same extensions are also 
Pi 
Ki 
E, Iyy 
∆i 
LSS 
ui 
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applicable for MDOF systems. Specifically, for a post-tensioned system, the 
difference relates to the calculation of the yield displacement and the EVD. The 
equations are reproduced below from Chapter 9. The ductility of each pier is 
estimated from the yield rotation, or lateral drift of each pier θi. 
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Where, Kθ,yield is approximately equal to 0.50 for square pier sections. The EVD of 
each pier is computed from the following relationship 
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Where, λi is the moment ratio of each pier. The remainder of the procedure follows 
the traditional procedure for RC systems discussed above in Section 10.2. 
 
10.4. DDBD OF POST-TENSIONED ROCKING CONTINUOUS BRIDGE 
SYSTEMS WITH VISCOUS AND HYSTERETIC DAMPERS 
The proposed Viscous-DDBD for viscous-hysteretic bridges is similar to that for 
SDOF systems, with the addition of a few important steps that are addressed below. 
Unlike traditional DDBD, it is necessary to divide the total proportion of EVD into 
the elastic ξel, the hysteretic damper ξhyst and viscous damper ξvd components. This 
has the advantage of being able to understand the contribution of each damping 
component, but is also necessary to compute the base-shear reduction factor φBL. 
 
10.4.1. Elastic Damping Component, ξel 
The global response of a post-tensioned bridge with viscous dampers is illustrated in 
Figure 10.2 showing the lateral contribution from the bridge piers (a) and the 
contribution from the superstructure via the abutments (b). Both the superstructure 
and bridge piers have a component of elastic damping ξel which is indicated by the 
grey line. The actual structural response is shown by a solid black line in each graph. 
 
Recalling from Chapter 9, work carried out by Grant et al. [2005] defined the 
following relationship that converts the elastic damping of a substitute structure (with 
damping proportional to the secant stiffness) to damping that is proportional to the 
tangent stiffness of a non-linear system below 
 
( )λµξ iiel 05.0, =  10.16 
 
Where: 
 ξel,i is the elastic damping of the pier at DOF i 
 µi is the displacement ductility of the pier at DOF i 
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λ is a factor depending on the hysteresis rule. For flag-shape systems λ = -
0.430 
 
 
Figure 10.2 Decomposition of the transverse response of a post-tensioned bridge system with 
supplementary viscous and hysteretic dampers 
 
 
The total elastic damping of the bridge system ξel will comprise of three elements; the 
elastic damping of all the pier elements ξel,i, the elastic damping of the superstructure 
ξss, and the elastic damping of the abutments ξel,abut. Following from Eq.(10.9) and 
recognising that the shear is proportioned between each pier according to 1/Hi as in 
Eq.(10.12), the total elastic damping ξel can be expressed as: 
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All terms in Eq.(10.17) have been previously defined. Often the displacement of the 
abutments will be small such that their contribution to the total elastic damping in 
Eq.(10.17) can be neglected. When this is the case, Eq.(10.17) will reduce to the 
following: 
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In the event that the elastic damping across all piers is equal, then Eq.(10.17) further 
reduces to the following 
 
ielssel xx ,)1( ξξξ −+=  10.19 
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10.4.2. Viscous (supplementary) Damper Component of EVD, ξvd 
Following on from the design procedure for SDOF viscous-hysteretic systems 
presented in Chapter 8, the EVD of the system is directly related to the damping 
coefficient CVD,i of each pier at the height of the effective mass (height of the 
superstructure). The local damping properties at the rocking interface (cvd, α) of each 
pier are converted to an equivalent damper coefficient CVD,i at the top of each pier (in 
line with the effective mass). It should be recognised that in this chapter CVD,i refers to 
the damper coefficient at the top of each pier, while CVD refers to the glocal 
(weighted) system damper coefficient representative of the entire bridge system. 
Chapter 8 presented the following relationship between the damping coefficient CVD,i 
(at the location of the effective mass) and the local damping coefficient at the rocking 
interface cvd. 
 
ivd
iVD
ivd c
C
,
,
, =β  10.20 
 
In Chapter 8 it was shown that βvd,i is a function of the aspect ratio Ar,i and the damper 
linearity α and an approximate relationship was derived as follows 
 
( ) ( )αβ +−⋅= 1,, irvisivd Ana  10.21 
 
Where 
 a = a constant given in Table 10.1 
 nvis = the number of damper layers 
 α = the damper velocity exponent 
 
 
Table 10.1 Constant to be used in conjunction with 10.21 
α a 
0.15 0.746 
0.30 0.632 
0.50 0.514 
0.75 0.405 
1.00 0.324 
 
 
The relationship describing the parameter βvd in Eq.(10.21) is graphically presented in 
Figure 10.3. As discussed in Chapter 8 βvd is somewhat dependant on the depth of the 
compression zone χ = c/D. Therefore, following the design and section analysis of 
each pier section, the estimate of βvd used in design, should be updated (or verified), 
i.e. an additional iteration may be required. 
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Figure 10.3 Ratio between the damping coefficient at the effective mass CVD,i to the local damping 
coefficient at the rocking interface cvd. 
 
 
For a bridge system having unequal pier heights He, βvd will vary along the bridge as 
the aspect ratio Ar varies. It is recommended that in order to keep the design 
procedure simple, the viscous damper velocity exponent α should be kept constant 
from pier to pier; however, the damping coefficient cvd and the number of 
dampers/layers located at the rocking interface can vary. The global (system) bridge 
damping coefficient CVD is computed from a weighted distribution given by 
Eq.(10.22). The derivation of this weighting function is presented in Appendix G. 
 
( )
( ) 1
1
1
,
+
=
+
∆
∆
=
∑
α
α
d
n
i
iiVD
VD
piers
C
C  
10.22 
 
The viscous (supplementary) damper component of EVD ξvd associated with a 
reduction in displacement is computed from the supplementary damper ratio (SDR) 
Ω  =  CVD/Cc as follows 
 
⎟⎟⎠
⎞
⎜⎜⎝
⎛
⋅=Ω⋅=
c
VD
vd C
Caa 11ξ  10.23 
 
When the viscous damper component of EVD is to be associated with a reduction in 
velocity, the coefficient a1 is replaced with b1. The coefficients a1 and b1 are listed 
below in Table 10.2.  
 
The critical damping of the system in Eq.(10.23) above is computed from the effective 
stiffness Ke of the system. 
 
eec KmC 2=  10.24 
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Table 10.2 EVD coefficients 
Velocity exponent, α  
1.0-0.751 0.501 0.301 0.151 
a1 0.880 0.693 0.839 0.602 0.714 0.456 0.440 0.262 
b1 0.642 0.598 0.608 0.526 0.521 0.412 0.341 0.243 
1Values in the left column relate to far-field seismicity, values in the right column refer to near-field seismicity 
 
 
10.4.3. Hysteretic Component of EVD, ξhyst 
The formulation to compute the hysteretic component of EVD for each pier ξhyst,i is 
identical to that outlined in Chapter 9 and reproduced below. The only difference is 
the EVD is calculated for each pier (and abutment if necessary) and appropriately 
weighted to determine the hysteretic damping contribution to the entire system ξhyst. 
The hysteretic damping of each individual pier is computed from the following 
relationship 
 
( ) ⎥⎥⎦
⎤
⎢⎢⎣
⎡
⎟⎟⎠
⎞
⎜⎜⎝
⎛
+
+⎟⎟⎠
⎞
⎜⎜⎝
⎛
−
+
= d
e
b
ii
ihyst cT
a 1111
1
1
, µλ
ξ  10.25 
 
Where: 
a,b,c,d  = are constants depending on the hysteresis rule listed in Table 10.3 
below 
 µ  = is the system ductility 
 Te  = is the effective period 
 
 
Table 10.3 Coefficients to determine the hysteretic component of EVD 
 a b c d 
Internally grouted steel (TF) 0.305 0.492 0.790 4.463 
Externally mounted steel (RO) 0.289 0.622 0.856 6.460 
Externally mounted friction (EPP) 0.224 0.336 -0.002 0.250 
 
 
From Chapter 9 it was discussed that the hysteretic EVD computed in Eq.(10.25) 
must be reduced when considering near-field seismicity from the following 
 
( )[ ] 07.007.007.0 5.0,, −+= DDBDhystihyst ξξ  10.26 
 
 
Where 
 ξhyst,DDBD  = the hysteretic component of EVD computed from Eq.(10.25) 
ξhyst,i  = the reduced hysteretic damping component of EVD for near-
field seismicity 
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The hysteretic damping computed for each pier ξhyst,i is weighted according to the 
proportion of work (strain energy) achieved by each pier. The total pier shear is 
proportioned according to 1/H; therefore, the weighted hysteretic component of EVD 
is given by the following 
 
∑∑
∑∑
=
=
∆−
∆−
= n
i
ii
i
n
i
ihystii
i
hyst
H
H
x
H
H
x
1
1
,
)/1(
)/1(
)1(
)/1(
)/1(
)1( ξ
ξ  10.27 
 
Furthermore, if the abutments are also contributing to the hysteretic energy 
dissipation, as in the case of friction bearings or high damping rubber bearings, then 
the following extension is appropriate 
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In Eq.(10.28) ξhyst,abut is the proportion of hysteretic damping associated with the 
abutments, calculated in a similar manner to that of the bridge piers. 
 
10.4.4. Combining the Components of EVD 
The total EVD ξeq is a summation of the elastic damping ξel, the viscous damper 
component ξvd and the hysteretic damper component ξhyst. The EVD associated with a 
reduction in displacement is given by Eq.(10.29), while the EVD associated with a 
reduction in velocity is given by Eq.(10.30) below. The coefficients a1 and b1 are 
listed in Table 10.2 above. 
 
Ω⋅++=++= 1ahystel
disp
vdhystel
disp
eq ξξξξξξ  10.29 
 
Ω⋅++=++= 1bhystel
vel
vdhystel
vel
eq ξξξξξξ  10.30 
 
The spectral reduction factor for displacement ηdisp and velocity ηvel is given by 
Eq.(10.31) and Eq.(10.32) respectively. 
 
disp
eq
disp ξη += 02.0
07.0  10.31 
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vel
eq
vel ξη += 02.0
07.0  10.32 
 
10.4.5. Design Displacement for Post-Tensioned Viscous-Hysteretic systems 
For SDOF systems an intermediate design displacement ∆r (defined in Eq.(10.33)) 
was incorporated into the design of post-tensioned rocking viscous-hysteretic systems 
to allow the viscous dampers to be designed/assessed at some non-zero velocity.  
 
2
d
r
∆
=∆  10.33 
 
The velocity demand vr of the SDOF system at the intermediate design displacement 
was derived in Chapter 8 and is reproduced below. 
 
2
12
⎟⎟⎠
⎞
⎜⎜⎝
⎛
∆=
disp
vel
e
dr T
v
η
ηπ  10.34 
 
It follows that the design velocity vi of each pier is related to the design displacement 
∆i at each pier in the same way.  
 
2
12
⎟⎟⎠
⎞
⎜⎜⎝
⎛
∆=
disp
vel
e
ii T
v
η
ηπ  10.35 
 
This allows the damper velocity and damper forces at the rocking interface of each 
individual pier to be determined from geometric formulations presented in Chapter 8. 
 
10.4.6. Bilinear Base-Shear Reduction Factor, φBL,sys 
A bilinear base-shear reduction factor φBL was introduced in Chapter 8 & 9 and was 
weighted according to the proportion of hysteretic to viscous damping (ξhyst versus 
ξvd). For MDOF continuous bridge systems the reduction factor is further weighted to 
the proportion of base-shear resisted by the superstructure x. The total (system) 
weighted base-shear reduction factor φBL,sys is given by Eq.(10.36), where the term in 
the square brackets [ ] is identical to that presented in Chapter 9 for SDOF systems 
weighted according to the proportion of viscous and hysteretic damping. The 
modification outside the square brackets accounts for the dual load path of a 
continuous bridge system; that is, the combination of the linear elastic superstructure 
and the non-linear bridge piers. 
 
( ) xx
vdhyst
hyst
BLBLsysBL +−⎥⎥⎦
⎤
⎢⎢⎣
⎡
+
−+= 1)1(, ξξ
ξφφφ  10.36 
 
The un-weighted base-shear factor φBL is tabulated in Chapters 8&9. Following this 
reduction, the design base shear Vb is defined by Eq.(10.37) below 
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desysBLb KV ∆= ,φ  10.37 
 
It can be seen from Eq.(10.36) that as the superstructure’s proportion of base-shear 
approaches one, i.e. as x ≈ 1.0, the response of the system is dictated by the linear 
elastic behaviour of the superstructure; hence, the reduction factor φBL,sys approaches 
1.0. Conversely, as the superstructure’s proportion of base-shear x approaches zero, 
i.e. as x ≈ 0.0, the reduction factor φBL,sys is entirely weighted to the piers’ proportion 
of hysteretic ξhyst and (supplementary) viscous ξvd EVD. 
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10.5. DESIGN PROCEDURE FOR MDOF CONTINUOUS BRIDGE 
SYSTEMS WITH VISCOUS AND HYSTERETIC DAMPERS 
The displacement-based design of a traditional (monolithic) MDOF continuous bridge 
system in itself can be a drawn out process unless it is automated in some way such as 
in a spread sheet or computer algorithm. The extension of the design procedure to 
include viscous and hysteretic dampers adds another level of complexity to the 
procedure. The full procedure is outlined in the design chart of Figure 10.4 via a flow 
chart with references to equations published in this chapter. While the SDOF design 
procedure in the previous two chapters contained two design methods, the MDOF 
design procedure is really limited to one method. The known parameters are the target 
rotation θd of the critical pier, and the damper properties at the rocking interface cvd, 
α. Following the design of the bridge, the pier elements themselves will be designed 
to satisfy the parameters used in the design i.e, the amount of post-tensioned 
reinforcement, initial post-tensioning force, mild steel reinforcement etc. After the 
design and assessment of the piers (via a detailed section analysis for example) it is 
necessary to check the critical parameters that were used during design; in particular 
the global-to-local damping parameter βvd and the hysteretic re-centring ratio λ (at the 
design displacement ∆i) should be validated and updated if necessary. 
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Figure 10.4 Design procedure for post-tensioned MDOF continuous viscous-hysteretic bridge 
systems 
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10.6. VERIFICATION OF THE MDOF VISCOUS-DDBD PROCEDURE 
USING THA 
10.6.1. Description of the Prototype Bridges 
The design verification was divided into two stages 1) verification of the design 
procedure for MDOF continuous bridges with viscous dampers only and 2) 
verification of the procedure for bridges with viscous and hysteretic dampers. For (1) 
and (2) above, three prototype bridges were created with geometric details indicated 
in Figure 10.5. Each bridge was designed for far-field and near-field seismicity. The 
abutments at each end were laterally restrained but free to rotate about the vertical 
axis. For consistency, the seismic intensity (representing the hazard within this study) 
was equivalent to that used in the development of the design procedures in Chapter 8 
and Chapter 9. This seismic hazard corresponds to a 10% probability of exceedance in 
50 years (i.e. a return period of 500 years within a 50 year working life). Depending 
on the bridge importance level, bridge design in New Zealand is typically carried out 
for a 4% probability of exceedance in 100 years (return period of 2500 years within a 
100 year working life). With this in mind the seismic intensity used for the THA 
verification is 71% of the design intensity of a typical bridge design in New Zealand. 
Further details relating to the seismic hazard used in New Zealand bridge design is 
discussed in a feasibility study in Chapter 11. 
 
 
 
Figure 10.5 Prototype MDOF bridge systems 
 
10.6.2. Bridge Modelling Issues 
The bridge systems were modelled as a 2-dimensional model, where the piers were 
modelled as a combination of bilinear-elastic and bilinear-inelastic (EPP) translation 
springs and non-linear dashpots. The superstructure was modelled as an elastic frame 
element. A number of modelling techniques were adopted to minimise the uncertainty 
in response and to allow reasonable comparisons to be made with the target design 
(namely, the displacement and shears). 
Wdeck=300kN/m 
Ideck=40m4 
L1=30m Li=40m Wdeck=395kN/m 
Ideck=90m4 
H1=4m 
H3=10m 
H2=8m 
Li=40m Wdeck=350kN/m 
Ideck=50m4 
H2=4m 
H1=8m 
L1=30m Li=40m 
H1=4m 
H2=8m 
a) Bridge 1 
b) Bridge 2 
c) Bridge 3 
Additional Bridge Properties 
Pier diameter: 2m 
Modulus of Elasticity: 30GPa 
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1. P-∆ actions were not included in the design of the piers or THA of the bridge. 
While P-∆ actions can be readily incorporated within the design procedure, the 
decision to ignore these limited the number of variables/uncertainties associated 
with the bridge response. P-∆ actions are accounted for in a feasibility study 
presented in Chapter 11. 
2. The elastic damping of the structure was modelled using discrete dashpot 
elements at each DOF along the bridge system. While a tangent stiffness damping 
model is possible within Ruaumoko (Carr [2005]), individual dashpot members 
were used to better represent the equivalent elastic damping of the SDOF 
substitute structure. A description of the elastic damping dashpot model is 
discussed in Appendix G. 
3. The abutments were laterally restrained to confine all of the damping (hysteretic 
and elastic) to the piers and to the elastic damping of the superstructure. 
4. The mass of the piers was ignored, while the mass of the superstructure was 
lumped at each DOF. 
5. The mass of the superstructure, and the target displacement of each bridge, are 
rather arbitrarily chosen. As discussed, the seismic intensity was relatively low 
requiring the superstructure mass, transverse stiffness and target displacement to 
be massaged so that the design objectives between the far-field and near-field 
seismic hazard are similar. With respect to a validation of the design procedure, 
the specified parameters will suffice; consideration is given to more realistic 
properties specific to a case study bridge in Chapter 11. 
 
10.6.3. Design Verification 1: Continuous Bridge Systems with Supplementary 
Viscous Dampers 
Each of the three prototype bridge systems above had a different arrangement of 
viscous dampers within the rocking section. However, the damper arrangement of 
each pier was identical for each bridge system. The damper properties for each bridge 
are listed in Table 10.4. 
 
 
Table 10.4 Damper properties of each post-tensioned rocking viscous bridge 
 Bridge 1 Bridge 2 Bridge 3 
Damper coefficient, cvd,i 5500kNαs/mα 7500kNαs/mα 10000kNαs/mα 
Non-linearity, α 0.3 0.5 0.75 
Total number of dampers, nvd 2 4 6 
Number of damper layers, nvis 1 2 3 
 
 
A summary of the DDBD analysis of each bridge is given in Table 10.5. Due to the 
low seismic demand it was difficult to establish a group of bridge systems having an 
effective period encompassing a larger range; however, the damping ratios vary 
significantly to provide a proper validate to the design procedure. 
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Table 10.5 DDBD summary of each post-tensioned rocking viscous bridge 
 Bridge 1 Bridge 2 Bridge 3 
 FF NF FF NF FF NF 
Design displacement, ∆eq [mm] 101.9 101.6 125.9 141.0 68.6 68.6 
Equiv viscous damp, ξeq [%] 9.53 7.64 14.59 10.81 25.85 19.71 
Spectral reduction, η 0.779 0.852 0.650 0.739 0.501 0.568 
Effective period, Teq [sec] 1.44 1.33 2.11 1.89 1.49 1.35 
System base shear, Vb [kN] 6369 7225 6090 8306 5630 6832 
 
 
The mean of the maximum displacement and moment demand are compared to the 
design profiles in Figure 10.6, Figure 10.7 and Figure 10.8 for each of three bridges: 
the response to the 15 far-field ground motions is shown on the left, while the 
response to the 15 near-field ground motions is shown on the right of each figure. The 
mean bridge response is shown, plus and minus one standard deviation. There is good 
agreement between the design and the mean response, with larger scatter evident 
within the near-field response. Naturally, there is a good agreement for the shear 
envelope as there are no higher modes within the pier elements themselves. The near-
field response of Bridge 3 returned the largest error of 15.8% with respect to the 
displacement of the central piers. 
 
 
 
 
Figure 10.6 Bridge 1: displacement and moment envelopes for far-field (a)&(c) and near-field 
(b)&(d) seismicity 
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Figure 10.7 Bridge 2: displacement and moment envelopes for far-field (a)&(c) and near-field 
(b)&(d) seismicity 
 
 
 
Figure 10.8 Bridge 3: displacement and moment envelopes for far-field (a)&(c) and near-field 
(b)&(d) seismicity 
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10.6.4. Design Verification 2: Continuous Bridge Systems with Supplementary 
Viscous and hysteretic Dampers 
A second design verification was carried out on the same three bridge prototypes 
above (now termed Bridge 4, 5 and 6), which now incorporate viscous and hysteretic 
dampers at the rocking section. Again, the three bridges were designed for far-field 
and near-field seismicity. The break-down of the damper properties is summarised in 
Table 10.6, including the target design moment ratio λ. 
 
 
Table 10.6 Damper properties of each post-tensioned rocking viscous-hysteretic bridge 
 Bridge 4 Bridge 5 Bridge 6 
Damper coefficient, cvd,i 5500kNαs/mα 7500kNαs/mα 7500kNαs/mα 
Non-linearity, α 0.3 0.5 0.75 
Total number of FV dampers, nvd 2 4 6 
Number of FV damper layers, nvis 1 2 3 
λ=(Mpt+Mn)/Mms 1.0 1.0 1.5 
 
 
A summary of the DDBD output is given in Table 10.7. Presented within the table is 
the proportion of damping associated with the non-linear viscous dampers and the 
hysteretic dampers. It is worth noting that, as Eq.(10.36) suggests, the base shear 
reduction factor φBL has less influence on a MDOF structure due to the weighting 
attributed to the superstructure. 
 
 
Table 10.7 DDBD summary of each post-tensioned rocking viscous-hysteretic bridge 
 Bridge 4 Bridge 5 Bridge 6 
 FF NF FF NF FF NF 
Design displacement, ∆eq [mm] 112.1 102.0 126.7 141.6 68.5 68.6 
Hysteretic contribution to equiv 
viscous damp, ξhyst [%] 3.07 2.50 5.73 3.41 6.97 2.95 
FV damping contribution to equiv 
viscous damp, ξvd [%] 6.55 3.12 12.40 6.67 16.00 10.46 
Total equiv viscous damp, ξeq [%] 14.62 10.62 23.12 15.08 27.98 18.42 
Spectral reduction, η 0.649 0.744 0.528 0.640 0.483 0.586 
Effective period, Teq [sec] 1.88 1.50 2.61 2.10 1.55 1.32 
Bilinear base shear reduction φBL 0.95 0.92 0.93 0.88 0.89 0.86 
System base shear, Vb [kN] 4737 6516 4664 7586 5434 7334 
Lateral design coefficient [g] 0.090 0.124 0.054 0.087 0.078 0.105 
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The mean of the maximum displacement and moment profiles are compared to the 
design profiles in Figure 10.9, Figure 10.10 and Figure 10.11: the response of each 
bridge to the far-field ground motions is shown on the left, while the response to the 
near-field ground motions is shown on the right of each figure. The mean bridge 
response is shown, plus and minus one standard deviation. The agreement between 
the design and the mean response is very satisfactory. The far-field response of 
Bridge 6 returned the largest error of 14.8% with respect to the displacement of the 
central piers. 
 
 
 
Figure 10.9 Bridge 4 displacement and moment envelopes for far-field (a)&(c) and near-field 
(b)&(d) seismicity 
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Figure 10.10 Bridge 5 displacement and moment envelopes for far-field (a)&(c) and near-field 
(b)&(d) seismicity 
 
 
 
Figure 10.11 Bridge 6 displacement and moment envelopes for far-field (a)&(c) and near-field 
(b)&(d) seismicity 
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10.7. CONCLUSIONS 
A brief overview of DDBD of multi-degree-of-freedom (MDOF) continuous bridge 
systems was presented. This was followed with the extension of the design procedure 
to include post-tensioned hybrid bridge systems. A detailed design procedure was 
presented for viscous-hysteretic MDOF post-tensioned bridge systems and 
summarised in a comprehensive flow-chart to aid in the iterative procedure. The 
procedure was extensively verified on 12 prototype bridge piers, where the peak 
displacement response was in very good agreement with the target design. 
 
In Chapter 8 the local viscous damper coefficient at the rocking connection was 
related to an equivalent global viscous damping coefficient at the effective height of 
the system. This relationship was largely a function of the aspect ratio of the system. 
As bridge piers are likely to vary in length along the bridge, a weighting function was 
developed to compute the equivalent system viscous damping coefficient for the 
entire bridge system. 
 
A base-shear reduction factor was introduced in Chapter 8 specific to the design of 
post-tensioned viscous systems. A weighting function was introduced in Chapter 9 to 
recognise the proportion of hysteretic and viscous (supplementary) damping. This 
base-shear reduction factor was further weighted for MDOF continuous bridge 
systems, where the additional weighting was based on the proportion of base shear 
resisted by the bridge abutments. 
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11. The Feasibility of Advanced Post-Tensioned Bridge 
Systems Considering a Probabilistic Seismic Loss 
Assessment 
11.1. INTRODUCTION 
Performance-based earthquake engineering (PBEE) has been widely accepted as a 
means of quantifying the performance of a system over the working life of a structure. 
Traditional seismic design will typically consider two performance objectives 1) an 
ultimate limit state considering strength, and to a lesser extent, displacements and 2) 
serviceability limit state considering deflection, cracking and vibration etc. PBEE 
identifies multiple performance objectives (generally three or more) to encompass a 
set of anticipated hazards over the working life of the structure.  
 
This chapter quantifies the performance of three post-tensioned (PT) reinforced 
concrete (RC) bridges and compares them to a conventional monolithic bridge. The 
four bridges are identical in terms of geometry and design objectives; however, they 
differ in terms of lateral capacity and mechanical damping. A seismic loss assessment 
is carried out for each bridge subjected to transverse earthquake response. The seismic 
loss assessment provides a means of directly comparing the performance of each 
system in terms of Expected Annual Loss (EAL) and the annual frequency of 
exceeding a specified level of loss (loss-hazard). This chapter first introduces the 
prototype bridge systems and then provides a brief overview of seismic loss 
assessment. A detailed description of the design, modelling, hazard model, damage 
measures and loss relationships are then introduced, followed by the results of the 
analysis. Finally, the loss assessment is extended to include an irregular bridge 
configuration to determine whether similar conclusions can be made. 
11.2. GEOMETRY OF THE PROTOTYPE BRIDGE SYSTEMS 
A symmetric, six-span, reinforced concrete prototype bridge is illustrated in Figure 
11.1. The bridge is symmetric about pier 3 with internal spans of 50m and end spans 
of 40m (refer Figure 11.1). A segmented, precast concrete box girder deck system is 
seated on bearings located on top of the cap beam and abutments. Each pier and 
abutment is founded on shallow soil (NZS1170.5 [2004] soil category C) with piled 
foundations to the bedrock. Consultation with practising bridge engineers in 
Wellington1  defined the dimensions of the box-girder deck, cap beam and piers. 
Dimensions of the bridge piers and box-girder deck are illustrated in Figure 11.2. 
                                                 
1 Dr. R Presland, Holmes Consulting Group, Wellington Office. 
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While the actual dimensions of the box-girder deck were of little relevance, a reality 
check was considered important for a realistic estimate of the seismic mass and deck 
flexibility. The bridge is located on a Wellington site and therefore only near-fault 
rupture mechanisms are considered within the seismic hazard. 
 
 
Figure 11.1 Longitudinal elevation of the prototype bridge –symmetric about pier 3. 
 
 
Figure 11.2 Geometry of the bridge piers and precast box girder bridge deck. 
 
One ductile monolithic bridge and three post-tensioned hybrid equivalents are 
investigated. To aid in a direct comparison, each bridge is identical in geometry (pier 
heights and cross-section dimensions) and shown in Figure 11.1 and Figure 11.2. 
Three variations of post-tensioned, rocking bridge systems are considered. A brief 
description of each follows: 
 
Bridge 1. A precast (or an emulation of cast in-situ) bridge with monolithic piers 
representing traditional ductile flexural hinging at the base of the piers, designed to 
satisfy the requirements of NZS3101 [2006]. This ductile system is termed benchmark 
monolithic. 
 
Bridge 2. A precast bridge with post-tensioned rocking piers and internally grouted 
mild steel reinforcement. This system represents a traditional hybrid, post-tensioned 
solution. This system is termed hybrid. 
 
Bridge 3. A precast bridge with post-tensioned rocking piers, internally grouted mild 
steel reinforcement and externally mounted non-linear fluid viscous dampers (FVD). 
This hybrid bridge is termed the Advanced Flag-Shape 1 Bridge (AFS1), after Kam et 
al. [2007]. 
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Bridge 4. A precast bridge with post-tensioned rocking piers, externally mounted mild 
steel Tension-Compression-Yielding (TCY) dampers and externally mounted non-
linear Fluid-Viscous Dampers (FVD). This hybrid bridge is termed the Advanced 
Flag-Shape 2 Bridge (AFS2). 
 
Throughout this chapter the benchmark bridge is referred to as either the benchmark, 
monolithic or ductile bridge, while the post-tensioned bridges are simply referred to as 
post-tensioned or PT bridges. 
 
Elasto-plastic abutments are located at each end of each bridge, representing either 
friction bearings or metallic (hysteretic) bearings. 
11.3. DESIGN OF THE PROTOTYPE BRIDGES 
Each bridge was designed to satisfy the requirements of the New Zealand Bridge 
Manual; TransitNZ [2003], the New Zealand Structural Design Standard for seismic 
loadings; NZS1170.5 [2004], and the Concrete Structures Standard; NZS3101 [2006]. 
The bridge was assigned an Importance Level 4 as the site is located along a primary 
arterial highway. “Importance Level 4” is a classification of a structure given by 
NZS1170.0 [2002] and TransitNZ [2003] as being of the highest importance and 
hence the highest seismic hazard. 
 
A Direct Displacement-Based Design (DDBD) methodology was employed for the 
design of the benchmark bridge (Priestley et al. [2007]). The extension of the DDBD 
procedure by Palermo [2004] to include hybrid bridge systems was used for the 
design of the hybrid bridge. For the two advanced hybrid bridges (AFS1 and AFS2), 
the procedure developed in Chapter 10 for multi-degree-of-freedom (MDOF) bridges 
was adopted. 
11.3.1. Seismic Design Hazard 
Bridges with Importance Level 3 and 4 require the design to be based on a seismic 
hazard with a return period of 2500 years within a 100 year working life (TransitNZ 
[2003]). Considering a Poisson probability model (Equation 11.1), an earthquake 
event having a return period of 2500 years is equivalent to a 3.9% probability of 
exceedance within a 100 year working life. In Equation 11.1, P is the probability of at 
least one occurrence of a specified level of ground motion, λ is the annual rate of 
exceedance (where λ=1/Tr and Tr is the return period) and t is the working life of the 
structure.  
 
teP λ−−= 1  11.1 
 
The New Zealand Uniform Hazard Spectra (UHS) was chosen as the design 
acceleration, design pseudo-velocity and displacement spectrum (NZS1170.5 [2004]). 
The structural performance factor Sp was ignored as previous discussions2 on this 
reduction factor felt it to be inconsistent with other international seismic loadings 
codes and the subject of much debate (Priestley et al. [2007]). The return period 
                                                 
2 Personal communication, Prof. M.J.N. Priestley 
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factors Ru tabulated in NZS1170.5 [2004] are based on a 50 year working life, 
requiring the probability of exceedance above to be converted to a return period based 
on a 50 year working life. From Equation 11.1 above, a 3.9% probability of 
exceedance in 100 years is equivalent to a return period of 1250 years within a 50 year 
working life. Based on the tabulated data within NZS1170.5 [2004], the return period 
factor at the design level was found to equal Ru=1.405. The corresponding design 
PGA was determined for the 1/3MCE, 2/3MCE and MCE seismic hazard and is 
summarised in Table 11.1 (where MCE is defined as the Maximum Considered 
Event). The 2/3MCE is equivalent to the Design-Basis Event (DBE); in this case, 
representing a 3.9% probability of exceedance in 100 years. 
 
Table 11.1 Relationships between probability of exceedance and PGA for bridge design according 
to TransitNZ [2003] 
 1/3 MCE 2/3MCE MCE 
Return period (100year working life)1 410 yrs 2500 yrs 7296 yrs 
Probability of exceedance in 100 years 21.7% 3.9% 1.4% 
Return period factor2, Ru 0.703 (0.5) 1.405 (1.0) 2.108 (1.5) 
PGA3 0.374g 0.747g 1.121g 
1 TransitNZ 
2 Equivalent return period factor associated with a working life of 50 years within NZS1170.5  
3 NZS1170.5 design spectral acceleration PGA. 
 
11.3.2. Direct Displacement-Based Design (DDBD) Bridge Summary 
The design of each bridge system followed a multi-level performance-based 
methodology. In particular, two design objectives were considered; damage control 
and collapse prevention. Details of the structural limit states and performance 
objectives are discussed in detail in Section 11.7. A summary of the DDBD output is 
presented in Table 11.2. The breakdown of the various contributions to Equivalent 
Viscous Damping (EVD) is also shown in the table. The total EVD ξeq is 
disaggregated into the pier’s hysteretic EVD ξhyst (excluding the elastic damping), the 
pier’s EVD associated with the fluid viscous dampers (FVD) ξFVD and the total elastic 
EVD ξel including the superstructure, abutments (both elastic and hysteretic) and the 
elastic pier damping. AFS1 was designed to have approximately a 1:1 ratio between 
the hysteretic EVD ξhyst and the viscous EVD ξFVD, while AFS2 was designed to have 
a ratio of approximately 1:2. 
 
An allowable drift limit of 3.65% for piers 1&5 governed the design of the benchmark 
bridge. This drift limit corresponded to an allowable strain limit under the damage 
control performance objective: these performance objectives are discussed in detail in 
Section 11.7. For comparison purposes, this drift limit was used as the target drift 
limit for all four bridge systems. Therefore, all four bridges had the same (or similar) 
target displacement (i.e. displacement of the effective mass).  
 
The summary table shows that the target displacement is similar between all four 
bridges: differing slightly for each system depending on the proportion of base shear 
resisted by the superstructure. Naturally, the base shear of the hybrid bridge is larger 
than the benchmark due to the lower EVD. However, it is interesting to note that 
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while the benchmark bridge has the largest EVD, it does not correspond to the lowest 
base shear; rather AFS1 and AFS2 record the lowest design base shears. It is 
important to recognise that the base shear for the AFS systems corresponds to the base 
shear at the target displacement i.e. when the velocity is zero. There will be some 
intermediate displacement (having a non-zero velocity) where the base shear, in 
particular the pier shear, can be larger than the design shear due to the velocity 
dependency of the FVD. It is vital that the precast pier element has sufficient over-
strength to avoid unwanted flexural hinging, or at worst, brittle shear failure when the 
viscous damper forces are significant. 
 
 
Table 11.2 DDBD summary of the bridge prototypes 
 Benchmark Hybrid(traditional) AFS1 AFS2 
∆eq 0.487m 0.494m 0.470m 0.474m 
ξeq 14.70% 7.55% 10.96% 10.16% 
ξhyst 11.61% 5.59% 4.74% 2.40% 
ξFVD - - 3.96% 5.04% 
ξel 3.09% 1.96% 2.25% 2.72% 
Teff 2.60s 2.39s 2.70s 2.65s 
Vb  17226kN (0.226g) 20639kN (0.271g) 14578kN (0.191g) 14574kN (0.191g) 
 
 
The velocity exponent α was selected considering over-strength damper forces under 
the MCE seismic hazard. Considering a multi-level performance-based design, the 
ratio between the displacement response of the bridge at the MCE level (collapse 
prevention) and at the 2/3MCE (damage control) was assumed to be similar in 
magnitude to the ratio of the design seismic hazard i.e. a ratio of R = 1.5. 
Furthermore, the displacement ratio will be similar in magnitude to the ratio of the 
maximum velocity response at these two hazard levels. Finally, the ratio of the 
viscous forces between the MCE and 2/3MCE hazard can be related by 
 
α
⎟⎟⎠
⎞
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⎛
∆
∆
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MCE
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With respect to a FVD nonlinearity of α = 0.75, this force ratio is equal to 1.36 and 
can be viewed as a device over-strength action. From experimental testing of mild 
steel reinforcement, the ratio between the ultimate strength and yield strength is in the 
order of 45.1≈yu ff  for Grade 300MPa (5
th percentile characteristic yield strength): 
for Grade 500MPa the ratio is in the order of 25.1≈yu ff . Therefore, considering 
α = 0.75, an over-strength ratio of 1.36 is comparable to the material over-strength 
inherent in mild steel reinforcement and can be easily accommodated within design 
considering traditional capacity design principles. In fact, recognising that 1) the 
viscous forces are out-of-phase with the elastic forces and 2) the viscous contribution 
to the lateral capacity is unlikely to be greater than 50%, it is expected that the net 
viscous over-strength will be somewhat less than Equation 11.2. 
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11.4. DESIGN DETAILS OF THE BRIDGE SYSTEMS 
11.4.1. Bridge 1: Monolithic Ductile Benchmark 
The reinforcement detail for each bridge pier is presented in Figure 11.3 and tabulated 
in Table 11.3. A DDBD procedure would typically result in equal reinforcement 
contents for each pier; however, subtle variations can be seen for each. These 
variations come about because P-∆ actions are accounted for within the design and 
differ for each pier depending on the displacement demand, pier height and tributary 
deck load. 
 
 
 
Figure 11.3 Reinforcement details of the ductile bridge piers (dimensions to the centroid of the 
longitudinal reinforcement) 
 
Table 11.3 Reinforcement contents for the ductile bridge piers 
 Longitudinal reinforcement1 Transverse reinforcement1 
Piers 1&5 32-XD32 & 24 XD25 (1.16%) 
Piers 2&4 32-XD32 & 28 XD25 (1.22%) 
Pier 3 32-XD32 & 32 XD25 (1.28%) 
XR16@ 200mm crs (1.16%)2 
1 XD refers to 500MPa deformed (ribbed) reinforcement, XR refers to 500MPa round (smooth) 
reinforcement. 
2 Reinforcement ratio calculated by area enclosed by the centreline of the peripheral hoops 
 
 
11.4.2. Bridge 2: Traditional Post-Tensioned Hybrid Bridge 
The traditional hybrid bridge adopts internally grouted mild steel reinforcement 
(having Grade 500MPa reinforcement) combined with unbonded post-tensioned 
tendons within each bridge pier. An elevation of the hybrid pier is shown in Figure 
11.4 and has identical geometry to the benchmark bridge piers. The post-tensioned 
anchorages are located at the underside of the foundation and at the top of the pier cap 
beam. Details of the reinforcement at the rocking interface are illustrated in Figure 
11.5 and summarised in Table 11.3. 
 
The layout and quantity of the internally grouted reinforcement at the rocking 
interface (at the base of the pier) is the same for each pier. The grouted reinforcement 
consists of 28-XD40 longitudinal bars with an unbonded length of 6db (240mm): 
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Figure 11.5(a). These large diameter bars, while available, are not commonly used in 
practice. While XD-32 bars were originally considered, the capacity of the section 
was not sufficient unless a large number of bars were used. One benefit of using larger 
diameter bars is that the ductility of the section increases due to a larger strain 
penetration depth ( bysp dfl 022.0= ): resulting in an increased plastic hinge length Lp. 
This is quite significant for a jointed system, especially when using Grade 500MPa 
reinforcement which has relatively limited strain ductility when compared to the more 
ductile Grade 300MPa reinforcement. By using XD-40 bars the number of bars 
reduces, simplifying construction and grouting applications. 
 
Four tendon ducts are located at the centre of each pier. The number of post-tensioned 
tendons (or the initial post-tensioning force) varies from pier to pier recognising the 
variation of moment demand throughout each pier. The reinforcement within the 
precast pier element (refer Figure 11.5 (b)) is identical with a total of 64-XD32 
(evenly distributed in pairs) resulting in a reinforcement content of 1.59%. This 
reinforcement is terminated at the rocking interface and does not contribute to the 
moment capacity of the rocking section. 
 
 
 
Figure 11.4 Elevation of the hybrid bridge pier 
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Figure 11.5 Section detail of the hybrid piers showing the reinforcement at the rocking interface 
(a) and the reinforcement of the precast element (b) 
 
Table 11.4 Longitudinal and prestressed reinforcement details for the hybrid pier 
 Prestressed reinforcement Internally grouted reinforcement 
Piers 1&5 
124-12.7mm strands (ρpt=0.38%) 
with total initial prestressing force of 
7,440kN. 4-#3105-31 BBR 
anchorage units. 
Piers 2&4 
124-12.7mm strands (ρpt=0.38%) 
with total initial prestressing force of 
9,920kN. 4-#3105-31 BBR 
anchorage units. 
Pier 3 
140-12.7mm strands (ρpt=0.43%) 
with total initial prestressing force of 
13,300kN. 4-#3105-31 & 1-#1905-16 
BBR anchorage units. 
28-XD40 grouted within 90mm diameter 
Drossbach duct. Provided with 240mm 
unbonded length. (ρs=1.09%) 
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11.4.3. Bridge 3: Advanced Hybrid Bridge AFS1. 
The damper layout of the AFS1 bridge piers is illustrated in Figure 11.6, while the 
section details are illustrated in Figure 11.7. The external viscous dampers are 
mounted to the pier using fabricated steel brackets. For this application Taylor fluid 
viscous dampers (FVD) were used (www.taylordevices.com). The viscous devices 
were selected based on the required damping coefficient, non-linearity and maximum 
damper force required during the design process. In addition to the FVDs, a total of 
20-XD40 internally grouted longitudinal bars and a single tendon group are located 
internal to the section (Figure 11.7(a)). The reinforcement content within the precast 
pier elements is the same as that used within the hybrid bridge above (Bridge 2). 
 
 
Figure 11.6 Elevation of the AFS1 hybrid bridge pier 
 
 
Figure 11.7 Section details of the AFS1 hybrid piers showing the reinforcement and external FVD 
devices at the rocking interface (a) and the reinforcement of the precast element (b) 
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Table 11.5 Longitudinal reinforcement, prestressing and dissipation details for the AFS1 hybrid 
pier 
 Prestressed reinforcement Internally grouted reinforcement 
External viscous 
devices 
Piers 1&5 
44-12.7mm strands (ρpt=0.14%) 
with total initial prestressing 
force of 2,200kN. 2-#3105-22 
BBR anchorage units. 
Piers 2&4 
44-12.7mm strands (ρpt=0.14%) 
with total initial prestressing 
force of 3,080kN. 2-#3105-22 
BBR anchorage units. 
Pier 3 
60-12.7mm strands (ρpt=0.19%) 
with total initial prestressing 
force of 5,400kN. 2-#3105-30 
BBR anchorage units. 
20-XD40 grouted within 
90mm diameter 
Drossbach duct. 
Provided with 240mm 
unbonded length. 
(ρs=0.78%) 
6-Taylor fluid viscous 
dampers. 
220Kip (979kN) device, 
±100mm stroke. 
Cvd=6500kNsα/mα 
Non-linearity, α=0.75 
 
 
11.4.4. Bridge 4: Advanced Hybrid Bridge AFS2. 
External dampers are mounted on all four sides of the AFS2 bridge piers. Each pier 
has six FVD Taylor devices and six TCY dampers (Figure 11.8 and Figure 11.9). 
Damper properties are given in Table 11.6 along with the prestressing content and 
initial post-tensioning. The FVDs are located along the extreme edges (considering 
transverse response), while the TCY dampers are located close to the middle of the 
section. Larger displacements (and hence velocities) occur at the extreme edge of the 
section and are more suited to the viscous devices. 
 
 
 
Figure 11.8 Elevation of the AFS2 hybrid bridge pier 
 
Chapter 11. Probabilistic Seismic Loss Assessment of Post-Tensioned Bridges 11.11 
 
Figure 11.9 Section details of the AFS2 hybrid piers showing the external devices at the rocking 
interface (a) and the reinforcement of the precast element (b) 
 
 
Table 11.6 Prestressing and dissipation details for the AFS2 hybrid pier 
 Prestressed reinforcement External TCY devices External viscous devices 
Piers 1&5 
64-12.7mm strands (ρpt=0.20%) 
with total initial prestressing 
force of 3,900kN. 4-#1905-16 
BBR anchorage units. 
Piers 2&4 
72-12.7mm strands (ρpt=0.22%) 
with total initial prestressing 
force of 5,950kN. 4-#1905-18 
BBR anchorage units. 
Pier 3 
95-12.7mm strands (ρpt=0.29%) 
with total initial prestressing 
force of 9,975kN. 5-#1905-19 
BBR anchorage units. 
6-65mm diameter, Grade 
500MPa TCY dampers. 
Yielding fuse length of 
650mm (ρs=0.61%) 
6-Taylor fluid viscous 
dampers. 
220Kip (979kN) device, 
±100mm stroke. 
Cvd=4000kNsα/mα 
Non-linearity, α=0.75 
 
 
11.4.5. Cost Estimation 
An initial estimation puts the cost of construction of the benchmark bridge at 
NZD12.74 million3. Without going into a detailed cost assessment, the actual cost is 
difficult to define as it will be extremely case specific and will depend on many 
factors including local soil conditions, geography and founding conditions (such as 
river bed or otherwise), the type of construction contract, the contractor involved, 
available resources etc. For the purpose of providing an initial feasibility study, the 
above figure will suffice. 
                                                 
3 Assuming NZD3500 per m2 of deck area in 2008. 
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(a) Post-Tensioning Cost Estimation 
Construction details of the three post-tensioned bridges (Hybrid, AFS1 and AFS2) 
were sent to BBR Contect4 to undertake a cost estimate for post-tensioning. The cost 
estimate included the following breakdown, 
• Post-tensioning tendons; tendon anchorages; anchorage heads; special 
reinforcement. 
• Stressing equipment, labour and on-site technical support 
• Travel, freight, jack/gauge calibration etc 
Good access and continuity of work was assumed during construction which would be 
carried out by local employees. Post-tensioning was estimated to cost NZD20,000 per 
tonne of post-tensioning. The difference in construction cost between the monolithic 
bridge and the post-tensioned bridge was assumed to be equal to the cost to undertake 
the post-tensioning of the hybrid bridge. This would seem appropriate given both 
systems are of precast construction. With that said, an additional 0.5% (cost of 
monolithic construction) was added to the cost of the post-tensioned systems to 
conservatively account for resources concerning the fabrication of the dissipater 
connection details as well as special reinforcement and detailing about the rocking 
interface. The cost-estimation is summarised in Table 11.7. 
 
Table 11.7 Summary of the cost-estimation for the post-tensioned bridge systems 
 Hybrid AFS1 AFS2 
PT content 4.597 tonne 1.740 tonne 2.731 tonne 
PT cost $91,933 $34,793 $54,619 
Misc cost $63,700 $63,700 $63,700 
Total $155,633 $98,493 $118,319 
Total1 1.22% 0.77% 0.93% 
1 Based on a monolithic construction cost of 12.74 million 
(b) Dissipater Cost Estimation 
Each 220kip Taylor device costs approximately AUD11,240 5 . The AFS bridges 
required a total of 30 FVDs (six per bridge pier) equating to a total damper cost of 
NZD388,9006 (for both AFS1 and AFS2). This is roughly 3.1% of the total cost of the 
benchmark bridge and must be appropriately assessed to gauge any benefit of the 
system. The cost to construct each of the AFS bridges includes the additional cost of 
post-tensioning as well as the cost of the external dampers. The fabrication cost of the 
TCY dampers, installed within the AFS2 Bridge, is not included. The cost to construct 
the TCY devices would be a small percentage of the total construction cost. 
Considering the method of cost estimation adopted, including the cost of the TCY 
devices would not add any accuracy to the cost estimation. The total construction cost 
of each of the four bridges is summarised in Table 11.8. 
Table 11.8 Summary of bridge construction cost  
 Monolithic Hybrid AFS1 AFS2 
Cost 12.74M 12.90M 13.23M 13.25M 
                                                 
4 Paul Blundell, Project Engineer, BBR Contech, Christchurch, New Zealand. 
5 Xavier Delattre, Granor Rubber & Engineering P/L for Taylor Devices, Australia and New Zealand 
6 Exchange rate based on 2008 1st quarter average of NZD/AUD=0.867 (Source: Reserve Bank of New 
Zealand) 
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11.5. LOSS ASSESSMENT WITHIN A PERFORMANCE-BASED SEISMIC 
ASSESSMENT FRAMEWORK 
Seismic risk, quantified in the form of economic measures, is a conceptually simple 
way of expressing liability (financial) to a client (or stakeholder) based on the 
expected performance of a particular structural system throughout its operating life. 
Based on the anticipated seismic hazard (ground motion) and structural response, the 
structural performance (maximum displacements and/or accelerations) is related to 
damage and converted to monetary loss. This monetary loss is accumulated over the 
working life of the structure and converted to an expected annual loss, representing 
the average annual cost to the client. 
 
The detailed theory pertaining to the development of expected annual loss is outside 
the scope of this research, this research adopts the ideas as a tool to quantify the 
comparative performance of three post-tensioned bridges. 
 
The key tasks involved within a performance-based seismic assessment are illustrated 
in Figure 11.10 and discussed in detail below, while further details can be found in the 
following publications: Cornell and Krawinkler [2000]; Vamvatsikos and Cornell 
[2002]; Deierlein et al. [2003]; Aslani [2005]; Zareian and Krawinkler [2007]. 
 
1. The ground motion hazard represents the ground shaking intensity at a site. A 
seismic hazard analysis of the site is carried out to express the intensity 
measure (IM) as a function of annual frequency of exceedance (rate of 
exceedance λ). The intensity measure (IM) could be, for example, peak ground 
acceleration (PGA) or spectral acceleration, Sa(T). Using empirically 
calibrated attenuation relationships a seismic hazard analysis predicts the level 
of shaking at a site based on earthquake magnitude, rupture mechanism, soil 
amplification, site-to-source distance and propagation path.  
 
2. A structural response is carried out to determine the seismic response of the 
structure as a function of ground motion intensity (IM). The structural 
response is quantified by an engineering demand parameter (EDP). Typical 
EDPs include inter-storey drift, floor accelerations or material strains etc. 
 
3. The structural response is related to structural damage of each component 
within the structure. Damage to components requiring repair is expressed as a 
damage measure (DM). Typical damage measures include buckling of the 
longitudinal reinforcement, spalling of cover concrete, flexural cracking etc. 
Fragility functions are generally employed, relating EDP to a specific damage 
measure (DM). That is, based on experimental testing, or otherwise, there 
exists a mean EDP (µEDP) and dispersion (βEDP) associated with each DM. 
Furthermore, a damage state (DS) is a discrete state which loosely groups 
together a set of damage measures; that is, a specific damage state may consist 
of extensive cover spalling, longitudinal bar buckling and extensive flexural 
cracking. 
 
4. The structural damage is related to loss in terms of repair costs, casualties and 
downtime (the time to reinstate the function of the structure). In particular, 
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damage states are related to loss (L) which are formulated, either from 
reconnaissance following major earthquake events, or engineering judgement. 
 
5. Following the computed loss, a decision is made to determine whether the loss 
is acceptable, or how the loss of one structural system compares to the loss of 
another structural system. 
 
 
Figure 11.10 Schematic summarising the key steps within a performance-based assessment 
 
The computed loss treats damage and loss as a continuous function, while, 
uncertainties associated with structural response, damage measures and loss are 
explicitly included within the loss algorithm. 
11.5.1. Expected Annual Loss (EAL) Formulation 
The Expected Annual Loss (EAL) is defined in Equation 11.3 in a continuous and a 
discrete formulation. EAL is the integral of the loss-hazard curve which relates loss to 
some probability of being exceeded in one year. In this equation, N is the number of 
discrete states resulting in loss. With reference to the discrete formulation, for each 
state the loss LRi is multiplied by the probability of occurrence in one year P(LRi). 
The total loss is the summation of the expected loss over all states. 
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The probability of exceeding a specific loss combines information from the structural 
response, seismic hazard and the fragility of the structural components. 
11.6. SEISMIC HAZARD MODEL AND GROUND MOTIONS FOR THE 
LOSS ASSESSMENT 
11.6.1. Loss Assessment Hazard Model 
The NZS1170.5 [2004] seismic hazard curve was used to describe the relationship 
between seismic intensity (IM) and the annual rate of exceedance (λ) for the loss 
assessment. Referring to NZS1170.5 [2004], the seismic hazard is related to Ru while 
the annual rate of exceedance is related to 1/T (where T is the return period). This 
code-based IM-λ  relationship was considered appropriate as the bridge systems were 
designed according to the New Zealand Uniform Hazard Spectrum (UHS). Additional 
seismic hazard analyses from Stirling et al. [2002] were required for annual rates of 
exceedance less than 2% in 50 years as data is not available in NZS1170.5 [2004]. In 
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this example, the design PGA was selected as the IM measure and was related to the 
return period factor Ru. This hazard relationship is illustrated in Figure 11.11. 
 
 
Figure 11.11 Seismic hazard curve based on NZS1170.5 [2004] and Stirling et al [2002] 
 
An efficient IM measure is required for loss assessment as this will reduce the 
uncertainty associated with the expected annual loss. Typically, the spectral 
acceleration at the fundamental period of the structure with 5% equivalent viscous 
damping Sa(T1,5%) is used as the IM measure (Shome and Cornell [1999]). This 
method scales the selected ground motions to a single spectral acceleration co-
ordinate Sa. However, this method was not used in this example; instead, the ground 
motions were scaled to the UHS over a large period range as per NZS1170.5 [2004]: 
this scaling method has the advantage of being applicable to any system having a 
structural period (elastic or secant) within the scaled period range. 
11.6.2. Scaling of the Selected Ground Motions  
A suite of ground motions comprising of 22 earthquake records was used in this 
study. The ground motions all have strong directivity effects consistent with near-fault 
rupture mechanisms. A summary of the selected ground motions is given in Table 
11.9. The ground motions were scaled to the velocity spectrum over a period of 0 to 4 
seconds: similar to the method outlined in Chapter 8. The design acceleration, pseudo-
velocity (design) and pseudo-displacement (design) spectra are compared to the 
relevant ground motion spectra in Figure 11.12. While some dispersion is evident, the 
mean displacement response spectrum compares well with the design displacement 
spectrum; refer Figure 11.12 (c). As mentioned previously, scaling the ground 
motions over a large period range returns scale factors that are not specific to a 
structure with a particular elastic, or secant period. This allows a single set of scaling 
factors to be used for all four bridge structures. 
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Figure 11.12 Scaled earthquake response spectra (5% damped) and comparison with the elastic 
design spectrum 
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11.7. STRUCTURAL PERFORMANCE LIMITS, PERFORMANCE 
OBJECTIVES AND DESIGN CRITERIA 
11.7.1. Material Limit States 
The material strain limits below are specific to reinforced and unbonded post-
tensioned concrete elements. 
(a) Elastic Strain Limit 
For design, the elastic strain limit corresponds to a concrete strain of εc = 0.002, and 
yield strain εy for mild steel reinforcement. 
(b) Minor Distress 
Minor distress is associated with low levels of strain ductility; for concrete this is 
defined as a strain of εc = 0.004, for mild steel reinforcement the strain limit is 
εs = 0.015. 
(c) Moderate Distress 
For concrete this corresponds to a strain equal to the concrete compression design 
strain limit εc,dc in Eq.(11.4). This theoretical relationship is derived by equating the 
strain energy of the transverse reinforcement at rupture to the strain energy within the 
confined core of the section, discussed in Chapter 7. 
 
', 4.1004.0
cc
suyhv
dcc f
f ερ
ε +=  11.4 
 
Where; 
ρv is the sum of the transverse reinforcement ratio in the two directions of the 
section 
 fhy is the yield stress of the transverse reinforcement 
 εsu is the rupture strain of the transverse reinforcement 
 f’cc is the confined concrete strength. 
 
The strain in the longitudinal reinforcement is equal to 60% of the monotonic rupture 
strain εs = 0.6εsu. The 0.6 factor accounts for the reduction in strain capacity due to 
reversed cyclic loading (into compression) and low-cycle fatigue associated with bar 
buckling.  
 
According to the New Zealand concrete design standard (NZS3101 [2006]) the strain 
in the prestressed reinforcement is equal to 90% of the monotonic yield strain 
ptypt εε 9.0= . 
(d) Extensive Distress 
Extensive distress defines the onset of rupture. Extensive distress for concrete is 
associated with a compression strain equal to 150% of the design strain limit in 
Eq.(11.4), i.e. dccc ,5.1 εε = . 
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The strain in the longitudinal reinforcement is equal to 90% of the monotonic rupture 
strain sus εε 9.0= . 
 
The strain in the prestressed reinforcement is equal to 90% of the monotonic rupture 
strain ptupt εε 9.0= . 
(e) Material Rupture 
For concrete, this limit is dccc ,5.1 εε =  (being the same limit above). The strain in the 
longitudinal steel is equal to the monotonic rupture stain sus εε = , while the strain in 
the prestressed reinforcement is also equal to the monotonic rupture strain ptupt εε = . 
 
11.7.2. Structural Performance Levels 
Six structural performance limits are identified below; each performance limit is 
governed by one of several material and/or geometric limit states. The governing 
material limit state is defined by the material which reaches the limit first. The 
performance limits below are further illustrated in Figure 11.13 which incorporates a 
number of performance objectives that are discussed in the following section. 
(a) Elastic Limit State 
The elastic limit state of the structure defines the onset of first yield. This is associated 
with the Elastic Strain Limit of the first material to yield. 
(b) Nominal Yield State 
This deformation limit state corresponds to the strength of the structure when it 
achieves nominal yield strength and is associated with a low level of ductility 
(nominally ductile). This limit state is defined by the Minor Distress material limit 
state. 
(c) Design Limit State 
The design limit state is governed by the Moderate Distress material limit state in 
addition to two geometric limit states. The first geometric limit state is a lateral drift 
corresponding to bar buckling based on a fragility function fitted to experimental test 
data determined by Berry and Eberhard [2005]. The second geometric limit state is a 
global limit state related to excessive second order effects: a limiting P-∆ stability 
index of θ∆=0.33 is used in Eq.(11.5), Priestley et al. [1996]. 
 
M
P∆
=∆θ  11.5 
 
Where; 
 M is the moment capacity of the system 
 P is the vertical load acting at the effective height of the structure 
 ∆ is the horizontal displacement of the vertical load 
 
When θ∆=1.0 the lateral capacity of the system is equal to zero. 
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(d) Ultimate Limit State 
The ultimate limit state is the onset of significant lateral strength degradation due to 
rupture and is defined by the Extensive Distress material limit state. 
(e) Rupture Limit State 
Rupture may not correspond to global collapse; however, the lateral load capacity is 
significantly compromised and can no longer be relied upon for lateral resistance. 
This corresponds to the Material Rupture limit state. 
(f) Structural Collapse 
No material limit states are associated with structural collapse, only geometric limit 
states. The collapse displacement is defined as the displacement corresponding to 
rupture plus one yield displacement. This allows for some residual displacement 
capacity of the system in the form of axial (gravity) restraint – provided the lateral 
resistance has not been reduced to zero due to P-∆ loads. In Eq.(11.6) y'∆  refers to the 
nominal yield displacement. Alternatively, structural collapse can also correspond to a 
P-∆ stability limit of θ∆=1.0. 
 
yrupturecollapse '∆+∆=∆  11.6 
 
The strain in the steel at rupture above refers to the monotonic rupture strain. 
Considering low-cycle fatigue, the actual strain at rupture is likely to be considerably 
lower, and is in fact accounted for at the design performance level by reducing the 
allowable strain to 0.6 of the monotonic rupture strain. 
 
Each performance limit state has some level of aleatory uncertainty associated with 
both strength and deformation, essentially, due to variability in material properties 
(concrete, steel, bond etc), instrumentation and recording error and the variability in 
response of composite members. An uncertainty is associated with each structural 
performance limit defined as the dispersion β. The dispersion (also known as the 
lognormal standard deviation σln(x)) is defined as, 
 
⎟⎟⎠
⎞
⎜⎜⎝
⎛
+== 1ln 2
2
)ln(
x
x
x µ
σ
σβ  11.7 
 
Where σx and µx are the standard deviation and mean of the raw data. For small 
dispersions (<0.3) β is approximately equal to the coefficient of variation, 
 
voc
x
x ..=≈
µ
σβ  11.8 
 
The uncertainty associated with each structural performance limit (or material limit 
state) is generally found from an extensive library of experimental test data. Fragility 
curves are fitted to the experimental data (generally assumed to follow a lognormal 
distribution) defining the mean and dispersion for a specific limit state. For each of 
the structural limits above, a dispersion of β = 0.40 was selected for the monolithic 
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bridge piers. For the hybrid bridge systems, it is argued that the material strain limits 
can be estimated with greater accuracy as the deformation state is more predictable; 
that is, material strain limits are related to a lumped rotation at the rocking base as 
opposed to a ductile pier having some approximated plastic hinge length. Hence, a 
value of β = 0.267 was adopted for each of the post-tensioned bridge systems. 
11.7.3. Performance Objectives 
Three performance objectives were selected based on those presented in FEMA 
[2003]. The last two performance objectives were the primarily design goals for each 
of the bridge systems designed herein. 
 
Immediate occupancy: Negligible damage to the structural system under a very 
frequent event. Specific to this bridge design, this corresponds to a 21.7% probability 
of exceedance within 100 years i.e. 1/3MCE. This seismic hazard is associated with 
the nominal yield state of the structure. 
 
Damage control: Significant structural damage has occurred with some loss in 
strength and stiffness but the structure still retains significant margin against collapse. 
With respect to bridge design the seismic hazard has a 3.9% probability of exceedance 
within 100 years and is considered a rare event i.e. 2/3MCE. This seismic hazard is 
associated with the design limit state.  
 
Collapse prevention: The gravity load carrying capacity of the structural system is 
maintained. Structural damage is significant and a majority of the stiffness is lost, 
combined with some loss in strength. For bridge design, the seismic hazard has a 
1.4% probability of being exceeded within 100 years i.e. MCE. This seismic hazard is 
associated with the ultimate limit state. 
 
Further explanation of the performance objectives and structural performance limits 
discussed previously are illustrated in Figure 11.13. 
 
 
 
Figure 11.13 Structural performance limits and performance objectives for a post-tensioned pier 
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11.8. DAMAGE STATES AND LOSS RATIOS 
The damage measures discussed herein are primarily related to damage of the pier 
elements. Any damage to the superstructure, abutments and bearings will be similar 
between each bridge as damage to these elements will be closely related to the 
maximum displacement response of the bridge in question. Therefore, only loss 
associated with pier damage was considered, restricting the study to a relative 
comparison between each bridge. 
11.8.1. Damage States and Loss Ratios for Monolithic, Ductile Bridge Systems 
The damage states for the monolithic bridge system were based on suggestions from 
previous research defined by Hazus (Basoz and Mander [1999]; Mander and Bosoz 
[1999]) and others (Mackie et al. [2007]; Solberg et al. [2008]). It is important to 
recognise that these loss ratios have some proportion of loss associated with the 
bridge superstructure, abutments and connections as discussed in Basoz and Mander 
[1999]. However, previous research investigating the loss comparison between two 
bridge systems, namely a ductile bridge system and a post-tensioned rocking system, 
associated these Hazus loss ratios (presented in Table 11.10) with pier structural 
damage alone, Solberg et al. [2008] and therefore it was felt appropriate to use these 
loss ratios in this study also. 
 
The performance objectives discussed in detail above (immediate occupancy-collapse 
prevention) have been organised to correspond to specific levels of damage, in 
particular damage related to material strains (Priestley et al. [2007]). It was for this 
reason that each damage state (DS) is correlated to a discrete performance objective. 
Table 11.10 presents each damage state and the corresponding a) associated local 
damage, b) structural performance limit c) performance objective and d) the loss ratio. 
 
 
Table 11.10 Damage states and loss ratios for the monolithic benchmark bridge system 
 Local pier damage 
Structural 
performance 
limit  
Performance 
objective 
Mean loss 
ratio (LR)1 
DS1: 
None Pre-yield Elastic limit - - 
DS2: 
Minor 
Minor spalling and cracking of the 
section. Yielding of bars. Nominal yield 
Immediate 
occupancy 
0.03 
(0.01-0.03) 
DS3: 
Moderate 
Extensive spalling and cracking. 
Yielding and buckling of bars. Design limit 
Damage 
control 
0.08 
(0.02-0.15) 
DS4: 
Extensive 
Extensive elongation of the longitudinal 
and transverse reinforcement with 
degradation of the confined concrete 
core. 
Ultimate limit Collapse prevention 
0.25 
(0.10-0.40) 
DS5: 
Collapse 
Rupture of the longitudinal and/or 
transverse reinforcement and failure of 
core concrete (rupture plus one ∆y) 
Collapse 
Not 
considered 
for design 
1.0 
(0.30-1.00) 
1 Values in brackets indicate the expected range of loss 
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Damage states and loss ratios are very subjective. However, the primary purpose of 
this study was not to accurately estimate the likely economic loss of any one bridge, 
but provide a comparison between four different bridge systems. Any ambiguity in the 
damage states, or loss ratios, would have little importance as the overall relative loss 
ratio will still be valid. 
An uncertainty of β = 0.2 was associated with each loss ratio in Table 11.10. This 
uncertainty was constant for each damage state and each bridge and based on previous 
loss estimation studies and financial judgement (Bradley et al. [2008]). 
11.8.2. Damage States and Loss Ratios for Hybrid, Post-Tensioned Bridge 
Systems 
The loss ratios and damage states for the hybrid bridge piers are summarised in Table 
11.11. For Damage State 2 (DS2: minor damage) the loss ratio was reduced to 67% of 
the ductile system. This is justified in that cracking will be significantly controlled due 
to the post-tensioned tendons, and residual crack widths are expected to be 
nonexistent. Spalling (if any) would be significantly localised at the very base of the 
pier. 
 
Considering Damage State 3 (DS3: moderate damage), damage is almost entirely 
associated with concrete spalling. Two scenarios are considered; 1) the rocking toe is 
protected via a cast-in steel angle or similar, preventing expulsion and providing some 
confinement to the cover concrete, or 2) the rocking toe region is unprotected with 
significantly localised spalling at the base of the pier (as opposed to extensive spalling 
over the full length of the plastic hinge in a ductile pier). Buckling of the internally 
grouted mild steel reinforcement (dissipaters) does not occur as the bars are grouted 
within corrugated ducts and located some depth within the confined core of the pier 
section (and provided with appropriate anti-buckling ties). Furthermore, buckling of 
the longitudinal reinforcement within the precast element is not considered to be an 
issue as the strains are below yield (or at worst, nominally elastic). Bar buckling in 
this case would follow and elastic Euler buckling model but would require an 
effective length considerably longer than the spacing provided by the transverse 
reinforcement; therefore, it is assumed that the precast reinforcement within the pier 
element are not susceptible to buckling. Large tension strains would normally result in 
the development of larger flexure cracks and thus larger residual crack widths. 
However, provided an appropriate re-centring ratio λ is chosen, residual crack widths 
are likely to be minimal. Furthermore, residual pier displacements are expected to be 
minimal and therefore any costs associated with straightening of the piers would not 
be required in this instance.  
 
The loss associated with Damage State 4 (DS4) is divided into two categories. If the 
structural limit state is governed by longitudinal steel strains then the damage to the 
section (in terms of concrete damage) will be minimal i.e. a slight increase in damage 
is expected over the previous damage state (DS3) with little to no damage to the 
confined concrete core. Given that the steel strains approach rupture (or have in fact 
ruptured), little physical damage is expected of the pier. The only economic loss 
would result from the cost associated to reinstate the strength of the pier (perhaps 
considering some form of external supplementary dissipation). Furthermore, given 
that post-tensioned tendons may have yielded, larger tension strains at the base of the 
pier may lead to significant residual crack widths.  
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If the structural limit state of DS4 is governed by the concrete compression strain, 
rupture of the transverse reinforcement is assumed to have occurred at a concrete 
strain equal to 150% of the theoretical confinement strain limit. Rupture of the 
transverse reinforcement is assumed to occur regardless of whether cover confinement 
(toe protection) is provided or not. This assumption could be challenged depending on 
the level of confinement (over and above the core confinement reinforcement) 
provided by the toe anchorage detail. In any case, it is assumed that this damage state 
is still lower than the equivalent damage state for the ductile pier based on a more 
localised region of confined core failure, reduced residual crack widths and reduced 
residual deformations. 
 
Loss associated with downtime is not directly included within this study, primarily 
because there is minimal literature in this area and it is difficult to accurately quantify 
(Krawinkler and Miranda [2004]). 
 
 
Table 11.11 Damage states and loss ratios for the hybrid bridge system 
 Local pier damage Structural limit state 
Performance 
objectives 
Mean loss 
ratio (LR)1 
DS1: 
None Pre-yield Elastic limit - - 
DS2: 
Minor 
Spalling negligible with limited 
yielding of reinforcement. Crack 
control from prestressing. 
Nominal 
yield 
Immediate 
occupancy 0.01 
DS3: 
Minor 
Spalling minimal if cover concrete is 
protected and relatively localised if 
unprotected. 
Design limit Damage control 
0.02 
(protected) 
0.03 
(unprotected) 
DS4: 
Moderate 
Spalling minimal if cover concrete is 
protected and extensive localised 
spalling if unprotected. Extensive 
elongation of longitudinal and/or 
transverse reinforcement. Reduction 
in prestress force. 
Ultimate 
limit 
Collapse 
prevention 
0.08 (governed 
by steel strain) 
0.20 (governed 
by concrete 
strain) 
DS5: 
Collapse 
Rupture of transverse reinforcement, 
failure of core concrete, rupture of 
tendons (rupture plus one ∆y) 
Collapse Not considered for design 1.0 
1 Protected refers to protection of the rocking toe region such as cast-in steel angles (or polymer 
confinement wrapping), fibre reinforced concrete etc. 
 
 
The damage states and loss ratios for the two AFS systems are identical to the hybrid 
system above with the exception of Damage State 4 (DS4). At DS4 the loss ratio for 
the AFS1 bridge piers is set equal to 0.07 when governed by the strain limit of the 
internally grouted reinforcement. This slight reduction over the hybrid system of 0.08 
was chosen as AFS1 has additional lateral redundancy being provided by the external 
viscous dampers when rupture of the grouted reinforcement has occurred. Therefore, 
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the costs associated to reinstate the pier to its original strength would be somewhat 
lower. 
 
 
Table 11.12 Damage states and loss ratios (DS4  only) for the AFS1 bridge system 
 Local pier damage Structural limit state 
Performance 
objectives 
Mean loss 
ratio (LR) 
DS4: 
Moderate 
Spalling minimal if cover concrete 
is protected and extensive localised 
spalling if unprotected. Extensive 
elongation of longitudinal and/or 
transverse reinforcement. 
Reduction in prestress force. 
Ultimate 
limit 
Collapse 
prevention 
0.07 (governed 
by steel strain) 
0.20 (governed 
by concrete 
strain) 
 
 
For the AFS2 bridge piers, the loss ratio associated with DS4 was further reduced 
below AFS1. If the damage state was governed by the strain of the externally mounted 
mild steel dissipaters, the loss ratio is equal to 0.05. This loss ratio was chosen as the 
cost to reinstate the strength of the pier is simply equal to the replacement cost of the 
external mild steel dampers in addition to any concrete repair. These mild steel 
dampers are of relatively low cost and only require the existing ruptured devices to be 
removed and replaced with new devices. Furthermore, the AFS2 bridge system has a 
greater redundancy over AFS1 which has a larger proportion of lateral resistance 
provided by the non-linear viscous dampers and post-tensioned tendons. 
 
 
Table 11.13 Damage states and loss ratios (DS4  only) for the AFS2 bridge system 
 
 
For each Damage State (DS1 to DS4) the level of damage and loss ratio is compared 
between each bridge system in Table 11.14. It is interesting to note, that while each 
Damage State corresponds to a specific material strain limit, the level of physical 
damage is significantly lower for the post-tensioned bridge systems. As discussed 
previously, high material strains can be appropriately controlled and accommodated 
for in post-tensioned systems when compared to monolithic construction: resulting in 
less physical damage for the same Damage State. 
 
 
 
 Local pier damage Structural limit state 
Performance 
objectives 
Mean loss ratio 
(LR) 
DS4: 
Moderate 
Spalling minimal if cover 
concrete is protected and 
extensive localised spalling if 
unprotected. Extensive 
elongation of the dissipaters 
and/or transverse reinforcement. 
Reduction in prestress force. 
Ultimate 
limit 
Collapse 
prevention 
0.05 (governed by 
steel strain) 
0.20 (governed by 
concrete strain) 
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Table 11.14 Comparison between damage states and loss ratios 
 Monolithic Hybrid AFS1 AFS2 
None None None None 
DS1 
- - - - 
Minor Minor Minor Minor 
DS2 
0.03 0.01 0.01 0.01 
Moderate Minor Minor Minor 
DS3 
0.08 0.02-0.03 0.02-0.03 0.02-0.03 
Extensive Moderate Moderate Moderate 
DS4 
0.25 0.08-0.20 0.07-0.20 0.05-0.20 
Collapse Collapse Collapse Collapse 
DS5 
1.0 1.0 1.0 1.0 
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11.9. MODELLING THE BRIDGE SYSTEMS 
A lumped plasticity model was adopted for all bridge systems. The abutments were 
seated on elasto-plastic bearings considering transverse response. The elasto-plastic 
bearings had a yield force of 3450kN and an elastic stiffness of 690.5MN/m. No upper 
displacement limit was assigned to the abutment spring. 
 
The prestressed superstructure (box-girder deck) was modelled as an elastic frame 
element with uncracked section properties. It was assumed that the lateral 
displacement of the deck required to cause extensive cracking, resulting in a 
significant loss in deck stiffness, would exceed the stability limit of the piers; 
therefore, collapse due to pier failure would occur before cracking of the 
superstructure occurred.  
 
Each reinforced concrete pier section underwent a detailed moment-curvature analysis 
and moment-rotation analysis with respect to the post-tensioned piers. The section 
analysis was performed using the program created in Chapter 7. The force-
displacement response was integrated from the section analysis, which included 
second order effects (P-∆ induced actions). This allowed the pier to be modelled as a 
single translation spring that included the rigid rotation of the plastic hinge, the elastic 
pier deformation and second-order effects. The elastic pier flexibility was computed 
based on the full pier height H (measured to the centroid of the bridge deck as in 
Figure 11.2). The 2-Dimensional structural bridge model is pictured in Figure 11.14: 
converting the model to 2-Dimensions would reduce the computation time needed to 
undertake the loss assessment. 
 
Shear deformations were investigated but later ignored as they were minimal. Soil-
structure interaction or foundation flexibility was not modelled. Including foundation 
flexibility within the structural model is likely to reduce the curvature demands within 
each of the reinforced concrete pier elements, but may increase the overall 
displacement demand on the superstructure. The decision to ignore foundation 
flexibility within each bridge was felt appropriate considering the piled nature of the 
bridge and the relative comparisons that would be made between each bridge system. 
Furthermore, non-synchronous motion was not included. Non-synchronous motion 
recognises the time for the rupture to travel along the length of the bridge, resulting in 
a phase difference to the acceleration time history between each pier: in this study all 
ground nodes were subject to the same acceleration time history.  
 
 
 
Figure 11.14 Structural bridge model 
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A Raleigh damping model proportional to the tangent stiffness was used for all 
analyses with a damping ratio of 0.05 in the first mode and 0.02 in the fourth mode 
(Priestley et al. [2007]). A 2-Dimensional non-linear, time-history programme 
(Ruaumoko) was used for the analysis (Carr [2005]). 
11.9.1. Ductile, Benchmark Bridge 
Each ductile pier was modelled with a Takeda spring (Otani [1974]) whose loading 
envelope was calibrated according to the pier’s computed global force displacement 
response. The unloading  and reloading stiffness parameters were chosen as α = 0.5 
(based on Emori and Schnobrich [1980]) and β = 0.0 respectively. Strength 
degradation starts at the rupture displacement ∆rupture and ends at the collapse 
displacement ∆collapse; the collapse displacement ∆collapse was defined as one 
displacement ductility beyond the rupture displacement ∆rupture. The residual strength 
capacity of the pier at ∆collapse was equal to 33% of the yield force. Cyclic strength 
degradation was not modelled, where, depending on the level of ductile detailing, can 
be significant for structural elements that do not conform to the code. A summary of 
the spring properties and the structural limit states are given in Table 11.15, while 
Figure 11.15 illustrates the mechanics of the translation pier spring. 
 
 
 
Figure 11.15 Takeda spring model used for the ductile bridge piers 
 
Table 11.15 Spring properties for the ductile piers of the benchmark bridge 
 Pier 1&5 Pier 2&4 Pier 3 
Fy [kN] 3580 2617 1844 
ki [kN/m] 76220 28054 10199 
r -0.0036 -0.0252 -0.0684 
∆nominal [m] 0.0907 0.1653 0.3038 
∆design [m] 0.2588 0.4412 0.7462 
∆ultimate [m] 0.3726 0.6292 1.0978 
∆collapse [m] 0.4589 0.7866 1.3885 
∆’y (nominal yield) ∆rupture 
∆collapse ∆collapse 
∆rupture 
Fy 
Fy 
rki 
ki 
0.33Fy 
∆’y 
No previous yield 
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11.9.2. Post-Tensioned Hybrid Bridge 
The hybrid pier was modelled with two translation springs in parallel. A bilinear 
elastic (BLE) spring modelled the post-tensioned and axial contribution (as well as the 
effects of the P-∆ induced moments) while a Takeda spring modelled the internally 
grouted mild steel. The Takeda unloading and reloading parameters were α = 0.3 and 
β = 0.6 respectively. Strength degradation was accounted for within the Takeda spring 
as 50% of the yield force. The actual numerical value has little relevance as collapse is 
assumed to have occurred for any displacement greater than ∆collapse. 
The spring properties and structural limit states are summarised in Table 11.16. The 
mechanics of the Takeda spring and the bilinear elastic spring are illustrated in Figure 
11.16 to show the combined response. 
 
 
 
Figure 11.16 Two parallel spring hybrid pier model 
 
 
Table 11.16 Spring properties and structural limit states for hybrid pier 
 Pier 1&51 Pier 2&41 Pier 31 
Fy [kN] 2523 1968 1748 1346 1282 906 
ki [kN/m] 40684 31239 15075 11309 5677 4149 
r -0.00479 0.02771 -0.04245 0.04278 -0.11280 0.07034 
∆nominal [m] 0.1436 0.2395 0.4079 
∆design [m] 0.3922 0.6300 0.9850 
∆ultimate [m] 0.4990 0.7925 1.3454 
∆collapse [m] 0.5578 0.9065 1.5634 
1 Values in left column refer to BLE spring, values in right column refer to Takeda spring 
 
∆rupture 
Fpt,y 
kpt 
∆collapse 
∆collapse 
Fms,y 
kms 
rkpt 
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Fy 
∆collapse 
∆rupture 
Fy 
Combined 
Response 
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11.9.3. AFS1 Bridge 
The AFS1 bridge piers were modelled with three translation springs in parallel (two 
translation springs and one non-linear dashpot). Similar to the hybrid pier, a BLE 
spring modelled the post-tensioned and axial contribution (as well as the effects of the 
P-∆ induced moments), a Takeda spring modelled the internally grouted mild steel 
while a dashpot element modelled the non-linear FVD contribution (Figure 11.17). A 
section analysis was computed for each pier section defining the spring properties of 
each contribution. The viscous damper moment-rotation response was converted to an 
equivalent translation dashpot at the deck level, i.e. an equivalent lateral dashpot at the 
effective mass. No structural limit states were assigned to the viscous dampers as the 
displacement and force capacity exceeded those corresponding to collapse. The spring 
and damper properties for AFS1 are summarised in Table 11.17. 
 
 
 
Figure 11.17 Two parallel spring plus dashpot AFS1 pier model 
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Table 11.17 Spring properties and structural limit states for AFS1 bridge piers 
 Pier 1&51 Pier 2&41 Pier 31 
Fy [kN] 1615 1383 1125 922 775 630 
ki [kN/m] 25750 22043 10105 8482 4103 3396 
r -0.02641 0.01972 -0.09214 0.03572 -0.17478 0.05585 
Cvd 824 445 248 
α 0.75 0.75 0.75 
∆nominal [m] 0.1362 0.2250 0.3707 
∆design [m] 0.3798 0.6260 0.7475 
∆ultimate [m] 0.6574 0.9626 1.4132 
∆collapse [m] 0.7202 1.0714 1.5990 
1 Values in left column refer to BLE spring, values in right column refer to Takeda spring 
 
 
11.9.4. AFS2 Bridge 
Similar to AFS1 above, the AFS2 piers were modelled as three translation springs in 
parallel (again, two translation springs and one non-linear dashpot). A BLE spring 
modelled the post-tensioned and axial contribution (as well as the effects of the P-∆ 
induced moments), a bilinear inelastic (BLI) spring modelled the externally mounted 
TCY dampers while a dashpot member modelled the non-linear viscous damper 
contribution (refer Figure 11.18). Similar to the procedure for the AFS1 system, a 
section analysis would determine the equivalent translation dashpot properties to be 
used in the model (properties summarised in Table 11.18). 
 
 
Table 11.18 Spring properties and structural limit states for AFS2 bridge piers 
 Pier 1&51 Pier 2&41 Pier 31 
Fy [kN] 1722 1159 1220 754 894 482 
ki [kN/m] 28242 13200 10288 4670 4449 1641 
r -0.0005 0.02073 -0.05378 0.05615 -0.12605 0.11903 
Cvd 1034 553 300 
α 0.75 0.75 0.75 
∆nominal [m] 0.1351 0.2292 0.3862 
∆design [m] 0.3611 0.5629 0.8834 
∆ultimate [m] 0.5148 0.7802 1.1952 
∆collapse [m] 0.6468 1.0013 1.5730 
1 Values in left column refer to BLE spring, values in right column refer to BLI spring 
 
 
11.32                            D.J. Marriott.  The Development of High-Performance, Post-Tensioned Systems 
 
 
Figure 11.18 Two parallel spring plus dashpot AFS2 pier model 
 
 
Fpt,y 
kpt 
∆collapse 
∆collapse 
Fms,y 
kms 
rkpt 
Bilinear-
Inelastic 
Spring 
Bilinear-
Elastic 
Spring 
∆rupture 
F 
∆ 
Combined 
Response 
Fvd 
∆ 
α, Cvd 
Non-linear 
viscous 
dashpot 
Chapter 11. Probabilistic Seismic Loss Assessment of Post-Tensioned Bridges 11.33 
11.10. RESULTS OF THE PROBABALISTIC SEISMIC LOSS ASSESSMENT 
11.10.1. Bridge Response Considering the 2/3MCE (Design level) and MCE 
(Ultimate level) Seismic Intensity 
The maximum displacement, maximum shear force and residual displacements for 
each bridge system (mean envelope of the 22 ground motions) are illustrated in Figure 
11.19. The graphs on the left of Figure 11.19, i.e. (a)-(c), presents the mean response 
when subjected to ground motions scaled to the 2/3MCE hazard level. The graphs on 
the right of Figure 11.19, i.e. (d)-(f), indicate the mean response when subjected to 
ground motions scaled to the MCE hazard level. The mean displacement response 
between all four bridges is comparable at the 2/3MCE level, while the two AFS 
bridge systems are almost coincident. The consistency between the mean 
displacement response of AFS1 and AFS2 gives further confidence to the proposed 
displacement-based design procedure developed in Chapter 10.  
 
The mean response between all four bridge systems under the MCE hazard level is 
also similar. It is immediately obvious that the benchmark bridge suffers significant 
residual displacements (Figure 11.19(f)). The residual displacement of each post-
tensioned bridge pier is dictated by the abutment residual displacement. In fact, the 
residual displacement of the abutments, combined with the post-tensioned restoring 
force, results in residual shears within the pier elements. 
 
It is interesting to note that the maximum pier shear for AFS1 and AFS2 is no greater 
than the benchmark system (Figure 11.19 (b) and (e)). While the difference is only 
minimal, it dispels the idea that viscous systems may require additional protection 
against damper over-strength actions. There is, however, a significant increase in 
shear force for the hybrid bridge piers. With reference to DDBD, the reduced 
hysteretic damping of a re-centring system requires an increase in system strength to 
control the displacement response. A similar relationship is observed in Figure 11.20 
showing the growth in shear demand (median shear) within each pier as a function of 
the PGA (IM) intensity. The shape of this relationship resembles the pier’s push-over 
capacity. Very little over-strength shear demand is observed for the benchmark bridge 
as the moment capacity of the pier has minimal dependency on the displacement 
demand (and hence PGA intensity). Contrary to this, the hybrid bridge has significant 
over-strength demand due to the high bilinear stiffness associated with post-tensioned 
systems. The moment capacity at the rocking interface is significantly dependant on 
the displacement demand of the pier. For the post-tensioned AFS bridges with FVD, 
the over-strength shear demand is dependant on the displacement demand of the pier 
and the velocity demand; therefore, significant over-strength shear forces would be 
expected. It is interesting to find that the shear demand on the AFS bridges is lower 
for seismic intensities less than the MCE level, but increases for seismic intensities 
greater than the MCE level. The growth in shear over-strength (gradient) for the AFS 
bridges is comparable to that of the hybrid bridge. When the shear force within the 
AFS pier elements at the 2/3MCE and the MCE seismic hazard level are compared, 
the initial argument to use a velocity exponent of α = 0.75 to minimise over-strength 
demand is supported. According to Equation 11.2 the over-strength demand 
associated entirely of the viscous force contribution was computed as 1.36. 
Considering that the viscous forces are out-of-phase with the hysteretic forces, a 
reduction in this over-strength can be expected: a further reduction will occur as the 
11.34                            D.J. Marriott.  The Development of High-Performance, Post-Tensioned Systems 
 
proportion of FVDs reduces. The ratio between the median pier shear at the MCE 
level and the 2/3MCE level is presented in Table 11.19. Only a modest increase is 
observed for the post-tensioned systems; in particular the AFS systems. With this in 
mind, the over-strength shear demands that would result when using linear FVD 
(α = 1.0) are not likely to be significant greater than that of a post-tensioned hysteretic 
system. 
 
 
Figure 11.19 Mean displacements, shear force and residual envelopes for the 2/3MCE (a)-(c) and 
the MCE Seismic Intensity. 
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Figure 11.20 Median pier shear versus PGA intensity 
 
 
Table 11.19 Ratio between median pier shear at MCE and 2/3MCE 
 Benchmark Hybrid AFS1 AFS2 
VMCE/V2/3MCE 1.05 1.08 1.09 1.11 
 
 
11.10.2. Intensity-Drift (IM-EDP) Relationship 
The seismic response of the bridges subjected to the suite of ground motions scaled to 
a range of IM levels is illustrated in the form of medium (and dispersion) 
displacement demands in Figure 11.21. The median PGA-Drift (IM-EDP) demand 
curve for each pier is presented in Figure 11.21 (a)-(c). This relationship indicates that 
as the intensity is increased, all four bridge systems yield a similar non-linear 
response. A larger non-linearity indicates larger demands; piers 1&5 have the largest 
non-linearity and are, therefore, subjected to larger displacement demands. There is 
very little difference between each system and, in fact, the monolithic system appears 
to return the lowest response. To compliment the IM-EDP relationships, the 
dispersion β (≈cov) for each pier is also presented in Figure 11.21 (d)-(f) and 
calculated neglecting the collapse cases. The AFS bridge systems indicate a reduced 
dispersion for PGA intensities below about 0.8g. For PGA intensities greater than 
0.8g some earthquake records cause collapse of the bridges and the computed 
dispersion becomes invalid. The AFS bridges returned the lowest dispersion in 
displacement, followed by the monolithic and finally the hybrid bridge. In addition to 
reducing the median demand, a system which can minimise the dispersion associated 
with structural response is extremely beneficial in reducing loss. 
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Figure 11.21 IM-EDP median demand curve (including collapse) (a)-(c) and the corresponding 
dispersion (without collapse) (d)-(f) 
 
Chapter 11. Probabilistic Seismic Loss Assessment of Post-Tensioned Bridges 11.37 
11.10.3. Annual Rate of Exceedance 
The annual rate of exceeding a certain level of pier drift (EDP) is presented in Figure 
11.22. This is obtained by integrating the IM-EDP and the IM-λ relationships. With 
respect to each drift level, there is no significant difference between each bridge 
system other than the annual rate of global collapse. Global collapse occurs when 
collapse of any one pier has occurred: indicated by a horizontal line in Figure 11.22. 
The annual rate and probability of global collapse (within a 100 year operating life) is 
summarised below in Table 11.20. The reduced annual rate of global collapse for the 
post-tensioned systems is attributed to the larger displacement capacity inherent of 
such systems. Table 11.20 indicates that the rate of global collapse for the AFS 
bridges is reduced by more than 50% with respect to the benchmark bridge. 
 
 
 
Figure 11.22 Annual rate of exceedance 
 
 
Table 11.20 Annual rate and probability of global collapse 
 Benchmark Hybrid AFS1 AFS2 
Annual rate of global collapse 1.50x10-4 1.11x10-4 0.64x10-4 0.65x10-4 
Probability of global collpase1 1.49% 1.10% 0.64% 0.64% 
1 within a 100year operating life 
 
 
11.10.4. Loss-Hazard Relationship 
The loss associated with a given hazard (i.e. annual rate of exceedance) is illustrated 
in Figure 11.23. This calculation was performed using the software SLAT (Seismic 
Loss Assessment Tool, Bradley [2008]). The horizontal dashed lines in Figure 11.23 
are the 1/3MCE, 2/3MCE and the MCE seismic hazard levels respectively. This loss-
hazard relationship allows loss to be directly compared between each bridge system 
for a given annual rate of exceedance. However, for the loss comparison to be 
correctly compared, each of the post-tensioned systems must include the additional 
cost of construction (over and above the cost to construct the benchmark). 
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Figure 11.23 Loss-hazard relationship for each bridge system 
 
 
As discussed in Section 0 the initial cost to construct the hybrid bridge was 
approximated as an additional 1.22% of the benchmark bridge, while an additional 
cost of 3.1% (in addition to the post-tensioning expense) was associated with the AFS 
bridge systems due to the cost of the viscous dampers. This initial cost is indicated by 
the horizontal offset in loss for the post-tensioned bridges in Figure 11.23. It is clear 
that the benefits of the hybrid bridge (when compared to the benchmark) are evident 
when consideration is given to a 1/3MCE event or larger. The discrete loss associated 
with the 1/3MCE, 2/3MCE and the MCE seismic hazard level is summarised in Table 
11.21 for each bridge. The following points are noted: 
• The hybrid bridge returns a lower expected loss with respect to the benchmark 
bridge for annual rates less than 4.89x10-3, i.e. 38.7% in 100 years, which is 
similar in intensity to the 1/3MCE hazard level. 
• There is some benefit to be had from the AFS system (with respect to the 
benchmark bridge) considering annual rates less than about 1.35x10-3, i.e. 
12.6% in 100 years. 
• Both Figure 11.23 and Table 11.21 confirm that the AFS bridges provide no 
financial benefit over a traditional hybrid bridge for all seismic hazards up 
until the MCE hazard; a marginal benefit is observed for annual rates less than 
1.84x10-4, i.e. 1.8% in 100 years. 
 
Table 11.21 Loss-hazard tabulated data for each bridge system presented as loss ratio (monetary 
value in brackets based on $12.74M benchmark construction cost) 
Hazard Benchmark Hybrid AFS1 AFS2 
1/3MCE 0.013 ($0.16M) 0.013 ($0.16M) 0.039 ($0.50M) 0.041 ($0.52M) 
2/3MCE 0.070 ($0.90M) 0.023 ($0.29M) 0.047 ($0.60M) 0.050 ($0.63M) 
MCE 0.178 ($2.27M) 0.063 ($0.81M) 0.074 ($0.94M) 0.077 ($0.98M) 
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11.10.5. Expected Annual Loss  
Integration of the loss-hazard curve results in the Expected Annual Loss (EAL). The 
EAL considers the loss associated with each point on the loss-hazard curve and is the 
summation of loss multiplied by the probability of that loss occurring in one year 
(annual rate of occurrence). EAL, therefore, gives an estimation of the annual loss 
based on the annual probability of each event. The EAL can be forecasted over the 
intended operating life of the structure accounting for the time value of money 
(discount rate) to indicate the expected loss over time. 
The EAL for each bridge is computed in Table 11.22. It is expressed as a loss ratio 
(with respect to the benchmark construction cost), where the monetary value in 
brackets expresses the loss based on a $12.74M asset value. The EAL computation is 
based on the loss ratios and dispersion proposed in Section 11.8 for hybrid post-
tensioned bridges. Two conclusions can be drawn from these calculations. The first is 
that there is a significant reduction to the EAL based entirely on the increased 
ductility capacity of the post-tensioned pier sections. When accounting for the 
proposed loss ratios and the reduced dispersion associated with the post-tensioned 
bridges, the EAL is reduced to approximately 71-78% of that computed for the 
benchmark bridge.  
 
Table 11.22 Expected annual loss: comparison between four bridge systems 
 EAL 
Benchmark, ductile bridge 0.049% ($6263) 
Post-tensioned hybrid 0.018% ($2254) 
Post-tensioned AFS1 0.011% ($1406) 
Post-tensioned AFS2 0.012% ($1555) 
 
The EAL can be disaggregated into PGA (Figure 11.24). A majority of loss for the 
benchmark bridge is associated with the frequent events; that is, events having a lower 
intensity but occurring more often. A majority of the loss for each of the post-
tensioned bridges is associated with the intensive, very rare events, causing significant 
structural damage and/or collapse. By mitigating the damage associated with low-
moderate seismic hazard (which occur more frequently), the post-tensioned systems 
have a significant reduction to the overall computed EAL. 
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Figure 11.24 Deaggregation of EAL for PGA intensity 
 
11.10.6. Expected Annual Loss Including Initial Cost of Construction 
It is meaningless to compare the EAL between the bridges without considering the 
initial cost of construction. Based on a discount rate of 6%, Figure 11.25 illustrates the 
comparative loss of each bridge system over the service life of the bridge (as a ratio of 
construction cost). However, the curves in Figure 11.25 represent each bridge having 
the same initial cost. ∆L in Figure 11.25 represents the maximum difference between 
the initial cost of the benchmark and anyone of the post-tensioned bridges before the 
bridge in question becomes uneconomical (strictly from an EAL point of view). 
Considering the hybrid bridge, ∆L=0.64%; if the cost to construct the hybrid bridge is 
greater than 0.64% the construction cost of the benchmark bridge, the hybrid bridge is 
not a feasible option. It is unlikely that the difference in construction cost would be 
less than 0.64%, in fact, as discussed in Section 0, the hybrid bridge is likely to be 
around 1.22% more expensive than the benchmark bridge. This issue is further 
exasperated for the AFS bridges which have an even larger initial cost associated with 
the installation of external dampers. Consider AFS1 having ∆L=0.70% and recall the 
cost to install fluid viscous dampers alone was NZD388,900. Even if a best case 
scenario is considered in that the overall cost of construction between the AFS and 
Benchmark Bridge was equal, the total cost of construction would have to equal 
NZD55.6M before this option became economically feasible. It is unlikely that 
construction costs for a bridge of this nature would approach this budget. 
 
However, in light of these conclusions, individual stakeholders are less concerned 
with the EAL as being a primary measure of loss. With reference to the loss-hazard 
curve in Figure 11.23, for almost any event, the loss far exceeds the computed EAL: 
this is the high-consequence-low-probability nature of seismic risk. In such situations, 
decision makers are generally risk averse and consult other forms of financial risk 
tools over and above the EAL computation such as the loss-hazard relationship. 
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Figure 11.25 Expected loss over time (neglecting initial construction costs) 
 
11.10.7. Loss Associated with Downtime 
Throughout this study no consideration was given to any loss associated with 
downtime as a result of structural repairs/inspection to the bridge following an 
earthquake event. Downtime is difficult to quantify as it requires an estimate of 
monetary loss associated with business interruption due to the flow of goods and 
services in and out of communities. Krawinkler and Miranda [2004] noted “…even if 
downtime could be quantified with confidence, the associated losses will be highly 
uncertain and strongly case and scenario specific”. 
 
Generally speaking losses are divided into direct and indirect losses. Direct loss is 
related to bridge damage and the loss directly associated with repairs. Indirect loss is 
associated with human casualties and downtime. Downtime is defined as economic 
loss resulting from the reduced functionality of the structure. In particular, Comerio 
[2006] describes downtime as being made up of rational and irrational components. 
The rational component includes the time needed to undertake the structural repair 
work. Irrational components includes the time to secure finance, apply for building 
permits, relocate human resources, undertake structural inspections, make design 
decisions, relocate displaced activities, to name a few. Specific to transportation 
lifelines, Enke et al. [2008] conducted a scenario loss study to assess the loss 
associated with increased travel time/distance as a result of downtime to damaged 
bridges: this was determined a partial indirect loss assessment. In this context, loss 
was related to increased transportation service costs due to the reduced capacity of the 
highway network system. This ultimately reduces consumer spending and disrupts 
business operation. The estimated indirect loss (partial) for the study scenario equated 
to approximately 55% of the direct loss. Losses associated with downtime can be 
significant, but are scenario specific. 
 
A rapid and relatively crude method was undertaken to account for some loss 
associated with downtime. With respect to the benchmark bridge, all loss ratios 
representing the four damage states were multiplied by a factor of 2 to account for 
some form of downtime for all damage states. Considering the hybrid bridge, the loss 
ratios for the last two damage states (DS3 and DS4) were multiplied by a factor of 2 
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recognising that a best case scenario could result in negligible downtime for the first 
two damage states (DS1 and DS2). Intuitively, the EAL for the benchmark will be 
simply doubled, resulting in an EAL=0.109% and an expected loss of 1.82% after 100 
years of service. An EAL of 0.028% was computed for the hybrid bridge resulting in 
an expected loss of 0.459% following 100 years of service (not including the initial 
cost of construction). In this instance, for the hybrid bridge to be an economic 
solution, the construction cost should not exceed 1.36% of the cost to construct the 
benchmark bridge. With respect to the cost estimate carried out in Section 0 the use of 
the traditional hybrid bridge becomes more feasible when considering an EAL 
computation. However, when the loss-hazard curves are re-computed based on these 
allowances for downtime the benefit associated with the post-tensioned bridges 
becomes increasingly more obvious. Considering the hybrid bridge, the loss 
significantly reduces for the 1/3MCE, 2/3MCE and MCE hazard, however the benefit 
of the AFS bridges is still relatively minimal with respect to the traditional hybrid 
bridge system (unless intensities greater than MCE are considered). When compared 
to the benchmark bridge Table 11.23 indicates that, for the 2/3MCE hazard, a 
reduction of $1.48M, $1.18M and $1.14M is expected for the hybrid, AFS1 and AFS2 
bridges respectively. 
 
 
Figure 11.26 Loss-hazard relationship 
 
Table 11.23 Loss-hazard tabulated data considering allowance for downtime loss 
 Benchmark Hybrid AFS1 AFS2 
1/3MCE 0.026 ($0.33M) 0.013 ($0.16M) 0.039 ($0.50M) 0.041 ($0.52M) 
2/3MCE 0.140 ($1.79M) 0.024 ($0.31M) 0.048 ($0.61M) 0.051 ($0.65M) 
MCE 0.355 ($4.53M) 0.095 ($1.21M) 0.099 ($1.26M) 0.105 ($1.33M) 
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11.11. LOSS ASSESSMENT OF AN IRREGULAR BRIDGE 
To determine whether the results of the loss assessment were specific to the bridge 
configuration, a second loss assessment was carried out on an irregular bridge. An 
additional four bridge systems (one monolithic and three post-tensioned systems) 
were designed and assessed. The configuration of the irregular bridge is illustrated in 
Figure 11.27, where the geometry of the box-girder bridge deck remained unchanged 
from the regular configuration. The dimensions of the square piers were increased to 
2m. 
 
 
Figure 11.27 Longitudinal elevation of the irregular prototype bridge –symmetric about pier 3. 
 
The target design displacement was dictated by the short 8m piers. The required 
strength demand was significantly greater for the irregular bridge due to the smaller 
effective period at the design displacement, hence, requiring the dimensions of the 
pier to be increased to 2m plus an additional layer of mild steel reinforcement. The 
results of the detailed design are summarised in Table 11.24. Again, the AFS bridge 
systems require a significantly lower base shear that their hysteretic counterparts. 
 
Table 11.24 DDBD summary of the irregular bridge prototypes 
 Benchmark Hybrid(traditional) AFS1 AFS2 
∆eq 0.261m 0.262m 0.260m 0.260m 
ξeq 13.96% 7.27% 11.22% 11.34% 
ξhyst 10.71% 4.93% 4.29% 1.54% 
ξFVD - - 4.49% 6.78% 
ξel 3.26% 2.33% 2.44% 3.02% 
Teff 1.67s 1.52s 1.80s 1.81s 
Vb  22172kN (0.290g) 26863kN (0.351g) 17150kN (0.224g) 16063kN (0.210g) 
 
It was assumed that the cost to construct the benchmark monolithic bridge was 
unchanged at NZD12.74 million as the increase to the pier dimensions from 1.8m to 
2.0m (in addition to more reinforcement within the pier and possibly heavier 
foundations) would require a more detailed cost evaluation to be carried out. A 
majority of the cost, in most cases, is attributed to the box-girder superstructure: 
therefore, this assumption will suffice for the purpose of the study. With that said, the 
additional post-tensioning steel and anchorages required of the post-tensioned bridges, 
due to the increase strength demand, were accounted for as these costs could be 
readily computed. 
 
The tables below summarise the reinforcement details for each of the four bridge 
systems based on a detailed design and assessment approach. 
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Table 11.25 Reinforcement contents for the irregular ductile bridge piers 
 Longitudinal reinforcement1 Transverse reinforcement1 
Piers 1&5 72-XD32 (1.45%) 
Piers 2&4 48-XD32 (1.33%) 
Pier 3 68-XD32 (1.37%) 
XR16@ 200mm crs (1.10%)2 
1 XD refers to 500MPa deformed (ribbed) reinforcement, XR refers to 500MPa round (smooth) 
reinforcement. 
2 Reinforcement ratio calculated by area enclosed by the centreline of the peripheral hoops 
 
Table 11.26 Longitudinal and prestressed reinforcement details for the irregular hybrid bridge 
 Prestressed reinforcement Internally grouted reinforcement 
Piers 1&5 
183-12.7mm strands (ρpt=0.46%) 
with total initial prestressing force of 
16,470kN. 1-#3105-31 & 8-#1905-19 
BBR anchorage units. 
Piers 2&4 
183-12.7mm strands (ρpt=0.46%) 
with total initial prestressing force of 
14,640kN. 1-#3105-31 & 8-#1905-19 
BBR anchorage units. 
Pier 3 
183-12.7mm strands (ρpt=0.46%) 
with total initial prestressing force of 
16,470kN. 1-#3105-31 & 8-#1905-19 
BBR anchorage units. 
40-XD40 grouted within 90mm diameter 
Drossbach duct. Provided with 240mm 
unbonded length. (ρs=1.26%) 
 
Table 11.27 Longitudinal reinforcement, prestressing and dissipation details for the irregular 
AFS1 hybrid pier 
 Prestressed reinforcement Internally grouted reinforcement 
External viscous 
devices 
Piers 1&5 
80-12.7mm strands (ρpt=0.20%) 
with total initial prestressing 
force of 6,400kN. 4-#3105-20 
BBR anchorage units. 
Piers 2&4 
80-12.7mm strands (ρpt=0.20%) 
with total initial prestressing 
force of 4,400kN. 4-#3105-20 
BBR anchorage units. 
Pier 3 
80-12.7mm strands (ρpt=0.20%) 
with total initial prestressing 
force of 5,200kN. 4-#3105-20 
BBR anchorage units. 
24-XD40 grouted within 
90mm diameter 
Drossbach duct. 
Provided with 240mm 
unbonded length. 
(ρs=0.75%) 
6-Taylor fluid viscous 
dampers. 
220Kip (979kN) device, 
±100mm stroke. 
Cvd=8000kNsα/mα 
Non-linearity, α=0.75 
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Table 11.28 Prestressing and dissipation details for the irregular AFS2 hybrid pier 
 Prestressed reinforcement External TCY devices External viscous devices 
Piers 1&5 
88-12.7mm strands (ρpt=0.22%) 
with total initial prestressing 
force of 7,920kN. 4-#3105-22 
BBR anchorage units. 
Piers 2&4 
92-12.7mm strands (ρpt=0.23%) 
with total initial prestressing 
force of 5,950kN. 4-#3105-23 
BBR anchorage units. 
Pier 3 
116-12.7mm strands 
(ρpt=0.29%) with total initial 
prestressing force of 9,280kN. 4-
#3105-29 BBR anchorage units. 
6-65mm diameter, Grade 
500MPa TCY dampers. 
Yielding fuse length of 
650mm (ρs=0.61%) 
6-Taylor fluid viscous 
dampers. 
220Kip (979kN) device, 
±100mm stroke. 
Cvd=5000kNsα/mα 
Non-linearity, α=0.75 
 
11.12. RESULTS OF THE PROBABLISTIC SEISMIC LOSS ASSESSMENT: 
IRREGULAR BRIDGE 
11.12.1. Irregular Bridge Response when Subjected to the 2/3MCE (Design level) 
and MCE (Ultimate level) Seismic Intensity 
The maximum displacement, maximum shear force and residual displacements for 
each irregular bridge system (mean envelope of the 22 ground motions) are illustrated 
in Figure 11.28. The graphs on the left of Figure 11.28, i.e. (a)-(c), presents the mean 
response when subjected to ground motions scaled to the 2/3MCE hazard level. The 
graphs on the right of Figure 11.28, i.e. (d)-(f), indicate the mean response when 
subjected to ground motions scaled to the MCE hazard level. There is relatively 
minimal variation in the maximum displacement response between each of the four 
bridges at the 2/3MCE design level: this further confirms the proposed design 
procedure for the bridge systems with viscous and hysteretic supplementary damping. 
There is more variation in response between all four bridges at the MCE level, 
however, with respect to the two AFS systems, the variation here is relatively 
minimal. The same comment can be made with respect to the two hysteretic systems: 
the benchmark monolithic and the traditional hybrid bridge system. 
 
It is interesting to note, that for both seismic hazard levels (2/3MCE and MCE) the 
maximum pier shear in the AFS bridges is less than the benchmark monolithic bridge. 
This further suggests that the misconception that viscous systems need significant 
protection against damper over-strength actions may be relaxed in cases having a 
similar proportion of FVDs as per this study. 
 
Finally, the residual deformations within the post-tensioned piers result from the 
residual deformations of the abutments, also resulting in residual pier shears. The 
residual deformations within the benchmark system are clearly more significant and 
are dramatically larger for the MCE seismic hazard. 
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Figure 11.28 Mean displacements, shear force and residual envelopes for the 2/3MCE (a)-(c) and 
the MCE Seismic Intensity: Irregular Bridge. 
 
11.12.2. Annual Rate and Probability of Global Collapse 
The annual probably of global collapse for each of the four irregular bridges is 
presented in Table 11.29. Similar conclusions to that drawn from the regular bridge 
can be made: the annual probability of global collapse is reduced by more than 50% 
for the AFS bridge systems when compared to the benchmark bridge. 
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Table 11.29 Annual rate and probability of global collapse for the irregular bridge systems 
 Benchmark Hybrid AFS1 AFS2 
Annual rate of global collapse 2.19x10-4 1.41x10-4 0.91x10-4 0.82x10-4 
Probability of global collpase1 2.16% 1.40% 0.91% 0.82% 
1 within a 100year operating life 
 
11.12.3. Loss-Hazard Relationship 
The loss-hazard relationships for each of the irregular bridges are compared in Figure 
11.29. The loss-hazard relationship of each irregular post-tensioned bridge is very 
similar to their regular counterpart systems in Figure 11.23. There is however a 
significant increase in the loss-hazard relationship for the benchmark system being 
largely dictated by the response of the central pier. 
 
 
Figure 11.29 Loss-hazard relationship for each irregular bridge system 
 
This benefit of the post-tensioned systems becomes more evident when the tabulated 
loss-hazard data is investigated in Table 11.30. It is immediately evident that the 
hybrid bridge provides substantial financial benefit over the benchmark bridge system 
as the loss is reduced by 84% considering the 2/3MCE seismic hazard. While there is 
still significant benefit to be had from the AFS bridge systems, the benefit is not as 
significant as the hybrid system, which is attributed to the greater initial cost to install 
the FVDs within the AFS bridge system. 
 
Table 11.30 Loss-hazard tabulated data for each irregular bridge system presented as loss ratio 
(monetary value in brackets based on $12.74M benchmark construction cost) 
Hazard Benchmark Hybrid AFS1 AFS2 
1/3MCE 0.025 ($0.32M) 0.016 ($0.21M) 0.042 ($0.53M) 0.043 ($0.54M) 
2/3MCE 0.163 ($2.08M) 0.026 ($0.34M) 0.050 ($0.64M) 0.051 ($0.65M) 
MCE 0.335 ($4.27M) 0.065 ($0.82M) 0.073 ($0.93M) 0.076 ($0.97M) 
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The loss-hazard data is compared in Table 11.31 between the regular bridge and 
irregular bridge systems. It is interesting to note that the monolithic bridge suffers 
greater loss when considering an irregular bridge layout. In contrast, there is no 
significant increase (or decrease) in loss for each of the post-tensioned systems 
considering either a regular or irregular bridge layout. This can be attributed to the 
large displacement capacity of each of the post-tensioned systems and the “tuning” 
that can be carried out during the design phase to improve the ductility capacity of the 
pier elements. An example of tuning relates to the initial post-tensioning force within 
the tendon group; increasing the number of tendons as opposed to increasing the 
initial prestress will increase the ductility capacity of the section, however, will incur 
a greater material cost. Further tuning can be carried out on the mild steel 
reinforcement; in particular, increasing the unbonded length (and bar diameter) of the 
grouted mild steel reinforcement (to control the longitudinal strains) will increase the 
ductility capacity of the section, however, at the expense of increasing the flexibility 
of the pier and a subtle reduction to the overall energy dissipation of the pier section. 
 
Table 11.31 Comparison of the loss-hazard tabulated data between the regular (left column) and 
irregular bridges (right column), where loss is presented as loss ratio. 
Benchmark Hybrid AFS1 AFS2 Hazard 
Reg Irreg Reg Irreg Reg Irreg Reg Irreg 
1/3MCE 0.013 0.025 0.013 0.016 0.039 0.042 0.041 0.043 
2/3MCE 0.070 0.163 0.023 0.026 0.047 0.050 0.050 0.051 
MCE 0.178 0.335 0.063 0.065 0.074 0.073 0.077 0.076 
 
11.12.4. Expected Annual Loss  
Finally, the expected annual loss is tabulated in Table 11.32 and compared between 
the regular and irregular bridge systems. As expected from the loss-hazard 
relationship, a significant increase to the EAL is observed for the benchmark 
monolithic system considering an irregular bridge configuration while little difference 
is observed for each of the post-tensioned systems (irregular versus regular). From an 
EAL and loss-hazard point of view, the benefits of the post-tensioned systems are 
more evident for an irregular bridge configuration. 
 
Table 11.32 Expected annual loss: comparison between four bridge systems  
 EAL – Regular bridge EAL – Irregular bridge 
Benchmark, ductile bridge 0.049% ($6263) 0.086% ($10968) 
Post-tensioned hybrid 0.018% ($2254) 0.018% ($2353) 
Post-tensioned AFS1 0.011% ($1406) 0.014% ($1741) 
Post-tensioned AFS2 0.012% ($1555) 0.013% ($1715) 
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11.13. DISCUSSIONS 
11.13.1. Feasibility of Post-tensioned Bridge Systems 
Two methods to ascertain the feasibility of a post-tensioned bridge system were 
presented. The first considered the loss-hazard relationship and associated the loss 
with each discrete seismic hazard. A reduction in loss was observed for the hybrid 
bridge when considering seismic events having a 38.7% probability of exceedance 
within 100 years: this is similar to the 1/3MCE, design basis seismic hazard. No 
benefit was observed for the AFS bridges (with respect to the hybrid bridge) unless 
events with a probability of exceedance of 1.8%, or less, within 100 years were 
considered. This suggested that, of the post-tensioned bridges, the hybrid bridge was 
the most cost efficient solution and could be seen to be more beneficial than the 
benchmark bridge. However, while a post-tensioned hysteretic bridge is shown to be 
the most economic solution, the AFS bridge system will become significantly more 
advantageous as the cost of fluid-viscous-dampers reduces. 
 
The second method demonstrated that by considering the average annual rate of 
occurrence for each earthquake and integrating the loss associated with each event 
(defining the expected loss per annum), the benchmark bridge was the most feasible 
option. 
 
If the bridge system represents a very significant arterial route with limited alternative 
bypasses, and the loss due to downtime is determined to well exceed the replacement 
cost of the structure, then the economic benefit to be had from a post-tensioned hybrid 
system is further supported. It was noted that even if some proportion of downtime 
loss is accounted for, from a loss-hazard and EAL viewpoint, there was little benefit 
to be had when considering an AFS Bridge: the hybrid solution was still the more 
feasible option in this case. 
 
The results of the loss assessment indicated that there was no significant difference in 
the loss-hazard relationship between an irregular and regular post-tensioned bridge 
configuration. In contrast, the benchmark monolithic bridge system showed a 
significant increase in loss when considering an irregular pier layout. Therefore, the 
financial benefits were more obvious when considering an irregular bridge layout as 
the loss of the benchmark pier was largely dictated by that of the short pier elements. 
The post-tensioned bridge systems allowed some degree of tuning to be undertaken 
during the design phase, improving the performance of the bridge piers with only 
minimal increase to the construction cost. 
 
With that said, it is difficult to determine the most feasible solution, or more correctly, 
how to measure feasibility. Porter and Kiremidjian [2001] demonstrated that a client’s 
risk attitude should be accounted for within risk-management decision-making and 
questions cost-effectiveness as the key measure for decision making. Furthermore, 
decision makers are generally risk averse toward low probability (yet high 
consequence) events, meaning such rare events are given more consideration within 
the decision making process (Bradley et al. [2008]). A relatively conservative owner 
may opt to minimise the loss associated with a certain intensity level, assuming that it 
is entirely likely the event will occur. It is therefore down to the clients risk attitude as 
to what they consider feasible. It is to this end that the loss-hazard curve appears to be 
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the most effective tool for decision makers; it allows the client to choose the level of 
risk (annual probability of exceedance) associated with an acceptable level of loss. 
11.13.2. Superstructure, Abutments and Bearing Related Losses 
Referring to the IM-EDP relationships in Figure 11.21 it is not possible to argue that 
damage within the superstructure, abutments, bearings or foundations would differ 
between any of the bridges. Damage associated with the superstructure, bearings and 
abutments is directly related to the maximum displacement response of the bridge. As 
the maximum response between each bridge is very similar (in fact, a slight reduction 
was observed for the monolithic benchmark bridge) the loss associated with these 
elements would be very comparable. 
11.13.3. Feasibility of an Alternative Post-tensioned Bridge Systems 
The option to use an AFS bridge system is more difficult to justify as the cost to 
install FVDs can out way the reduction in loss associated with the reduced structural 
damage. With that said, piers 2&4 contributed to a majority of the loss for each of the 
regular AFS bridge systems. Therefore, to reduce costs associated with the installation 
of fluid viscous dampers, while still retaining the benefits of an AFS bridge system, an 
alternative bridge scheme is proposed. The alternative scheme adopts traditional 
hybrid construction for piers 1, 3 & 5 (refer Figure 11.4 and Figure 11.5 for details) 
combined with AFS1 piers for 2 & 4 (refer Figure 11.6 and Figure 11.7 for details). 
This scheme is illustrated in Figure 11.30 below and is intended to reduce the losses 
associated with piers 2&4 due to the increased deformation capacity and reduced pier 
damage. The cost of installing FVD at piers 2 & 4 only would reduce the FVD 
expenses by 60% when compared to AFS1 (and AFS2). The structural response and 
loss of this alternative bridge is likely to lie somewhere between that of the hybrid 
bridge and the AFS1 bridge, however, only a modest benefit would be expected when 
compared to a traditional hybrid solution. 
 
Figure 11.30 Alternative bridge scheme including traditional post-tensioned hybrid piers and 
AFS piers with fluid viscous dampers. 
 
Another option was also postulated based on post-tensioning alone: that is, no 
dissipation. Based on the DDBD concept, the base shear would increase significantly, 
increasing the required number of tendons to satisfy the increased pier moment 
demands. While there will be savings associated with no internal or external 
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dissipation, these savings are likely to be outweighed by the greater number of post-
tensioning tendons and anchorages required. 
11.13.4. The Option to Build High Performance Structures  
High performance structures (both buildings and bridges) have been proven to yield a 
reduction in loss associated with reduced damage. However, insurance companies (at 
least, with respect to New Zealand) do not recognise building performance when 
assessing insurance premiums associated with earthquake risk. Is to this end, stake 
holders may need to take on their own initiative when making such decisions. The 
choice ultimately comes down to the type of investment the asset represents. That is, 
property developers are primarily concerned with initial construction costs, as the sole 
aim is to sell the property and maximise profits. Government funded assets, while still 
concerned with initial construction cost, may be persuaded to consider life cycle costs 
if the benefits are conspicuous. 
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11.14. CONCLUSIONS 
A seismic loss assessment was carried out for three post-tensioned bridges and one 
ductile benchmark bridge. The loss assessment was carried out to quantify the 
feasibility of a traditional post-tensioned hybrid bridge system and two advanced 
hybrid bridges. The traditional hybrid bridge piers comprised of internally grouted 
mild steel reinforcement and unbonded post-tensioned tendons. The first of the 
advanced hybrid bridge piers (AFS1) was constructed using a combination of 
externally mounted fluid viscous dampers (FVD), internally grouted mild steel 
reinforcement and unbonded post-tensioning. The second advanced hybrid bridge 
(AFS2) was constructed using a combination of externally mounted hysteretic 
dampers (TCY dampers), externally mounted FVD and unbonded post-tensioning. 
 
The displacement response of all four bridge systems, as the intensity increased, was 
very similar. In fact, the difference in loss between each bridge was primarily 
governed by the loss associated with each damage state. The post-tensioned bridges 
were more ductile and suffered less physical damage than the benchmark bridge; 
however, initial construction costs were larger. 
 
Two methods were presented to describe the loss associated with each bridge system. 
The first considered the loss-hazard curve which related the loss associated with 
discrete ground motions with an annual rate of exceedance. This relationship proved 
useful in describing the loss at the 1/3MCE, 2/3MCE and MCE hazard levels. At the 
2/3MCE level, the hybrid bridge suffered less loss than the benchmark, while at the 
MCE level all three PT bridges returned a lower loss. However, for these same 
seismic hazard levels, no reduction in loss was found for the AFS bridges with respect 
to the hybrid bridge. Therefore, the hybrid bridge could be seen to be the most 
feasible option in this case. However, as the cost of fluid-viscous-dampers reduces the 
AFS bridge systems will become significantly more advantageous. 
 
The Expected Annual Loss (EAL) was the second method used to compare loss 
between each bridge. The EAL considered the loss associated with each point on the 
loss-hazard curve and is the summation of loss multiplied by the probability of that 
loss occurring in one year. This gives the expected loss per annum and can be 
forecasted over the operating life of the structure. While the EAL of each PT bridge 
was significantly lower than the benchmark bridge, when the additional construction 
costs of the PT bridges was included, the benchmark bridge was clearly the most 
feasible option. It was concluded that for bridges located on an important arterial route 
requiring post-earthquake operation, then a large proportion of loss will be associated 
with downtime. Unless a significant proportion of loss was associated with downtime 
(in the order of several multiples of the construction cost), then there is little economic 
benefit to be had from a post-tensioned bridge (traditional or advanced). In this 
instance, the benchmark bridge was found to be the most feasible solution when 
considering an EAL viewpoint.  
 
It was concluded that decision makers are generally risk averse with respect to seismic 
hazard due to the low-probability-high-consequence stakes involved. It is to this end 
that decisions should be based on the loss-hazard relationship as apposed to the EAL, 
therefore, indicating that the feasibility of the hybrid bridge (i.e. the economic benefit 
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to the client) will be more evident. Furthermore, if the bridge required post-earthquake 
operation and was to be bounded by minimal downtime following an event, then the 
hybrid bridge would be the most appropriate solution. Finally, if the sole concern of 
the client was with regards to collapse prevention, then the AFS bridge systems 
prevailed. 
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12. Conclusions and Recommendations for Future Work 
12.1. CONCLUSIONS 
The high demand placed on engineers and consultants to provide societies with high-
performing structures that are able to minimise damage and business interruption 
following a major earthquake event has been the driving force behind much research 
over the past two decades. While there is a growing interest within the engineering 
fraternity given to improved seismic resisting systems, the implementation into 
mainstream practice is slow due to the lack of design recommendations, lack of 
understanding of unfamiliar technology, the few existing applications, an impression 
of high construction costs and additional time-consuming peer-review requirements. 
 
This research has provided a comprehensive experimental and analytical investigation 
into the behaviour, modelling, design and feasibility of post-tensioned rocking 
systems for use in regions of high seismicity. The main findings are divided into those 
relating experimental, modelling and design below. 
 
Experimental response of post-tensioned connections under quasi-static, high-speed 
cyclic and dynamic loading 
 
• Uniaxial and biaxial cyclic testing of post-tensioned (PT) bridge piers highlighted 
a superior level of performance when compared to an equivalent monolithic 
ductile pier. Damage of the PT piers was superficial with most the inelastic 
deformations confined to the sacrificial energy dissipaters (mild steel). The 
damage of a PT system with external, replaceable dampers was mitigated 
altogether: requiring only the external devices to be replaced following a major 
earthquake event. The suitability of a number of connection typologies for post-
tensioned connections is confirmed through testing and constructability.  
 
• Minimal velocity dependency was observed for each of the PT viscous systems 
due to the high non-linearity of the damper (α = 0.153), while mechanical 
clearances within the connections at each end of the damper reduced their 
efficiency during cycles of high frequency, low displacement amplitude. Strain-
rate effects were found to have little, if any, influence on the strength 
enhancement of any PT system. A strength enhancement in the order of 10-20% 
would be further reduced due to the proportion of lateral resistance provided by 
the steel dampers. 
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• Dynamic shake-table testing determined that the equivalent viscous damping ratio 
associated with contact damping was in the range of 2-2.5%, specific to the 
geometry of this post-tensioned wall.  
 
Modelling the monotonic and cyclic response of post-tensioned rocking connection 
 
• An existing monotonic section analysis procedure was extensively refined and 
included the following: a method to account for the cyclic behaviour of steel, 
procedures to estimate the level of confinement in a rocking connection, extension 
of the procedure include PT systems with external viscous dampers, alternative 
stress-strain constitutive laws and biaxial loading. 
 
• A technique was presented to accurately calibrate a macro-model utilising 
multi(axial)-springs at the rocking interface. The calibration was also extended to 
3-dimensions with both models returning a very good comparison to the 
experimental response. 
 
• A damping model is implemented within the macro-model to account for contact 
damping via a viscous dashpot and friction element. For all practical levels of 
mechanical damping, the option to ignore contact damping will have little effect 
on the maximum response of the system. For PT systems with zero (or very low 
levels of) mechanical damping, the peak response was largely affected by small 
variations of damping. 
 
Design procedures for post-tensioned viscous systems with viscous and hysteretic 
damping 
 
• A Direct Displacement-Based Design procedure was developed for SDOF and 
MDOF post-tensioned bridge systems with viscous and hysteretic dampers. The 
procedure explicitly accounts for systems located in near-field or far-field seismic 
regions. The premise behind the procedure is to relate the properties of the viscous 
dampers to equivalent damping properties at the effective height of the system. 
 
Feasibility of advanced post-tensioned bridge systems 
 
• A probabilistic seismic loss assessment was performed on three post-tensioned 
bridge systems (two advanced solutions and one traditional solution) and 
compared to a traditional ductile bridge system. While the initial cost of fluid 
viscous dampers could not be ignored, there was a cost saving associated with a 
reduction in the amount of post-tensioning required. 
 
• In all cases, the post-tensioned bridge systems are shown to be more feasible than 
a traditional ductile bridge system. Overall, the traditional post-tensioned bridge 
system was found to be the most economical solution. In hind site however, the 
advanced post-tensioned viscous-hysteretic becomes increasing advantageous as 
the cost of the fluid viscous dampers reduces. 
 
Chapter 12: Conclusions and future research  12.3 
12.2. RECOMMENDATIONS FOR FUTURE RESEARCH 
Contact damping still remains to be a rather undefined parameter for post-tensioned 
rocking systems. While a level of equivalent viscous damping was computed, and a 
simple model developed, this solution was specific to this particular system. Further 
research should be carried out in this area if more comprehensive data is required. In 
particular geometry aspects, initial post-tensioning, number of tendons, rocking 
interface are all parameters likely to affect contact damping. 
 
A more extensive parametric analysis is required to provide a better estimate for the 
axial stiffness of a multi(axial)-spring macro-model. While the method of calibration 
presented in this research is perfectly valid, a series of design charts to determine the 
axial stiffness to be assigned to the multi(axial)-spring unit would be more practical 
 
More in-depth probabilistic seismic loss assessments could be carried out to further 
confirm the cost benefits of not only traditional hybrid systems, but the proposed 
advanced post-tensioned viscous-hysteretic systems. In particular, the development of 
more detailed prototype bridge systems to include an itemised costing of the entire 
construction is likely to help determine the financial benefits of such systems 
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 Appendix A 
A1. DISPLACEMENT-BASED DESIGN OF THE PROTOTYPE BRIDGE 
PIER 
The following summarises the DDBD carried out for the monolithic prototype bridge 
tested in Chapter 4. The New Zealand seismic design spectrum (NZS1170.5 [2004]), 
specific to the bridge site, is graphed in Figure A.1, while the spectral coordinates are 
also listed in Table A.1. The design is based on a target drift ratio of 3.4%, i.e., a 
lateral displacement of mmmmd 1634800%4.3 =⋅=∆  and the following seismic 
hazard properties 
 
• Zone factor, Z=0.33 
• Risk Factor, R = 1.7 
• Shallow soil 
• Amplified PGA = 0.756g 
• Structural performance factor, Sp = 1.0 
• Site located greater than 20km from known fault, i.e, N(T,D) = 1 
 
 
 
 
Figure A.1 NZS1170.5 [2004] elastic (5% damped) design spectrum. Zone factor z = 0.33, soil 
class C, risk factor Ru = 1.7, structural performance factor Sp = 1.0, 20km distance to fault, near-
fault factor N(T,D) = 1.0 
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Table A.1 Coordinates for the elastic (5% damped) design spectrum. Zone factor z = 0.33, soil 
class C, risk factor Ru = 1.7, structural performance factor Sp = 1.0, 20km distance to fault, near-
fault factor N(T,D) = 1.0 
 
Period, T [sec] Cd(T) [g] ∆d(T) [mm] 
0.0 0.756 0 
0.1 1.665 4 
0.2 1.665 17 
0.3 1.665 37 
0.4 1.344 53 
0.5 1.137 71 
0.6 0.991 89 
0.7 0.883 108 
0.8 0.799 127 
0.9 0.731 147 
1.0 0.676 168 
1.5 0.499 279 
2.0 0.375 373 
2.5 0.300 466 
3.0 0.250 559 
3.5 0.184 559 
4.0 0.141 559 
4.5 0.111 559 
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A2. DISPLACEMENT-BASED ASSESSMENT PROCEDURE TO 
EVALUATE THE SEISMIC PERFORMANCE OF AN EXPERIMENTAL 
TEST 
The following method outlines an iterative procedure adopted to assess the 
performance of a SDOF system from experimental testing. 
 
Step 1. The elastic design spectrum is generated for each seismic hazard level, i.e. 
R = 0.5, 1.0, 1.5, 1.7 being representative of a return period of 100, 500, 1000, 1425, 
2000 years respectively. The elastic design spectrum is converted into an Acceleration 
Displacement Response Spectrum (ADRS). The experimental response is converted 
to ADRS units by normalising the lateral load with respect to the effective weight of 
the SDOF structure.  
 
Step 2. The demand (seismic hazard) is compared with the capacity (experimental 
response) to determine where the demand intersects the loading envelope (the 
intersection along the first loading cycle).The “performance point” is defined as the 
displacement ∆R where the capacity and demand intersect. 
 
Step 3. The displacement ∆R defines the damping of the system from the 
experimental results. Consider the demand-capacity relationship in Figure A.2 (a). 
The first iteration would consider the 5% damped ADRS curve (or some arbitrary 
level of damping). The intersection between the demand and capacity would define 
the displacement ∆R(i) to be used within experimentally-derived area-based equivalent 
viscous damping ξR(i) from Figure A.2 (b). In this study, the 2nd cycle damping-
displacement relationship was used. 
 
 
Figure A.2 Evaluation of the performance point 
 
The area-based equivalent viscous damping ξR(i) is then converted to an equivalent, 
time-history-calibrated, equivalent viscous damping ξeq. The spectral reduction factor 
η is computed according to Eq.(A.1) and the ADRS demand coordinates are reduced 
according to Eq.(A.2), where ξeq is expressed as a ratio. 
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The performance point, defining the displacement ∆R, is updated and the procedure is 
iterated until ∆R converges. 
 
Conversion of Area-Based Damping to Equivalent Viscous Damping ξeq. 
It is necessary to convert the area-based damping to equivalent viscous damping 
representing the damped response following dynamic analysis. Priestley et al (2007) 
provides correction factors (in the form of a graph) as a function of the area-based 
EVD and the system ductility (Figure A.3 (a)). To avoid reading from the graph, the 
data was linearised, and expressed as Eq.(A.3). 
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Figure A.3 Damping correction factors between area-based and time-history-calibrated EVD 
 
Tangent Stiffness Damping Correction Factor 
Studies have shown that the elastic damping is better represented by a tangent 
stiffness proportional damping model. As Direct Displacement-Based Design 
(DDBD) utilises an equivalent elastic single-degree-of-freedom (SDOF) substitute 
structure, damping correction factors are incorporated to convert the elastic (secant 
stiffness) damping of the structure to a tangent stiffness proportional model. The 
elastic damping is computed as follows 
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SecantelTangentel ,, ξµξ λ=  A.4 
 
Where: 
 µ is the system ductility 
λ is a correction factor, equal to -0.378 for a monolithic system (Thin Takeda) 
and -0.430 for post-tensioned systems (Flag shape with β = 0.35) 
ξel,Secant is the elastic damping of the system, normally equal to 5% for 
reinforced concrete structures. 
 
Incorporating the area-based damping correction factor and the elastic damping 
correction factor, the resultant EVD ξeq can be written as 
 
( )[ ]723.00875.0018.0%5 ++⋅−+= −− µξξµξ λ basedareabasedareaeq  A.5 
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 Appendix B 
B1. INSTRUMENTATION 
The following table outlines the location and type of instrument using in the high-
speed and dynamic testing of the post-tensioned walls. 
 
 
Table B.1 Shake table testing instrumentation  
Channel Device Instrument ID Location/Discription Calibration factor 
1 potentiometer Pot 20 North west dissipater: Viscous damper 1/Mild steel damper -0.0071558 
2 potentiometer Pot 40 North centre dissipater: Mild steel damper only -0.0071547 
3 potentiometer Pot 63 North east dissipater: Viscous damper 2/Mild steel damper -0.0069979 
4 potentiometer Pot 111 South west dissipater: Viscous damper 3/Mild steel damper -0.0070522 
5 potentiometer Pot 114 South centre dissipater: Mild steel damper only -0.0071663 
6 potentiometer Pot 124 South east dissipater: Viscous damper 4/Mild steel damper -0.0070598 
7 potentiometer Pot 4a North east gap opening -0.0071488 
8 potentiometer Pot 5a North centre gap opening -0.0071868 
9 potentiometer Pot 6a North west gap opening -0.0070831 
10 potentiometer Pot 7a Wall-foundation translation -0.0070752 
11 potentiometer Pot 106 South east gap opening -0.0071348 
12 potentiometer Pot 107 South centre gap opening -0.0071825 
13 potentiometer Pot 108 South west gap opening -0.0071802 
14 potentiometer Pot 109 Foundation-table translation -0.0071171 
15 potentiometer Pot A Wall lateral displacement top 0.0476356 
16     
17 Load Cell LC A Lateral load (mass-wall) -0.100784 
18 Load Cell LC B East tendon -0.068926 
19 Load Cell LC C Centre tendon 0.068571 
20 Load Cell LC D West tendon -0.068839 
21 LVDT Table LVDT Shake-table displacement 0.057143 
22 Accelerometer Table Accel Shake-table acceleration 7.6336E-04 
23 Load Cell LC E Lateral load (wall-reaction frame) -0.0208001 
24 potentiometer Table Pot Shake-table displacement 0.28705 
25 Strain gauge NW1 North west dissipater strain 8.8145 
26 Strain gauge NW2 North west dissipater strain 8.8555 
27 Strain gauge NE1 North east dissipater strain 8.8803 
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28 Strain gauge NE2 North east dissipater strain 8.8638 
29 Strain gauge SW1 South west dissipater strain 8.8091 
30 Strain gauge SW2 South west dissipater strain 8.8583 
31 Strain gauge SE1 South east dissipater strain 8.8010 
32 Strain gauge SE2 South east dissipater strain 8.7444 
33 Accelerometer A1 Wall: horizontal acceleration 0.00146742 
34 Accelerometer A2 Wall: vertical acceleration 0.00147644 
35 Accelerometer A3 Mass: out-of-plane horizontal acceleration 0.00140158 
36 Accelerometer A4 Mass: in-plane horizontal acceleration 0.00146522 
37 Accelerometer A5 Mass: vertical acceleration 0.00148589 
38     
39     
40     
41 Gyro Gyro 1 Mass: angular velocity about vertical axis 0.149841 
42 Gyro Gyro 2 Mass: angular velocity about out-of-plane axis 0.152658 
43     
44     
45 potentiometer F1 
Foundation flexibility: vertical 
displacement at east tendon foundation 
anchorage 
0.00356703 
46 potentiometer F2 
Foundation flexibility: vertical 
displacement at west tendon foundation 
anchorage 
0.00349157 
47     
48     
49 Strain gauge SG: A1 East longitudinal bar, 50mm from base of wall 8.8444 
50 Strain gauge SG: A2 East longitudinal bar, 245mm from base of wall 8.7980 
51 Strain gauge SG: A3 East longitudinal bar, 50mm from base of wall 8.7335 
52 Strain gauge SG: A4 East longitudinal bar, 245mm from base of wall 8.8967 
53 Strain gauge SG: C1 West longitudinal bar, 50mm from base of wall 8.8279 
54 Strain gauge SG: C2 West longitudinal bar, 245mm from base of wall 8.8333 
55 Strain gauge SG: C3 West longitudinal bar, 50mm from base of wall 8.9440 
56 Strain gauge SG: C4 West longitudinal bar, 245mm from base of wall 8.7898 
57 Strain gauge SG: S1 North stirrup 100mm from base 8.9273 
58 Strain gauge SG: S2 North stirrup 215mm from base 8.9442 
59 Strain gauge SG: S3 South stirrup 100mm from base 8.9670 
60 Strain gauge SG: S4 South stirrup 215mm from base 9.0178 
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ABSTRACT: Recent major earthquakes such as Northridge 1994 and Izmit Kocaeli 
1999 highlighted the poor performance of existing buildings constructed prior to the early 
1970’s. Low lateral seismic design coefficients and the adopted “working stress design” 
methodology (essentially an elastic design) lacked any inelastic design considerations, 
thus leading to inadequate detailing. Insufficient development lengths, lapping within 
potential plastic hinge regions, lack, or total absence of joint transverse reinforcement, 
and the use of plain round reinforcement and hooked end anchorages were common 
throughout the structure. The behaviour is generally dominated by brittle local failure 
mechanisms (e.g. joint or element shear failures) as well as possible soft-storey 
mechanisms at a global level. Amongst several possible retrofit interventions, a typical 
solution is to provide the structure with additional structural walls i.e. external buttressing 
or column in-fills.  
Extensive developments on precast, post-tensioned, dissipative systems have shown 
promise for the use of rocking wall systems to retrofit existing poorly detailed frame 
structures. In this contribution, the feasibility of such a retrofit intervention is 
investigated. A displacement-based retrofit procedure is developed and proposed, based 
on targeting pre-defined performance criteria, such as joint shear and/or column curvature 
deformation limits. A design example, using the proposed retrofit strategy on a prototype 
frame is presented. A brief overview on experimental work ongoing at the University of 
Canterbury investigating the dynamic response of advanced rocking walls for retrofit 
purposes will be provided.  
1 INTRODUCTION 
It has been well reported that the structural performance of pre 1970’s buildings consists of brittle, 
premature local failure mechanisms leading to possible collapse of the lower or ground floors 
(Pampanin (2006)). Reasons for such a failure stem from low lateral design coefficients with an 
expectation that the building will remain elastic. The “elastic” analysis and design, or “working stress” 
concept, had no allowance for member ductility and hence the structure had insufficient detailing to 
properly accommodate the inelastic demand due to seismic loadings. Typically, the use of plain round 
reinforcing bars, lapping of longitudinal bars in potential plastic hinge regions, insufficient 
development lengths of reinforcing bars, and a lack or total absence of joint transverse reinforcement 
was common. 
Following a brief overview into the performance of existing RC buildings and the advantage of using 
coupled walls for retrofit applications, the feasibility and efficiency of implementing a 
rocking/dissipating (PRESSS-technology) wall system is presented. A performance based 
(displacement-based) retrofit design methodology is developed and presented for poorly detailed (pre-
1970’s) frame buildings. An example of the design procedure is also given along with an update on the 
on-going shake-table testing at the University of Canterbury. 
2 
2 PERFORMANCE ASSESSMENT OF EXISTING BUILDINGS 
Typical joint failure mechanisms for poorly detailed exterior beam-column joints without joint shear 
reinforcement are shown in   
Figure 1 (Priestley (1997); Pampanin, et al. (2003)). Depending on the beam anchorage details 
different damage mechanisms can occur. When beam bars are bent into the joint (Figure 1a, Figure 1b) 
cracking will initiate from dilation of the un-reinforced joint core followed by opening of the hooked 
anchorages. A more brittle mechanism can be expected if the beam bars are bent away from the joint 
(Figure 1c) as the diagonal compression strut is not adequately “captured” at the anchorages' bent-end 
preventing the development of a “nodal” point for internal forces. Plain round bars with hooked end 
anchorages (Figure 1d) cause slipping of the reinforcement thought the joint resulting in stress 
concentrations at the anchorage ends leading to a wedge failure of the joint.  
  
Figure 1: Typical anchorage details for beam-column joints Pampanin, et al. (2003) 
Typical details within the pre-1970’s building stock are shown in Figure 2a. Lapping within plastic 
hinge zones, insufficient development lengths, and the low level of transverse reinforcing content were 
common practice. The expected ductility capacity of these elements will be relatively low due to bar 
slip, poor confinement, buckling of longitudinal reinforcement and joint shear failure.  
 
Figure 2: Failure mechanisms and typical NZ detailing 
Figure 2b illustrates a soft-storey “global mechanism” for a 3-storey building. The independent, “local 
mechanisms” are also shown (Figure 2c). In defining the “local mechanism”, a comparative strength 
assessment allows a hierarchy of strength and sequence of events to be evaluated within the beam-
column joint subassembly. The capacity of each structural element (beam, column, and joint) is 
converted to a common-unit, such as an “equivalent column moment”, allowing a direct strength 
comparison to be made within a moment-axial domain (M-N interaction diagram). Both flexure and 
shear failure modes can be considered as well as strength degradation effects.  
2.1 Beam, column, and beam-column joint assessment   
An extended literature on the assessment of existing reinforced concrete buildings is available and to 
some extent, regulated within code previsions e.g. fib (2003), FEMA:356 (2000), NZSEE (2006). 
The performance of RC beams and columns are influenced by the type of reinforcing (plain round vs. 
3 
deformed), the presence of lap splices within the plastic hinge region, and the amount of transverse 
reinforcement for confinement, anti-buckling and shear resistance. Plain round bars result in slipping 
of the longitudinal reinforcement and poor energy dissipation, while lapping within plastic hinge 
regions will result in premature failure under repeated cyclic loading at low levels of ductility.  
The strength and deformation capacity of beam-column joints are more delicate. Joint shear stress and 
deformation limits are typically provided in assessment guidelines FEMA:356 (2000). However, based 
on recent experimental investigations, principle tensile stresses have been suggested to be a better 
indication of damage. Furthermore, strength degradation curves (principal tensile stress vs. joint 
rotation) have been proposed in literature (Priestley (1997)). Depending on the structural detailing 
(bars bent into the joint, bars bent out of the joint, hooked anchorage etc), the typology (interior vs. 
exterior), and of the reinforcing type (plain round vs. deformed) the joint deformation limits can vary 
significantly (Pampanin, et al. (2003)). 
3 FRAME-WALL COUPLED SYSTEMS FOR RETROFIT 
Adding either internal or external wall systems is an attractive and common option to retrofit an 
existing poorly detailed RC frame structure. As a result of the coupling mechanism between the frame 
and wall, a reasonably stiff, strong system would result, reducing structural deformations (thus 
deformation related damage) to reasonable limits. The use of monolithic wall systems can however 
result in significant physical damage and residual deformations, especially when considering the 
effects of near field events i.e. large velocity pulses. Figure 3 indicates the qualitative performance of 
a retrofit intervention based on an advanced rocking/dissipating wall when compared to the use of a 
traditional monolithic wall retrofit. The re-centring capacity of the post-tensioned wall can be used to 
minimise residual deformations, where deformation of the wall is confined to a “controlled rocking” 
motion on the foundation, relieving the wall of any physical damage. In addition, more appropriate 
dissipation techniques can be applied to a rocking system where the advantage of both velocity 
proportional and displacement proportional devices for near and far field earthquake events 
respectively, can be utilised.  
 
Figure 3: Comparison of retrofit intervention having either a monolithic wall or advanced rocking wall 
A retrofit intervention based on the introduction of an additional wall system has the advantage of 
distributing the inelastic demand up the height of the structure, increasing the total strength, stiffness 
and energy dissipation of the existing bare frame. 
The push-over capacity curve in Figure 4 summarises the key concepts for a retrofit intervention of the 
proposed prototype frame building. The first is that the deformation of the frame is reduced, limited to 
pre-determined deformation limits of critical elements within the frame. The second, the strength and 
deformation capacity of the wall alone are substantially improved by simply imposing the frame to 
deform linearly, redistributing the inelasticity (1); further improved by the additional over-turning 
capacity provided of the wall (2). Finally, additional energy dissipation (mild steel, friction, viscous, 
or post-tensioning alone) will provide a more damped structural response (3). 
Special attention is required to a number of structural elements within dual systems due to a vertical 
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displacement incompatibility between the frame and the wall (Paulay (1993)). 
 
Figure 4: Prototype frame details 
The vertical displacement arises from the shift in neutral axis position and the effect of having a 
“deep” member, resulting in lifting of the tension side of the wall and lowering of the compression 
side of the wall. This incompatibility can however be properly exploited to activate special yielding 
elements between two incompatible members (Kurama, et al. (2006)). Displacement-based design 
procedures have been recently developed for the design of new dual-system structures, including 
refined damping-ductility relationships (Sullivan, et al. (2006)).  
4 ROCKING WALL SYSTEMS WITH ADVANCED DISSIPATION DEVICES 
Jointed ductile rocking systems have been widely developed for either frame and wall systems 
(Priestley (2003), Rahman & Restrepo (2000), Kurama, et al. (2006)). A “controlled rocking” 
mechanism is developed at the critical interface (i.e. beam-column, pier-foundation interface, etc) and 
activates two types of reinforcement: prestressed tendons providing re-centring and non-prestressed 
mild steel dissipation (Figure 5). Rocking systems are characterised by reduced/negligible residual 
deformations, minimal physical damage (due to a single rotation located at the critical interface), 
whilst having similar maximum displacements when compared to their equivalently reinforced 
monolithic counterparts.  
 
Figure 5: Rocking connection: Left, beam-column joint; Centre, pier/column-foundation connection; 
Right, cyclic behaviour as function of non-prestressed to prestressed moment ratio (λ). 
The behaviour of a “hybrid system” (in terms of maximum and residual displacements) can be defined 
by a single “design parameter”, lambda (λ) (fib (2004), NZS3101:2006 (2006)). Lambda is the 
moment ratio of the non-prestressed reinforcement (mild steel dissipation) to the prestressed 
reinforcement and/or axial load respectively, which defines both the energy dissipation and re-centring 
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capacity of the connection/system (Figure 5). 
Controlling structural deformations in existing or new buildings with supplementary dissipation has 
been extensively studied, including dampers ranging from metallic (elasto-plastic), viscous, visco-
elastic, friction etc (FEMA:356 (2000), fib (2003)). More advanced materials include Shape Memory 
Alloys having “memory” characteristics suitable for use in seismic applications (Dolce, et al. (2000)). 
5 PERFORMANCE BASED RETROFIT METHODOLOGY. 
Performance-based design approaches are emerging as a more rational design and assessment 
procedure for the design of new structures and retrofit of existing buildings. Performance-based 
procedures generally relate performance to damage limit states considering allowable material strains 
and drift levels (including both maximum and residual). FEMA 356 provides a number of prescriptive 
performance criteria to be satisfied for the seismic rehabilitation of existing buildings. Indicative limit 
states, based on maximum and/or residual deformations, are suggested in order to satisfy various 
structural protection levels. 
A displacement based design retrofit procedure is outlined as an extension of the Displacement Based 
Design Procedure (DDBD) proposed by Priestley (2002). Figure 7 summarises the basic steps within 
the procedure. 
Step 1): A target displacement is defined based on allowable deformation limits of critical elements 
i.e. joint rotation or member curvatures. 
Step 2): The retrofitted system, comprising of a coupled frame-wall (dual system) is converted to an 
equivalent single degree of freedom (SDOF) elastic system, with secant stiffness to the target 
displacement at the effective height Figure 7(a) and Figure 7(b). 
Step 3): The damping of the coupled system (as built frame plus rocking wall) is evaluated based on a 
weighting in proportion to the base shear carried by each element Figure 7(c). Limited information is 
available on damping-ductility curves for poorly detailed buildings when joint damage mechanisms 
are activated. Equivalent viscous damping ratios in the order of 10% have been suggested by Priestley 
(1997). Damping-ductility relationships herein have been evaluated using stiffness degrading, pinched 
hysteresis rules based on previous analytical and experimental works (Galli; (2006), Liu; (2001), 
Chen; (2006), Sullivan, et al. (2006)) 
Figure 6 illustrates the ratio between the relative energy dissipation for each of the respective 
hysteresis rules i.e. slipping/pinching hysteresis vs. Takeda hysteresis. The effects of strength 
degradation have not been included. Based on this work, a percentage of damping assigned to the as-
built frame during design appears to be justified by an amount 40-45% that of a well designed frame. 
 
Figure 6: Modified damping relationships for existing buildings 
On the other hand, evaluation of the equivalent viscous damping for the rocking wall can be calculated 
following the guidelines of Appendix B NZS3101 (2006). In principle, the damping is a function of 
the lambda (λ) ratio mentioned previously. In this case a reasonably high value of λ=1.4-2.0 should be 
used to guarantee full re-centring of the bare frame, while also counteracting strength degradation and 
P-Delta effects within the frame.  
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Figure 7: Displacement-based retrofit procedure  
Step 4): The displacement response spectrum is used to deduce the effective secant period 
corresponding to the target displacement (Figure 7(d)). A reduction of the 5% elastic damped spectra 
is obtained by the η factor adopted in Eurocode 8 (EC8 (2003)). 
Step 5): The total required base shear for the coupled system is calculated as defftotalb kV ∆⋅=, . The 
base shear required of the hybrid wall for the retrofit intervention can thus be obtained as the 
difference between the total system base shear and base shear capacity of the bare frame. 
6 NUMERICAL EXAMPLE: DDBD RETROFIT OF A PROTOTYPE BUILDING. 
This section briefly outlines a numerical example based on a prototype building intended for testing at 
the University of Canterbury (Figure 4a). The three storey office building is located in Wellington (on 
shallow soil) where the retrofit intervention is to bring the capacity of the structure up to 100% of the 
current seismic loading requirements for new buildings: z = 0.4, R = 1, D = 2km, Sp = 1. 
6.1 Design procedure and results. 
A “hierarchy of strength” assessment is performed on each joint within each beam-column joint at 
each storey level, allowing the overall base shear capacity of the bare frame to be determined (in this 
case, Vb,frame=125kN (0.17g), where the total frame mass is equal to 73.8tonne) 
The deformation capacity of the frame is limited to the most critical elements within the as-built frame 
(Figure 7b). While the columns have only minimal transverse confinement, reducing their ductility 
capacity, the detailing of the joints would suggest to limit the allowable drift to 1.0% (limited 
ductility) 
A yield drift of θy=0.80% (corresponding to equivalent “joint yield”, fib (2003)) results in a frame 
ductility demand of µ=1.3. Equivalent viscous damping for the bare frame of ζ=6.3% is based on a 
reduction of γ=0.4 to damping-ductility relationships presented Figure 6. The wall contributes 
ξ=11.9%, resulting in a total system damping of ξ=8.0% (Figure 7c). The total system base shear is 
determined, defining the required wall capacity: Vb,wall=178kN, at a wall ductility of  µ=5.0 and 
moment ratio of λ=1.4.Table 1 summarises the numerical results of the DDB-retrofit example. 
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Table 1: Summary of displacement-based retrofit design example 
Displacement-based retrofit design results Equivalent column moments within frame following a mechanism method of plastic analysis 
θd 1.00% Vb,frame 125kN Column location Left Centre Right 
∆d 68mm ξe,frame 6.3% Level 3: Mechanism column column column 
he 6798mm Vb,wall 178kN Column moment 45kNm 52kNm 46kNm 
me 63016kg ξe,wall 11.9% Level 2: Mechanism joint joint joint 
µwall 5.0 Vb 303kN Column moment 35kNm 55kNm 38kNm 
µframe 1.3 ξe 9.6% Level 1: Mechanism joint joint joint 
Te 0.75sec Column moment 40kNm 63kNm 58kNm 
Ke 4463kN/m 
 Ground moment 53kNm 70kNm 68kNm 
7 EXPERIMENTAL AND ANALYTICAL WORK ON ROCKING SYSTEMS. 
An extensive experimental program at the University of Canterbury is currently investigating the 
seismic performance of jointed rocking systems with particular emphasis on bridge piers and wall 
structures. Quasi-static and pseudo-dynamic responses of 1/3-scale precast bridge piers with hybrid 
connections have been studied and modelled having either internal or external mild steel dissipation 
Marriott, et al. (2007). Dynamic shake-table testing of 1/3-scale wall specimens involving frequency 
constant, sinusoidal input motions are currently in progress. Both hysteretic (tension-compression 
yielding devices) and fluid-viscous (provided by FIP Industriale) are installed external to the wall 
section.  
 
Figure 8: Dynamic wall testing images, Left: Experimental test set-up showing both viscous and mild steel 
damper arrangement; Right: Actual test rig and location of dissipation devices. 
 
Figure 8 shows a number of images related to the experimental wall test. The studies will investigate 
the potential benefits of various types of dissipation (hysteretic, viscous, friction etc) used either 
independently or in combination with respect to either near field (velocity pulse or fling type events) 
or far field earthquake events. Recent numerical studies on Advanced Flag Shape Systems (Kam, et al. 
(2006)) have demonstrated that a combination of viscous (velocity proportional dissipation) and 
hysteretic (displacement proportional dissipation) devices would ensure a superior level of 
performance in either near field or far field earthquake events. 
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8 CONCLUSIONS 
A conceptual performance-based retrofit design procedure for existing buildings based on the use of a 
rocking/dissipating (hybrid) wall system has been presented. The rocking wall can add lateral strength 
and damping to the structural system while controlling the damage in the as-built frame. Global inter-
storey drifts for the frame can be limited, in addition to having the inelastic demand distributed up the 
height of the frame. The displacement-based retrofit procedure targets a pre-defined displacement, 
limiting deformations within critical structural elements such as joint rotations or member curvatures. 
Furthermore, residual deformations can also be minimised due to the re-centring capacity of the 
rocking wall. 
Extensive experimental and analytical work is on-going at the University of Canterbury to further 
investigate the potential benefits of using precast post-tensioned rocking systems for either new design 
or retrofit solutions. Different dissipation characteristics (displacement or velocity proportional) are 
adopted and properly combined to improve the structural performance for either far field or near field 
earthquake events. 
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C1. PRECAST WALL CONSTRUCTION DRAWINGS  
 
 
 
Figure C.1 Section reinforcement details of the precast wall 
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Figure C.2 Reinforcement layout of the precast wall 
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 C2. RECORD MODIFICATION, METHOD A 
The following step-by-step procedure outlines a method to modify an acceleration 
time-history to limit the peak velocity while retaining the peak acceleration 
magnitude, Chase et al. [2005]. 
 
Step 1 Locate the raw acceleration record araw(t) (downloaded from PEER or NGA 
website) 
 
Step 2: Acceleration time history is integrated to obtain the velocity and displacement 
time history 
 
Step 3: Similitude and spectrum scale factors applied to the time and acceleration 
(ag(t))/velocity (vg(t))/displacement (xg(t)) domains 
 
Step 4: The velocity limitation is imposed while integrating the acceleration time 
history where vnew(t) is the new velocity time history. 
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Step 5: The new velocity time history is integrated and differentiated to get the 
revised displacement and acceleration time history respectively 
 
Step 6: Unless not required, the record was digitized to a time step of ∆t=0.005 using 
Matlab to improve resolution 
 
Step 7: For non-zero initial velocity and displacements a Cosine displacement 
function is added to the beginning of the record to ramp-in with appropriate boundary 
conditions 
 
Step 8: For non-zero final velocities and displacements a 3rd order polynomial is 
added to the end of the record with appropriate boundary conditions 
 
Step 9: The revised displacement time history is combined with the ramping-in and 
ramping-out functions. A five point smoothing function is applied over the entire 
displacement time history to remove any numerically added artificial velocity and/or 
acceleration spikes 
 
Ramp-In Function 
The ramp-in function uses a cosine function, satisfying the initial displacement (x0) 
and velocity (v0) boundary conditions (assuming zero initial acceleration). The 
displacement velocity ramp-in functions are given as, 
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Based on the initial conditions the ramp-in period, T0 is evaluated as, 
 
0
0
0
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v
x
T
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The ramp in duration, t differs depending on the sign of the initial displacement and 
velocity. 
 
For x0/v0>0  
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For x0/v0<0 
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3
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While this ramp-in function was automated within a Matlab code, in most cases the 
initial conditions were zero or close to zero and hence the ramp-in was not detectable, 
or not used. 
 
Ramp-Out Function 
The ramp-out function used a 3rd order polynomial using the final displacement xf and 
velocity vf. 
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Where the polynomial coefficients a and b are defined as, 
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Here Tf is the duration of the ramp-out function and was generally taken equal to one 
second, Tf = 1. 
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C3. RECORD MODIFICATION, METHOD B 
The following step-by-step procedure outlines a method to modify an acceleration 
time-history to limit the peak velocity while retaining the peak acceleration 
magnitude, while minimising the loss of ground motion input energy, Mulligan 
[2007]. 
 
Step 1: Locate the raw acceleration record (downloaded from PEER or NGA website) 
 
Step 2: Similitude and spectral scale factors are applied to the time and acceleration 
domain, defining the target acceleration time history ag(t). 
 
Step 3: For each time step the velocity is integrated from the target acceleration time 
ag(t) history. The velocity limit is then applied to each time step in turn using the 
piecewise function, 
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Step 4: Given the velocity vnew,1(t) at the end of each time step, the resulting 
acceleration anew,1(t) and displacement xnew,1(t) are calculated. 
 
Step 5: The procedure continues for every time step until the end of the acceleration 
record; the method differs from Method A in that the target acceleration ag(t) is used 
at each time step to compute the velocity, as opposed to the revised acceleration 
anew(t). This has the effect of increasing the velocity immediately following saturation 
to compensate for the loss in intensity during saturation. 
 
Step 6: A linear velocity baseline correction is generally required for this method, 
equating to a constant acceleration baseline shift ∆abase. This ensures the initial and 
final velocity is zero. The revised velocity time history is as follows, 
 
 [ ]tavtvtv basenewnewbaselinenew ⋅∆+−= )0()()( 1,1,,  
 
Where, 
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initialnewfinalnew
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vv
a )(1,)(1,
−=∆  
 
The resulting displacement xnew,2(t) and acceleration anew,2(t) time histories are then 
computed from the corrected velocity time history. 
 
Step 7: Similarly a linear displacement baseline correction is also required in order to 
ensure the initial and final displacement is zero (or, at least equal to each other). This 
requires a constant velocity baseline shift ∆vbase. 
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The resulting displacement xnew,3(t) and acceleration anew,3(t) time histories are then 
computed from the corrected displacement time history. 
 
Step 8: In performing a displacement baseline correction, the initial and final 
velocities are no longer equal to zero. More importantly, the new velocity time history 
may well now exceed the limiting velocity of 230mm/s. For this reason the resulting 
acceleration record in step 7 is used as the target acceleration time history ag(t) time 
history in step 3 and the process repeated until the velocity limit is satisfied. 
 
Step 9: The modified record was digitized to a time step of ∆t=0.005 using Matlab to 
improve resolution 
 
Step 10: A 4th order displacement polynomial function is added to the beginning of 
the record (ramp-in function) to satisfy the appropriate boundary conditions 
 
Step 11: Similarly a 4th order displacement polynomial function is added to the end of 
the record (ramp-out function) to satisfy appropriate boundary conditions 
 
Step 12: The revised displacement time history is combined with the ramp-in and 
ramp-out functions. A five point smoothing function is applied over the entire 
displacement time history to remove any numerically added artificial velocity and/or 
acceleration spikes. The modified record is compared to the original record to ensure 
the intensity of the acceleration time-history is maintained. 
 
Ramp-In Function 
The ramp-in function used a 4th order polynomial displacement function in order to 
satisfy the initial velocity (v0) and acceleration (a0) boundary conditions. The 
displacement, velocity and acceleration ramp-in functions are given by, 
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Solving for the initial velocity and acceleration conditions, 
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Where, T0 is equal to the duration of the ramp-in function, in this case a ramp in 
duration of T0 = 1.5s was used.  
 
Ramp-Out Function 
Similarly, the ramp-out function also uses a 4th order polynomial in order to satisfy 
the final velocity vf and acceleration af boundary conditions of the earthquake ground 
motion. 
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Solving for the final velocity and acceleration conditions, 
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Where Tf is the duration of the ramp-out function, taken as Tf=1.5s. These ramping 
functions require the displacement at the beginning of the earthquake record to be 
equal to the displacement at the end of the earthquake record (following the baseline 
correction in step 7). If this was not the case, the final displacement (at the end of the 
ramp-out) would not equal zero. This was not always possible to satisfy, but generally 
not too far from zero if not satisfied. A non-zero displacement offset was not 
considered a problem because the shake table can be manually controlled back to the 
origin (starting position) at the end of the record. 
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C4. ENERGY FORMULATIONS 
In the equations below x, v, a denote displacement, velocity and acceleration 
respectively while subscript r, a, g denotes relative, absolute and ground respectively. 
Strain energy 
There is no difference between a relative and absolute formation for strain energy. 
With reference to a SDOF linear-elastic structure having relative displacement xr, 
stiffness k and spring force Fr. 
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Or in discrete form, 
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Viscous energy 
Also, there is no difference between a relative and absolute formulation for viscous 
energy. 
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Considering sinusoidal harmonic oscillation, the relationship is non-linear and 
therefore a discrete form is simpler to manage, 
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Kinetic energy 
Kinetic energy remains linear and therefore does not require a discrete formulation. 
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In discrete form, 
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 Appendix D 
D1. COMPARISON BETWEEN THE EXPERIMENTAL TESTING AND 
THE MULTI-SPRING MACRO MODEL 
 
 
Free Vibration Release Testing 
 
 
Figure D.1 Free vibration comparison between experimental and macro model at release drift of 
1.5% for PC Wall 1 with calibrated contact damping 
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Figure D.2 Free vibration comparison between experimental and macro model at release drift of 
1.5% for PC Wall 2 with calibrated contact damping 
 
 
 
Figure D.3 Free vibration comparison between experimental and macro model at release drift of 
1.5% for PC Wall 3 with calibrated contact damping 
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Figure D.4 Free vibration comparison between experimental and macro model at release drift of 
1.5% for PC Wall 4 with calibrated contact damping 
 
 
 
Figure D.5 Free vibration comparison between experimental and macro model at release drift of 
1.5% for PC Wall 5 with calibrated contact damping 
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Dynamic Response During Strong Ground Motions 
 
 
Figure D.6 (a) Experimental and macro model time-history response with calibrated contact 
damping model, (b) including a variation of ±25% for PC Wall 1, Cape Mendocino record. 
 
 
Figure D.7 (b) Experimental and macro model lateral response with calibrated contact damping 
model, (b) including a variation of ±25% for PC Wall 1, Cape Mendocino record. 
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Figure D.8 (a) Experimental and macro model time-history response with calibrated contact 
damping model, (b) including a variation of ±25% for PC Wall 1, Northridge record. 
 
 
Figure D.9 (a) Experimental and macro model lateral response with calibrated contact damping 
model, (b) including a variation of ±25% for PC Wall 1, Cape Mendocino record. 
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Figure D.10 (a) Experimental and macro model time-history response with calibrated contact 
damping model, (b) including a variation of ±25% for PC Wall 2, Cape Mendocino record. 
 
 
Figure D.11 (a) Experimental and macro model lateral response with calibrated contact damping 
model, (b) including a variation of ±25% for PC Wall 2, Cape Mendocino record. 
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Figure D.12 (a) Experimental and macro model time-history response with calibrated contact 
damping model, (b) including a variation of ±25% for PC Wall 2, Northridge record. 
 
 
Figure D.13 (a) Experimental and macro model lateral response with calibrated contact damping 
model, (b) including a variation of ±25% for PC Wall 2, Northridge record. 
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Figure D.14 (a) Experimental and macro model time-history response with calibrated contact 
damping model, (b) including a variation of ±25% for PC Wall 3, Cape Mendocino record. 
 
 
Figure D.15 (a) Experimental and macro model lateral response with calibrated contact damping 
model, (b) including a variation of ±25% for PC Wall 3, Cape Mendocino record. 
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Figure D.16 (a) Experimental and macro model time-history response with calibrated contact 
damping model, (b) including a variation of ±25% for PC Wall 3, Northridge record. 
 
 
Figure D.17 (a) Experimental and macro model lateral response with calibrated contact damping 
model, (b) including a variation of ±25% for PC Wall 3, Northridge record. 
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Figure D.18 (a) Experimental and macro model time-history response with calibrated contact 
damping model, (b) including a variation of ±25% for PC Wall 4, Cape Mendocino record. 
 
 
Figure D.19 (a) Experimental and macro model lateral response with calibrated contact damping 
model, (b) including a variation of ±25% for PC Wall 4, Cape Mendocino record. 
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Figure D.20 (a) Experimental and macro model time-history response with calibrated contact 
damping model, (b) including a variation of ±25% for PC Wall 4, Northridge  record. 
 
 
Figure D.21 (a) Experimental and macro model lateral response with calibrated contact damping 
model, (b) including a variation of ±25% for PC Wall 4, Northridge record. 
 D.12                          D.J. Marriott.  The Development of High-Performance, Post-Tensioned Systems 
 
 
 
Figure D.22 (a) Experimental and macro model time-history response with calibrated contact 
damping model, (b) including a variation of ±25% for PC Wall 5, Cape Mendocino record. 
 
 
Figure D.23 (a) Experimental and macro model lateral response with calibrated contact damping 
model, (b) including a variation of ±25% for PC Wall 5, Cape Mendocino record.
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Figure D.24 (a) Experimental and macro model time-history response with calibrated contact 
damping model, (b) including a variation of ±25% for PC Wall 5, Northridge record. 
 
 
Figure D.25 (a) Experimental and macro model lateral response with calibrated contact damping 
model, (b) including a variation of ±25% for PC Wall 5, Northridge record. 
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D2. STRESS BLOCK FACTORS FOR CONFINED CONCRETE 
Stress block factors α and β have been computed for confined concrete. The 
parameters are computed by numerically integrating the non-linear confined concrete 
curve proposed by Mander et al. [1988]. The nomenclature is illustrated below, where 
εcu is the maximum strain in the concrete. 
 
 
 
Figure D.26: Nomenclature for concrete stress block factors 
 
 
For these tables the strain at the peak unconfined compressive stress εco is given by 
the following formula, but in general has an approximate value of 0.002. 
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Where Young’s modulus (in MPa) is given by the following formula with f’c in MPa. 
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Confined concrete 
Unconfined concrete 
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Table D.1: Stress block factors for confined concrete f'cc/f'c=1.0 
Ratio of strain in concrete to strain at maximum compression stress εcu/εco f’c  0.5 1.0 1.5 2.0 2.5 3.0 3.5 4.0 4.5 5.0 5.5 6.0 6.5 7.0 7.5 8.0 8.5 9.0 9.5 10.0 
α 0.644 0.911 0.948 0.906 0.845 0.783 0.727 0.677 0.633 0.595 0.561 0.530 0.503 0.479 0.457 0.438 0.420 0.403 0.388 0.374 20 β 0.698 0.763 0.831 0.891 0.942 0.985 1.022 1.053 1.081 1.106 1.128 1.147 1.165 1.181 1.196 1.209 1.222 1.233 1.244 1.254 
α 0.605 0.900 0.937 0.879 0.800 0.724 0.658 0.600 0.551 0.509 0.473 0.441 0.414 0.389 0.368 0.348 0.331 0.315 0.301 0.288 25 β 0.687 0.747 0.820 0.890 0.951 1.004 1.049 1.089 1.123 1.154 1.181 1.206 1.228 1.248 1.266 1.283 1.298 1.313 1.326 1.339 
α 0.575 0.890 0.928 0.852 0.757 0.669 0.595 0.534 0.482 0.439 0.403 0.372 0.345 0.321 0.301 0.283 0.267 0.252 0.239 0.228 30 β 0.681 0.735 0.813 0.892 0.963 1.026 1.079 1.126 1.167 1.203 1.235 1.263 1.289 1.312 1.334 1.353 1.371 1.388 1.403 1.417 
α 0.552 0.882 0.918 0.826 0.716 0.619 0.540 0.476 0.425 0.382 0.347 0.317 0.292 0.270 0.251 0.235 0.220 0.207 0.196 0.186 35 β 0.676 0.726 0.808 0.896 0.978 1.049 1.110 1.163 1.210 1.250 1.286 1.318 1.347 1.373 1.396 1.418 1.437 1.455 1.472 1.488 
α 0.533 0.875 0.908 0.799 0.676 0.573 0.492 0.428 0.377 0.336 0.302 0.275 0.251 0.231 0.214 0.199 0.186 0.175 0.165 0.156 40 β 0.673 0.718 0.804 0.902 0.993 1.073 1.141 1.200 1.251 1.295 1.334 1.369 1.400 1.427 1.452 1.475 1.496 1.515 1.532 1.548 
α 0.517 0.869 0.899 0.773 0.640 0.532 0.449 0.386 0.337 0.299 0.267 0.242 0.220 0.202 0.186 0.173 0.161 0.151 0.142 0.134 45 β 0.671 0.713 0.802 0.909 1.009 1.097 1.172 1.235 1.290 1.337 1.378 1.415 1.447 1.475 1.501 1.524 1.545 1.564 1.582 1.598 
α 0.504 0.863 0.889 0.748 0.605 0.495 0.413 0.352 0.305 0.269 0.239 0.216 0.196 0.179 0.165 0.153 0.143 0.134 0.125 0.118 50 β 0.670 0.708 0.800 0.917 1.026 1.121 1.201 1.269 1.326 1.375 1.418 1.455 1.488 1.517 1.543 1.566 1.587 1.606 1.623 1.639 
α 0.493 0.858 0.879 0.723 0.573 0.462 0.381 0.323 0.278 0.244 0.217 0.195 0.177 0.162 0.149 0.138 0.128 0.120 0.113 0.106 55 β 0.669 0.703 0.800 0.925 1.043 1.145 1.229 1.300 1.359 1.409 1.453 1.490 1.523 1.552 1.578 1.600 1.621 1.640 1.656 1.672 
α 0.484 0.854 0.870 0.699 0.544 0.432 0.354 0.298 0.256 0.224 0.199 0.178 0.162 0.148 0.136 0.126 0.117 0.110 0.103 0.097 60 β 0.669 0.700 0.800 0.934 1.061 1.167 1.255 1.328 1.389 1.440 1.483 1.521 1.553 1.582 1.607 1.629 1.649 1.667 1.683 1.698 
α 0.476 0.850 0.860 0.676 0.517 0.406 0.331 0.277 0.238 0.208 0.184 0.165 0.150 0.137 0.126 0.117 0.108 0.101 0.095 0.090 65 β 0.668 0.697 0.800 0.944 1.077 1.189 1.280 1.354 1.415 1.466 1.509 1.546 1.578 1.606 1.631 1.652 1.672 1.689 1.704 1.719 
α 0.469 0.846 0.850 0.654 0.492 0.384 0.311 0.260 0.222 0.194 0.172 0.154 0.140 0.128 0.118 0.109 0.101 0.095 0.089 0.084 70 β 0.668 0.694 0.801 0.953 1.094 1.210 1.302 1.377 1.439 1.489 1.532 1.568 1.600 1.627 1.651 1.671 1.690 1.707 1.722 1.735 
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Table D.2: Stress block factors for confined concrete f'cc/f'c=1.1 
Ratio of strain in concrete to strain at maximum compression stress εcu/εco f’c  0.5 1.0 1.5 2.0 2.5 3.0 3.5 4.0 4.5 5.0 5.5 6.0 6.5 7.0 7.5 8.0 8.5 9.0 9.5 10.0 
α 0.616 0.911 1.025 1.058 1.056 1.037 1.012 0.985 0.958 0.931 0.905 0.881 0.858 0.836 0.816 0.796 0.778 0.761 0.745 0.730 20 β 0.702 0.752 0.798 0.838 0.871 0.900 0.925 0.946 0.965 0.981 0.996 1.010 1.022 1.033 1.043 1.053 1.061 1.069 1.077 1.084 
α 0.577 0.889 1.017 1.053 1.048 1.024 0.993 0.960 0.927 0.895 0.864 0.836 0.809 0.784 0.761 0.739 0.719 0.700 0.682 0.665 25 β 0.693 0.739 0.785 0.827 0.864 0.896 0.924 0.948 0.970 0.989 1.007 1.022 1.037 1.050 1.062 1.073 1.083 1.093 1.102 1.110 
α 0.549 0.872 1.011 1.049 1.042 1.013 0.977 0.938 0.900 0.864 0.830 0.798 0.768 0.741 0.716 0.692 0.670 0.650 0.631 0.613 30 β 0.687 0.729 0.775 0.819 0.858 0.893 0.924 0.951 0.975 0.997 1.017 1.034 1.051 1.066 1.079 1.092 1.104 1.114 1.125 1.134 
α 0.527 0.858 1.005 1.046 1.036 1.003 0.962 0.919 0.876 0.837 0.799 0.765 0.733 0.704 0.677 0.653 0.630 0.608 0.589 0.570 35 β 0.683 0.722 0.767 0.813 0.854 0.891 0.925 0.954 0.981 1.005 1.026 1.046 1.064 1.080 1.095 1.109 1.122 1.134 1.146 1.156 
α 0.510 0.846 1.001 1.043 1.031 0.994 0.948 0.901 0.856 0.813 0.773 0.737 0.704 0.673 0.645 0.619 0.596 0.574 0.553 0.535 40 β 0.681 0.716 0.761 0.808 0.851 0.890 0.926 0.958 0.986 1.012 1.035 1.056 1.076 1.094 1.110 1.125 1.139 1.152 1.165 1.176 
α 0.497 0.837 0.997 1.041 1.026 0.985 0.936 0.886 0.837 0.792 0.750 0.712 0.678 0.646 0.617 0.591 0.567 0.544 0.524 0.505 45 β 0.679 0.712 0.756 0.804 0.849 0.890 0.927 0.961 0.991 1.019 1.044 1.066 1.087 1.106 1.124 1.140 1.155 1.169 1.182 1.194 
α 0.486 0.828 0.994 1.039 1.022 0.978 0.925 0.871 0.820 0.773 0.730 0.690 0.655 0.623 0.593 0.566 0.542 0.519 0.499 0.480 50 β 0.677 0.708 0.752 0.800 0.847 0.890 0.929 0.964 0.996 1.025 1.052 1.075 1.097 1.117 1.136 1.153 1.169 1.184 1.198 1.211 
α 0.476 0.821 0.991 1.037 1.018 0.971 0.915 0.859 0.805 0.756 0.712 0.671 0.635 0.602 0.572 0.545 0.520 0.498 0.477 0.458 55 β 0.676 0.705 0.749 0.797 0.845 0.890 0.931 0.968 1.001 1.031 1.059 1.084 1.107 1.128 1.147 1.165 1.182 1.198 1.212 1.226 
α 0.468 0.815 0.989 1.035 1.014 0.965 0.906 0.847 0.792 0.741 0.696 0.654 0.617 0.584 0.554 0.526 0.502 0.479 0.458 0.439 60 β 0.675 0.703 0.746 0.795 0.844 0.890 0.932 0.971 1.006 1.037 1.066 1.092 1.116 1.138 1.158 1.177 1.194 1.210 1.225 1.239 
α 0.462 0.809 0.987 1.034 1.011 0.959 0.898 0.837 0.780 0.728 0.681 0.639 0.602 0.568 0.537 0.510 0.485 0.463 0.442 0.423 65 β 0.674 0.701 0.743 0.793 0.843 0.890 0.934 0.974 1.010 1.042 1.072 1.099 1.124 1.146 1.167 1.187 1.205 1.222 1.237 1.252 
α 0.456 0.804 0.985 1.033 1.008 0.954 0.890 0.827 0.769 0.716 0.668 0.625 0.587 0.554 0.523 0.496 0.471 0.448 0.428 0.409 70 β 0.673 0.699 0.741 0.791 0.842 0.891 0.936 0.976 1.014 1.047 1.078 1.106 1.131 1.155 1.176 1.196 1.215 1.232 1.248 1.263 
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Table D.3: Stress block factors for confined concrete f'cc/f'c=1.2 
Ratio of strain in concrete to strain at maximum compression stress εcu/εco f’c  0.5 1.0 1.5 2.0 2.5 3.0 3.5 4.0 4.5 5.0 5.5 6.0 6.5 7.0 7.5 8.0 8.5 9.0 9.5 10.0 
α 0.607 0.917 1.064 1.130 1.157 1.164 1.159 1.148 1.133 1.117 1.101 1.084 1.067 1.051 1.035 1.019 1.004 0.990 0.976 0.963 20 β 0.703 0.746 0.785 0.818 0.846 0.869 0.890 0.908 0.923 0.937 0.950 0.961 0.971 0.981 0.989 0.997 1.004 1.011 1.018 1.023 
α 0.566 0.888 1.048 1.123 1.153 1.159 1.152 1.138 1.121 1.102 1.081 1.061 1.041 1.022 1.003 0.985 0.968 0.951 0.936 0.920 25 β 0.695 0.734 0.772 0.806 0.835 0.861 0.883 0.903 0.920 0.936 0.950 0.963 0.975 0.985 0.995 1.004 1.013 1.020 1.028 1.035 
α 0.537 0.865 1.037 1.118 1.150 1.156 1.147 1.131 1.110 1.088 1.065 1.042 1.020 0.998 0.977 0.957 0.938 0.920 0.902 0.885 30 β 0.690 0.726 0.763 0.797 0.828 0.855 0.878 0.900 0.919 0.936 0.951 0.965 0.978 0.990 1.001 1.011 1.020 1.029 1.037 1.045 
α 0.516 0.848 1.027 1.113 1.147 1.152 1.142 1.124 1.101 1.076 1.051 1.026 1.001 0.978 0.955 0.933 0.912 0.893 0.874 0.856 35 β 0.686 0.720 0.756 0.790 0.822 0.850 0.875 0.897 0.918 0.936 0.952 0.967 0.981 0.994 1.006 1.017 1.027 1.036 1.045 1.054 
α 0.499 0.834 1.019 1.110 1.145 1.150 1.138 1.118 1.093 1.066 1.039 1.012 0.985 0.960 0.936 0.913 0.891 0.870 0.850 0.831 40 β 0.684 0.715 0.751 0.785 0.817 0.846 0.872 0.896 0.917 0.936 0.954 0.970 0.984 0.998 1.011 1.022 1.033 1.043 1.053 1.062 
α 0.486 0.822 1.013 1.107 1.143 1.148 1.135 1.113 1.086 1.057 1.028 0.999 0.971 0.945 0.919 0.895 0.872 0.850 0.829 0.810 45 β 0.682 0.711 0.746 0.781 0.813 0.843 0.870 0.894 0.917 0.937 0.955 0.972 0.987 1.002 1.015 1.027 1.039 1.049 1.059 1.069 
α 0.475 0.812 1.007 1.104 1.142 1.146 1.132 1.108 1.080 1.049 1.018 0.988 0.959 0.931 0.905 0.879 0.856 0.833 0.812 0.791 50 β 0.680 0.708 0.742 0.777 0.810 0.840 0.868 0.893 0.916 0.937 0.956 0.974 0.990 1.005 1.019 1.032 1.044 1.055 1.065 1.075 
α 0.466 0.804 1.002 1.102 1.140 1.144 1.129 1.104 1.074 1.042 1.010 0.979 0.948 0.919 0.892 0.866 0.841 0.818 0.796 0.775 55 β 0.679 0.706 0.739 0.774 0.807 0.838 0.867 0.893 0.916 0.938 0.958 0.976 0.993 1.008 1.023 1.036 1.048 1.060 1.071 1.081 
α 0.459 0.796 0.998 1.100 1.139 1.143 1.126 1.100 1.069 1.036 1.002 0.970 0.939 0.909 0.880 0.854 0.828 0.805 0.782 0.761 60 β 0.678 0.704 0.737 0.771 0.805 0.836 0.866 0.892 0.916 0.939 0.959 0.978 0.995 1.011 1.026 1.040 1.053 1.065 1.076 1.087 
α 0.452 0.790 0.994 1.098 1.138 1.141 1.124 1.097 1.064 1.030 0.996 0.962 0.930 0.899 0.870 0.843 0.817 0.793 0.770 0.749 65 β 0.677 0.702 0.735 0.769 0.803 0.835 0.865 0.892 0.917 0.939 0.960 0.980 0.997 1.014 1.029 1.043 1.056 1.069 1.081 1.091 
α 0.447 0.784 0.991 1.097 1.137 1.140 1.122 1.094 1.060 1.025 0.989 0.955 0.922 0.891 0.861 0.833 0.807 0.782 0.759 0.737 70 β 0.677 0.701 0.733 0.767 0.801 0.834 0.864 0.891 0.917 0.940 0.961 0.981 0.999 1.016 1.032 1.046 1.060 1.073 1.085 1.096 
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Table D.4: Stress block factors for confined concrete f'cc/f'c=1.3 
Ratio of strain in concrete to strain at maximum compression stress εcu/εco f’c  0.5 1.0 1.5 2.0 2.5 3.0 3.5 4.0 4.5 5.0 5.5 6.0 6.5 7.0 7.5 8.0 8.5 9.0 9.5 10.0 
α 0.605 0.929 1.097 1.186 1.232 1.255 1.264 1.265 1.260 1.252 1.243 1.232 1.220 1.208 1.196 1.184 1.172 1.161 1.149 1.138 20 β 0.702 0.742 0.777 0.806 0.831 0.852 0.870 0.886 0.901 0.913 0.925 0.935 0.944 0.953 0.960 0.968 0.974 0.980 0.986 0.992 
α 0.562 0.893 1.075 1.174 1.226 1.251 1.260 1.260 1.254 1.245 1.233 1.220 1.206 1.192 1.177 1.163 1.149 1.135 1.122 1.109 25 β 0.695 0.731 0.764 0.794 0.820 0.842 0.862 0.879 0.895 0.908 0.921 0.932 0.943 0.952 0.961 0.969 0.977 0.984 0.990 0.996 
α 0.533 0.867 1.058 1.164 1.220 1.248 1.257 1.257 1.249 1.238 1.225 1.209 1.194 1.178 1.162 1.146 1.130 1.115 1.100 1.085 30 β 0.690 0.723 0.756 0.785 0.812 0.835 0.855 0.874 0.890 0.905 0.918 0.931 0.942 0.952 0.962 0.971 0.979 0.987 0.994 1.001 
α 0.511 0.847 1.045 1.157 1.216 1.245 1.255 1.254 1.245 1.233 1.218 1.201 1.183 1.166 1.148 1.131 1.114 1.097 1.081 1.065 35 β 0.687 0.718 0.749 0.779 0.805 0.829 0.850 0.870 0.887 0.903 0.917 0.930 0.942 0.953 0.963 0.973 0.981 0.990 0.997 1.005 
α 0.494 0.831 1.034 1.151 1.213 1.243 1.253 1.251 1.242 1.228 1.211 1.193 1.175 1.156 1.137 1.118 1.100 1.082 1.065 1.048 40 β 0.685 0.714 0.744 0.773 0.800 0.825 0.847 0.866 0.884 0.901 0.916 0.929 0.942 0.953 0.964 0.974 0.984 0.992 1.000 1.008 
α 0.481 0.818 1.025 1.145 1.210 1.241 1.251 1.249 1.239 1.224 1.206 1.187 1.167 1.147 1.127 1.107 1.088 1.069 1.051 1.034 45 β 0.683 0.710 0.740 0.769 0.796 0.821 0.843 0.864 0.882 0.899 0.915 0.929 0.942 0.954 0.965 0.976 0.986 0.995 1.003 1.011 
α 0.470 0.807 1.018 1.141 1.208 1.240 1.250 1.247 1.236 1.220 1.202 1.181 1.160 1.139 1.118 1.098 1.077 1.058 1.039 1.021 50 β 0.681 0.708 0.737 0.766 0.793 0.818 0.841 0.862 0.881 0.898 0.914 0.929 0.942 0.955 0.967 0.977 0.988 0.997 1.006 1.014 
α 0.461 0.797 1.011 1.137 1.206 1.238 1.249 1.245 1.234 1.217 1.197 1.176 1.154 1.132 1.111 1.089 1.068 1.048 1.029 1.010 55 β 0.680 0.705 0.734 0.763 0.790 0.815 0.839 0.860 0.879 0.897 0.914 0.929 0.943 0.956 0.968 0.979 0.989 0.999 1.008 1.017 
α 0.453 0.789 1.006 1.134 1.204 1.237 1.248 1.244 1.232 1.214 1.194 1.172 1.149 1.126 1.104 1.082 1.060 1.039 1.019 1.000 60 β 0.679 0.704 0.732 0.760 0.788 0.813 0.837 0.858 0.878 0.896 0.913 0.929 0.943 0.956 0.969 0.980 0.991 1.001 1.010 1.019 
α 0.447 0.782 1.001 1.131 1.203 1.236 1.247 1.243 1.230 1.212 1.191 1.168 1.144 1.121 1.098 1.075 1.053 1.032 1.011 0.991 65 β 0.679 0.702 0.730 0.758 0.786 0.811 0.835 0.857 0.877 0.896 0.913 0.929 0.943 0.957 0.969 0.981 0.992 1.003 1.012 1.022 
α 0.442 0.776 0.997 1.129 1.201 1.235 1.246 1.241 1.228 1.209 1.188 1.164 1.140 1.116 1.092 1.069 1.046 1.025 1.004 0.983 70 β 0.678 0.701 0.728 0.756 0.784 0.810 0.834 0.856 0.876 0.895 0.913 0.929 0.944 0.957 0.970 0.982 0.994 1.004 1.014 1.024 
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Table D.5: Stress block factors for confined concrete f'cc/f'c=1.4 
Ratio of strain in concrete to strain at maximum compression stress εcu/εco f’c  0.5 1.0 1.5 2.0 2.5 3.0 3.5 4.0 4.5 5.0 5.5 6.0 6.5 7.0 7.5 8.0 8.5 9.0 9.5 10.0 
α 0.606 0.943 1.129 1.235 1.297 1.333 1.353 1.363 1.366 1.365 1.361 1.355 1.348 1.339 1.331 1.321 1.312 1.303 1.293 1.284 20 β 0.701 0.738 0.770 0.797 0.820 0.840 0.857 0.872 0.885 0.897 0.908 0.917 0.926 0.934 0.941 0.948 0.955 0.960 0.966 0.971 
α 0.562 0.903 1.101 1.218 1.286 1.326 1.348 1.359 1.362 1.360 1.355 1.348 1.339 1.329 1.319 1.308 1.297 1.286 1.275 1.264 25 β 0.694 0.728 0.759 0.785 0.809 0.829 0.847 0.863 0.878 0.890 0.902 0.913 0.922 0.931 0.939 0.947 0.954 0.960 0.967 0.972 
α 0.531 0.873 1.080 1.204 1.278 1.321 1.345 1.356 1.359 1.357 1.351 1.342 1.332 1.321 1.309 1.297 1.284 1.272 1.259 1.247 30 β 0.690 0.721 0.750 0.777 0.801 0.822 0.840 0.857 0.872 0.886 0.898 0.909 0.920 0.929 0.938 0.946 0.954 0.961 0.967 0.974 
α 0.509 0.851 1.064 1.194 1.272 1.317 1.342 1.354 1.357 1.354 1.347 1.337 1.326 1.314 1.301 1.287 1.274 1.260 1.246 1.233 35 β 0.687 0.716 0.744 0.771 0.794 0.816 0.835 0.852 0.868 0.882 0.895 0.907 0.918 0.928 0.937 0.946 0.954 0.961 0.968 0.975 
α 0.492 0.833 1.051 1.185 1.266 1.314 1.340 1.352 1.355 1.351 1.343 1.333 1.321 1.307 1.293 1.279 1.264 1.250 1.235 1.221 40 β 0.685 0.712 0.739 0.766 0.789 0.811 0.831 0.848 0.864 0.879 0.893 0.905 0.916 0.927 0.936 0.946 0.954 0.962 0.969 0.976 
α 0.478 0.819 1.040 1.178 1.262 1.311 1.338 1.351 1.353 1.349 1.341 1.329 1.316 1.302 1.287 1.272 1.257 1.241 1.226 1.211 45 β 0.683 0.709 0.736 0.761 0.785 0.807 0.827 0.845 0.862 0.877 0.891 0.903 0.915 0.926 0.936 0.946 0.954 0.963 0.970 0.978 
α 0.467 0.807 1.030 1.172 1.258 1.309 1.337 1.349 1.352 1.347 1.338 1.326 1.313 1.298 1.282 1.266 1.250 1.234 1.218 1.202 50 β 0.682 0.706 0.733 0.758 0.782 0.804 0.824 0.843 0.860 0.875 0.889 0.902 0.914 0.925 0.936 0.946 0.955 0.963 0.971 0.979 
α 0.458 0.797 1.023 1.166 1.255 1.307 1.336 1.348 1.350 1.345 1.336 1.324 1.309 1.294 1.277 1.261 1.244 1.227 1.211 1.194 55 β 0.681 0.704 0.730 0.755 0.779 0.801 0.822 0.841 0.858 0.873 0.888 0.901 0.914 0.925 0.936 0.946 0.955 0.964 0.972 0.980 
α 0.451 0.788 1.016 1.162 1.252 1.305 1.334 1.347 1.349 1.344 1.334 1.321 1.306 1.290 1.273 1.256 1.239 1.221 1.204 1.188 60 β 0.680 0.703 0.728 0.753 0.777 0.799 0.820 0.839 0.856 0.872 0.887 0.900 0.913 0.925 0.936 0.946 0.956 0.965 0.973 0.981 
α 0.444 0.781 1.010 1.158 1.250 1.304 1.333 1.346 1.348 1.343 1.333 1.319 1.304 1.287 1.269 1.252 1.234 1.216 1.199 1.181 65 β 0.679 0.701 0.726 0.751 0.775 0.797 0.818 0.837 0.855 0.871 0.886 0.900 0.912 0.924 0.936 0.946 0.956 0.965 0.974 0.982 
α 0.439 0.774 1.005 1.154 1.248 1.303 1.333 1.346 1.347 1.342 1.331 1.317 1.301 1.284 1.266 1.248 1.230 1.211 1.194 1.176 70 β 0.679 0.700 0.724 0.749 0.773 0.796 0.816 0.836 0.853 0.870 0.885 0.899 0.912 0.924 0.936 0.946 0.956 0.966 0.974 0.983 
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 Appendix E 
E1. FORMULATION OF THE BILINEAR, BASE SHEAR REDUCTION 
FACTOR φBL 
Considering Figure E.1 below, the area beneath each bilinear-elastic loading curve is 
equated as follows 
 
( ) ( )[ ]yBLyyBLy rkkEE ∆−∆+∆∆−∆+∆== 222 1
2
1
12  E.1 
 
Setting the two areas equal and solving for the reduced initial stiffness k2 
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For far-field ground motions the bilinear reduction factor φBL is defined as 
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For near-field ground motions, the reduction factor is defined as 
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Figure E.1 Bilinear reduction 
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E2. DAMPED RESPONSE SPECTRA FOR POST-TENSIONED SYSTEMS 
WITH NON-LINEAR DAMPERS, α  = 0.15-0.75 
 
Figure E.2 Far-field damped response spectra for displacement (a)-(d) and velocity (e)-(f) 
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Figure E.3 Near-field damped response spectra for displacement (a)-(d) and velocity (e)-(f) 
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E3. DERIVATION OF THE INTERNAL LEVER ARM TO THE 
RESULTANT SUPPLEMENTARY DAMPER FORCE 
This section develops an expression for the internal lever arm to the centroid of the 
resultant viscous damper forces ΣFvd,i. Consider the system in Figure E.4 below with 
three viscous damper layers. 
 
 
 
Figure E.4 Distribution of internal viscous damper actions 
 
 
The ratio between the displacement and velocity of each damper layer can be written 
as a ratio of their location within the section as follows.  
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Therefore, the ratio between the forces is written as follows 
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The viscous damper moment can be defined using an equivalent internal lever arm to 
the centroid of the sum of the viscous damper forces. 
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Where the internal lever arm jdvd,i of each damper set is given by 
 
vdwivd dljd ±−= )1(5.0, βχ  E.10 
 
By substitution, the internal lever arm to the centroid of the viscous damper force jD 
can be written as 
 
13221
3,322,1,21
, +Φ+Φ
⋅Φ++Φ==
−−
−−
∑
vdvdvd
ivd
vd jdjdjd
F
MjD  E.11 
 
When the system reduces to two viscous damper sets symmetrically located about the 
section, jD reduces to the following 
 
121
2121
, +Φ
+⋅Φ==
−
−∑ vdvdivdvd
jdjd
F
MjD  E.12 
 
α
χ
χ ⎥⎦
⎤⎢⎣
⎡
−−
+−==Φ −
vdw
vdw
vd
vd
dl
dl
F
F
)5.0(
)5.0(
2
1
21  E.13 
 
When the system reduces to a single viscous damper element jD reduces to the 
following 
 
1,vdjdjD =  E.14 
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E4. DERIVATION OF THE NET VELOCITY OF THE SUPPLEMENTARY 
VISCOUS DAMPERS 
This section develops an expression to compute the average (or net) velocity vdv  of 
the viscous damper group at the centroid of the resultant damper force ΣFvd,i. 
Consider the system in Figure E.5 below with three viscous damper layers. 
 
 
 
Figure E.5 Distribution of internal viscous damper forces 
 
 
The sum of all viscous damper forces in the section is equated as follows 
 ( ) ( )
( ) ( ) ∑
∑
=+
+=
ivdvdvdvdvdvd
vdvdvdvdvdvdivd
nvcvcn
vcnvcnF
,3,3,
2,2,1,1,,
αα
αα
 E.15 
 
Where nvd,i is the number of viscous dampers within each layer set (i.e. nvd,i = 2 if two 
dampers are located at each layer). Using geometry to define the velocity at each layer 
and rearranging for vdv  yields the following expression 
 
( ) ( )∑
=
•
⎥⎦
⎤⎢⎣
⎡ ±−=
n
i
vdw
vis
vd dln
v
1
)5.0(1
α
α χθ  E.16 
 
Finally, the ratio between the velocity of the damper group and the system velocity is 
given by 
 
( ) ( )
αα
α χγ
1
1
1
)5.0(11 ⎟⎟⎠
⎞
⎜⎜⎝
⎛
⎥⎦
⎤⎢⎣
⎡ ±−== ∑
=
n
i
vdw
evis
vd
r
vd dl
Hnv
v
 E.17 
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Alternatively, through geometry recognising rotation about the centroid of the 
compression block, the following relationship between the lateral displacement and 
damper displacement can be written 
 
ee
w
r
vd
H
jD
H
ljD ≈−+=∆
∆ )5.01( βχ
 E.18 
 
Hence, the velocity is related in the same way 
 
ee
w
r
vd
H
jD
H
ljD
v
v ≈−+= )5.01( βχ  E.19 
 
Therefore the geometric coefficient can be approximated as, 
 
ααα βχγ ⎟⎟⎠
⎞
⎜⎜⎝
⎛≈⎥⎦
⎤⎢⎣
⎡ −+=⎟⎟⎠
⎞
⎜⎜⎝
⎛=
ee
w
r
vd
vd H
jD
H
ljD
v
v )5.01(
 E.20 
 
The two equations give very similar results, however some error can result for the 
approximation of Eq.(E.20). 
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E5. DESIGN EXAMPLE OF A POST-TENSIONED WALL SYSTEM WITH 
VISCOUS DAMPERS 
The following presents a worked example of a prototype rocking wall structure 
located in Wellington dominated by near-fault seismicity in Figure E.6. The seismic 
design spectrum is shown graphically in Figure E.7, with the numerical coordinates 
presented in Table E.1. A quick design example and a detailed design example are 
presented below. 
 
 
 
Figure E.6 Prototype rocking wall for design example 
 
 
 
Figure E.7 NZS1170.5 [2004] elastic (5% damped) design spectrum. Zone factor z = 0.28, soil 
class C, return period 500years Ru = 1, 2km distance to fault, structural performance factor 
Sp = 1.0 
Structural wall details 
hw = 15m (5 levels @ 3m) 
lw = 2.5m 
tw = 0.25m 
Floor mass, mi = 20tonne 
System damping properties 
Total number of dampers, nvd = 4 (2 locations) 
Target supplementary damping ratio, Ω = 15% 
Non-linearity, α = 0.50 
Design details 
Design PGA = 0.372 (zone factor z = 0.28, soil cat C) 
Target inter-storey drift: 1.0% 
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Table E.1 Coordinates for the elastic (5% damped) design spectrum for zone factor z = 0.28, soil 
class C, return period 500years Ru = 1, 2km distance to fault, structural performance factor 
Sp = 1.0 
Period, T [sec] Cd(T) [g] ∆d(T) [mm] 
0.0 0.372 0 
0.1 0.820 2 
0.2 0.820 8 
0.3 0.820 18 
0.4 0.662 26 
0.5 0.560 35 
0.6 0.488 44 
0.7 0.435 53 
0.8 0.394 63 
0.9 0.360 73 
1.0 0.333 83 
1.5 0.246 137 
2.0 0.207 206 
2.5 0.183 285 
3.0 0.168 375 
3.5 0.134 408 
4.0 0.111 441 
4.5 0.091 457 
 
 
In this example, the design is targeting a specified level of damping (or supplementary 
damping ratio in this case), the Direct Displacement-Based Design for PT viscous 
systems follows Design Method A in Figure 8.31 above. 
 
STEP 1 
For simplicity, elastic deformations are ignored in this design example; therefore, the 
inelastic first mode-shape is linear. The SDOF target displacement is determined from 
Eq.(8.27) 
 
 ∆d,ξ =110mm 
 
The effective mass and effective height are calculated from Eqs.(8.25) and (8.26) 
 
 me =81,818kg 
 He =11000mm 
 
STEP 2. 
The equivalent viscous damping is determined from Eq.(8.5). 
 
 el
disp
eq a ξξ +Ω= 1  
 
From Table 8.4, for near-field seismicity and a velocity exponent of α = 0.50 the 
coefficient a1 is given by 
 
 a1 =0.608 
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Elastic damping is taken as 5%.For simplicity, this design example assumes the 
elastic damping is proportional to the secant stiffness; therefore, no modification 
factors are applied to ξel. 
 
 ξel =0.05 (5% elastic damping) 
 
Therefore, 
 
 1365.005.015.0608.01 =+⋅=+Ω= eldispeq a ξξ  
 
The damping reduction factor ηdisp is calculated 
 
 669..0
1365.002.0
07.0
02.0
07.0 5.0
5.0
=⎟⎠
⎞⎜⎝
⎛
+=⎟⎟⎠
⎞
⎜⎜⎝
⎛
+= eqdisp ξη  
 
STEP 3. 
The equivalent 5% damped displacement is given by 
 
 mmmm
disp
d
d 5.164669.0
110,
%5, ==
∆=∆ η
ξ  
 
Entering the New Zealand 5% design displacement spectrum 
 
 Te =1.698s 
 
STEP 4. 
The effective stiffness Ke is computed as follows 
 
 mkNkg
T
mk
e
e
e /1120698.1
818,8144
2
222
=⋅== ππ  
 
The base shear reduction factor φBL, for α = 0.50 and Ω = 0.15, is interpolated from 
Table 8.6. The interpolation is summarised in Table E.2 below 
 
Table E.2 Interpolated bilinear reduction factor 
 α=0.30 α=0.75 α=0.50 
 Ω=0.15 Ω=0.15 
Te=1.00s 0.754 0.782 0.767 
Te=2.25s 0.809 0.829 0.818 
Te=3.50s 0.857 0.870 0.863 
 
Interpolating for Te=1.698s results in a bilinear factor of φBL=0.795. The design base 
shear is computed  
 
 kNmmkNKV deBLb 0.9811.0/1120795.0 =⋅⋅=∆= φ  
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STEP 5. 
The critical damping coefficient Cc 
 
 mkNsmkNkgKmC eec /4.605/1120818,8122 =⋅==  
 
The system damping coefficient required to achieve this particular design is computed 
below 
 
 αααα mkNsmkNsCC cVD /81.90/4.60515.0 =⋅=⋅Ω=  
 
Section Design at the Target Displacement ∆d 
The next series of calculations are not explicitly defined in the design method but are 
required to determine the specific number of post-tensioned tendons and the initial 
post-tensioning force required to achieve the design base shear of Vb = 98.0kN. The 
design of the post-tensioning is carried out at the target design displacement ∆d 
(110mm) where the velocity is zero, hence the viscous damper contribution to the 
lateral capacity is also zero. To determine the amount of post-tensioning steel 
required, an estimate on the dimensionless neutral axis depth χ = clw can be computed 
from the following expression 
 
⎥⎦
⎤⎢⎣
⎡ −−== α
µ
βχ
811
2
1
D
c  
 
Where α and β are the stress block coefficients and µ is the dimensionless moment 
demand 
 
2'2' BDf
HV
BDf
M
c
eb
c
==µ  
 
The dimensionless neutral axis depth is approximated as χ=0.1. Lumping the tendons 
at the middle of the section and assuming a stress-block coefficient of β=0.67, the 
internal lever arm is estimated from the following 
 
 ( ) mmmljd wapprox 166,1067.015.25.0)1(5.0 =−⋅=−= βχ  
 
The tendon force required to achieve the design lateral capacity is determined 
 
 kN
mm
mmkN
jd
HVT
approx
eb
reqpt 924166,1
000,1198
, =⋅==  
 
Knowing that the strain in the tendon must not exceed 0.9εy (NZS3101 [2006]), the 
number of tendons required is 
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8
6.6
9915609.0
924
9.0 2,
,
=∴
>⋅⋅==
PT
ptypt
reqpt
pt
n
mmMPa
kN
Af
T
n
 
 
The total initial post-tensioned force is determined as the difference between the 
tendon force at the design rotation and the tendon force due to gap opening 
 
ptptpt
ub
w
reqptpt nAEl
l
TT
θ4.0
,0, −=  
 
kNmmGPa
mm
mmkNTpt 818899200000,15
%0.1500,24.0924 20, =⋅⋅⋅⋅⋅−=  
 
Note that in this example a) the elastic deformation is ignored, and b) the 
displacement profile is assumed linear; therefore the gap opening is equal to the drift, 
θ=1.0%. 
 
While these parameters may suffice for a quick design, it should be verified by a 
proper determination of the neutral axis depth involving translation equilibrium. The 
calculation below is based on the final iteration with a neutral axis depth of 
c = 289.2mm (χ = 0.116), where the initial post-tensioned force is reduced to 809kN. 
First, the decompression moment and curvature are calculated 
 
kNmmmkN
l
TM wptdec 3376
500,2809
60,
===  
 
15103.3 −−×= mdecφ  
 
The concrete compression force is calculated from the maximum concrete 
compression strain of 
 
 000798.02.289103.3
000,15
%0.133 15 =⎟⎠
⎞⎜⎝
⎛ ×+⋅=⎟⎟⎠
⎞
⎜⎜⎝
⎛ += −− mmm
mm
c
h dece
c φθε  
 
The concrete stress block coefficients are defined and the concrete compression force 
is calculated, 
 
 419.0000798.0
45
470075.0470075.0
'
=== c
cf
εα  
 
 β=0.67 
 
 kNmmmmMPactfC wcc 9102502.28967.045419.0
' =⋅⋅⋅⋅== βα  
 
The elongation in each tendon is determined  
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 ])5.0([ ,, iptwipt dl ±−=∆ χθ  
 
 mmmmmmpt 7.14]510)116.05.0(500,2%[0.11, =+−=∆  
 
 mmmmmmpt 5.4]510)116.05.0(500,2%[0.12, =−−=∆  
 
Similarly, the tendon strain, 
 
 
ub
iPT
ipt l
,
,
∆=∆ε  
 
 0,1, 9.000098.0000,15
7.14
ptypt
mm εεε −<==∆  
 
 0,2, 9.000030.0000,15
5.4
ptypt
mm εεε −<==∆  
 
The increase in tendon load is thus, 
 
 iptptptiptipt nAET ,,, ε∆=∆  
 
 kNmmGPaTpt 7.7749920000098.0
2
1, =⋅⋅⋅=∆  
 
 kNmmGPaTpt 8.2349920000030.0
2
1, =⋅⋅⋅=∆  
 
Equating force equilibrium 
 
 ∑ ≈−++=−= 09108.237.77809 kNkNkNkNCTF cpt  
 
The resulting moment capacity, 
 
 ipt
n
i
iptlwptn jdTjdTM ,
1
,5.00, ∑
=
∆+=  
 
Where the internal lever arms are defined as, 
 
 mmmmljd wlw 153,1)116.067.01(500,25.0)1(5.05.0 =⋅−⋅=−= βχ  
 
 mmdljd ptwpt 664,1)1(5.0 1,1, =+−= βχ  
 
 mmdljd ptwpt 692)1(5.0 1,2, =−−= βχ  
 
Therefore, 
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 kNmmkNmmkNmmkNM n 10796928.23664,17.77153,1809 =⋅+⋅+⋅=  
 
Thus satisfying the required lateral capacity at the target displacement of ∆d=110mm 
 
 b
e
n VkNkN
h
M
P >=== 1.98
000,11
1079  
 
Following the design of the post-tensioned reinforcement, the damper properties must 
be determined. A quick method (I) and a detailed method (II) are presented below 
depending on the level of accuracy required. 
 
 
I.  Design of the Supplementary Dampers (Quick Method) 
 
STEP 6-I. 
First, the parameter βvd is computed relating the global damping coefficient CVD to a 
local damping coefficient cvd.  
 
 ( ) 111.0
5.2
112514.0
5.1
)1( =⎟⎠
⎞⎜⎝
⎛⋅⋅=⋅==
−
+− αβ rvis
vd
VD
vd Anac
C
 
 
Hence, the local damping coefficient cvd can be computed 
 
 αααα
αα
β mmkNsmkNs
mkNsCc
vd
vd
vd /8.25/815111.0
/81.90 ====  
 
STEP 7-I. 
The EVD damping associated with velocity is computed 
 
129.005.015.0608.01 =+⋅=+Ω= elveleq b ξξ  
 
The spectrum reduction factors  
 
690.0
129.002.0
07.0
02.0
07.0 =+=+= veleqvel ξη
 
 
Therefore the design velocity vr (at the intermediate design displacement ∆r) is 
calculated as  
 
smm
s
mm
T
v
disp
vel
e
dr /2972
1
669.0
690.0
698.1
2110
2
12 =⎟⎠
⎞⎜⎝
⎛⋅=⎟⎟⎠
⎞
⎜⎜⎝
⎛∆= πη
ηπ  
 
STEP 8-I 
The final step estimates the average damper velocity. This allows the damper forces to 
be estimated for sizing and pricing issues. First, the internal lever jD arm to the 
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centroid of the resultant damper force is estimated. To avoid a detailed calculation the 
neutral axis depth is estimated as χ = c/lw = 0.15 while a stress block factor of β = 0.7 
is assumed. The resultant damper force is assumed to act at the middle of the section, 
hence jD is calculated as 
 ( ) mmljD w 12.1105.015.25.0)1(5.0 =−⋅=−= βχ  
 
The average damper design velocity can be estimated from Eq.(8.20)  
 
smmsmm
m
mv
H
jDv r
e
vd /30/29711
12.1 =⋅=≈  
 
Hence, the average viscous damper force (in each damper) 
 
 ( ) ( ) kNsmmmmkNsvcF vdvdivd 141/30/8.25 5.0, =⋅== ααα  
 
In summary, following a quick design, a damping coefficient of cvd = 25.8kNsα/mmα, 
with a velocity exponent of α = 0.5 is required to satisfy the design requirements. 
 
 
II.  Design of the Supplementary Dampers (Detailed Method) 
 
STEP 6-II to STEP 8-II 
While the quick design above may suffice in many applications, a detailed design 
verification based on the actual neutral axis depth of the section should be undertaken. 
This verification requires a double iteration on the neutral axis depth χlw = c and the 
local damper coefficient cvd. Iteration on the neutral axis depth χlw = c is required to 
satisfy force equilibrium while iteration on cvd is required to ensure the system 
damping CVD is equivalent to that required of design i.e. αα mkNsCVD /81.90= . The 
final iteration is presented having a neutral axis depth of 409.3mm (χ=0.164) and a 
local damper coefficient of αα mmkNscvd /45.23=  (both compare well with the quick 
design method). Note that the design verification is carried out at an intermediate 
design displacement of 2/dr ∆=∆  and therefore the base rotation is also reduced 
by the same amount i.e. 2/dr θθ = . The concrete compression strain and stress 
block factors are calculated, 
 
 000803.07.409103.3
000,15
%71.033 15 =⎟⎠
⎞⎜⎝
⎛ ×+⋅=⎟⎟⎠
⎞
⎜⎜⎝
⎛ += −− mmm
mm
c
h decw
r
c φθε  
 
 422.0000803.0
45
470075.0470075.0
'
=== c
cf
εα  
 
 667.0=β  
 
The concrete compression force, 
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 kNmmmmMPactfC wcc 12962507.409667.045422.0
' =⋅⋅⋅⋅== βα  
 
The elongation in each tendon is determined  
 
 ])5.0([ ,, iptwipt dl ±−=∆ χθ  
 
 mmmmmmpt 6.9]510)164.05.0(500,2%[71.01, =+−=∆  
 
 mmmmmmpt 3.2]510)164.05.0(500,2%[71.02, =−−=∆  
 
The increase in tendon load is thus, 
 
 iptptpt
ub
ipt
iptptptiptipt nAEl
nAET ,
,
,,,
∆=∆=∆ ε  
 
 kNmmGPa
mm
mmTPT 4.50499200000,15
6.9 2
1, =⋅⋅⋅=∆  
  
 kNmmGPa
mm
mmTpt 3.12499200000,15
3.2 2
2, =⋅⋅⋅=∆  
 
The force in the viscous dampers is related to the angular velocity of the base, which 
is related to the spectral velocity of the effective mass. The equivalent viscous 
damping used to reduce the spectral velocity 
 
 elsysvd
vel
eq a ξξξ += ,1  
 
Where for α=0.50 and a near-fault rupture mechanism 
 
 a1 =0.602 
 
with, 
 
 ξel =0.05 (5% elastic damping) 
 
Therefore, 
 
 veleqξ  =0.1271 
 
The damping reduction (velocity) factor (ηvel) is calculated, 
 
 690.0
1271.002.0
07.0
02.0
07.0 5.0
5.0
=⎟⎠
⎞⎜⎝
⎛
+=⎟⎟⎠
⎞
⎜⎜⎝
⎛
+= veleqvel ξη  
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The design velocity (at the reduced level of displacement) is calculated 
 
 smmmm
T
v
disp
vel
e
dr /9.2962
1
669.0
690.0
698.1
2110
2
12 =⎟⎠
⎞⎜⎝
⎛=⎟⎟⎠
⎞
⎜⎜⎝
⎛∆= πη
ηπ  
 
The corresponding rotational velocity of the base is equal to (ignoring elastic 
deformations), 
 
 srad
m
mm
H
v
e
r
r /027.0
11
9.296 ===•θ  
 
The velocity of each damper layer is calculated as, 
 
 ( )vdwivd dlv ±−= • )5.0(, χθ  
 
 smmmmmmvvd /5.36)510)164.05.0(500,2(027.01, =+−=  
 
 smmmmmmvvd /9.8)510)164.05.0(500,2(027.02, =−−=  
 
Therefore, the force within each damper layer, 
 
 ( )αivdvdivdivd vcnF ,,, ⋅⋅=  
 
 ( ) kNsmmmmkNsFvd 2.283/5.36/45.232 5.01, =⋅⋅= αα  
 
 ( ) kNsmmmmkNsFvd 1.140/9.8/45.232 5.02, =⋅⋅= αα  
 
Finally force equilibrium, 
 
 
012963.4238097.62
,,,
≈−++=
−++∆=
∑
∑ ∑∑
kNkNkNkNF
CFTTF civdoptipt  
 
While the calculation of the lateral capacity is not explicitly required, it will be useful 
to ensure capacity design of the precast wall element. The internal lever arms to each 
component is as follows, 
 
 mmmmljd wlw 113,1)164.067.01(500,25.0)1(5.05.0 =⋅−⋅=−= βχ  
 
 mmdljdjd ptwvdpt 623,1)1(5.0 1,1,1, =+−== βχ  
 
 mmdljdjd ptwvdpt 603)1(5.0 1,2,2, =−−== βχ  
 
Finally, the moment capacity 
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 ivd
j
i
ivdipt
j
i
iptlwptn jdFjdTjdTM ,
1
,,
1
,5.00, ∑∑
==
+∆+=  
 
 
kNmmmkNkN
mmkNkNmmkNM n
534,1603)1.1403.12(
1623)2.2834.50(1113809
=⋅++
⋅++⋅=
 
 
This next verification/iteration confirms that the system damping is consistent with 
that required of design i.e. αα mkNsCVD /81.90= .This is based on a rigorous analysis 
of the relationship between the system damping coefficient and the local damping 
coefficient (detailed calculations are presented in Appendix E), 
 
 vd
w
vd
vd
VD
vd h
jDn
c
C γβ ⋅⎟⎟⎠
⎞
⎜⎜⎝
⎛==  
 
From Eq.(E.12), for a rocking system with two sets of viscous dampers the net 
internal lever arm to the resultant viscous damper force is defined as, 
 
 
121
2,1,21
, +Φ
+⋅Φ==
−
−
∑
vdvd
ivd
vd jdjd
F
MjD  
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)5.0(
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−
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Therefore 
 
 mmmmmm
jdjd
jD vdvd 1286
1021.2
603623,1021.2
121
2,1,21 =+
+⋅=+Φ
+⋅Φ=
−
−  
 
The geometric velocity coefficient (γvd) is defined from Eq.(E.17) and reproduced 
below 
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Therefore the ratio between the average damper velocity and the system velocity is 
equal to, 
 
 ( ) 069.0262.0 21 === αγ vd
r
vd
v
v
 
 
Finally the system damping coefficient is computed from the local damping 
coefficient and compared with the value required from design. 
 
 123.0262.0
11
286.14 =⋅⎟⎠
⎞⎜⎝
⎛=⋅⎟⎟⎠
⎞
⎜⎜⎝
⎛=
m
m
h
jDn vd
w
vdvd γβ  
 
 ααααααβ mkNsmmkNsmmkNscC vdvdVD /81.90/872.2/45.23123.0 ==⋅==  
 
Convergence is satisfied as the actual system damping coefficient compares with that 
required of design. 
 
E.22                             D.J. Marriott.  The Development of High-Performance, Post-Tensioned Systems 
E6. REFERENCES 
NZS1170.5. (2004). "Structural Design Actions, Part 5: Earthquake actions." 
Standards New Zealand, Wellington. 
 
NZS3101. (2006). "Concrete Structures Standard: Part 1-The Design of Concrete 
Structures." Standards New Zealand, Wellington. 
 
 
 
 Appendix F 
F1. MANIPULATION OF THE SPECTRAL REDUCTION FACTOR FOR 
NEAR-FIELD COMPATIBILITY 
The exponent α in the spectral reduction factor of η in Eq.(F.1) takes on a value of 
α = 0.5 for far-field seismicity and 0.25 for near-field seismicity. The idea to 
manipulate this equation is to be able to use Eq.(F.1) with α = 0.5 for the design of 
near-field and far-filed ground motions: thus, utilising a common spectral reduction 
factor η. 
 
α
ξη ⎟⎟⎠
⎞
⎜⎜⎝
⎛
+= eq02.0
07.0  F.1 
 
Equating the two spectral reduction formulations to include only the hysteretic EVD 
 
5.025.0
, 07.0
07.0
07.0
07.0
⎟⎟⎠
⎞
⎜⎜⎝
⎛
+=⎟⎟⎠
⎞
⎜⎜⎝
⎛
+ hystDDBDhyst ξξ  
F.2 
 
Where: 
ξhyst,DDBD  = the EVD as calculated following the DDBD formulations of 
Eq.(9.8) 
ξhyst  = the manipulated EVD to be used within the spectral reduction 
formulation of Eq.(F.1) with α = 0.5 
 
By rearranging Eq.(F.2), the hysteretic component of EVD becomes 
 
( )[ ] 07.007.007.0 5.0, −+= DDBDhysthyst ξξ  F.3 
 
Note, when ξhyst,DDBD is equal to zero, ξhyst is also equal to zero. 
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F2. DESIGN EXAMPLE OF A POST-TENSIONED ROCKING SYSTEM 
WITH VISCOUS AND HSYTERETIC DAMPERS 
The following presents a worked example of a prototype rocking wall structure 
located in Wellington dominated by near-fault seismicity in Figure F.1. The seismic 
design spectrum is shown graphically in Figure F.2, with the numerical coordinates 
presented in Table F.1. A quick design example and a detailed design example are 
presented below. 
 
 
 
Figure F.1 Details of the prototype wall, worked example 
 
 
Structural wall details 
hw=15000mm (5 levels @ 3000mm) 
lw=2500mm 
tw=250mm 
Seismic mass, mi=20tonne 
Viscous damping properties 
Total number of viscous dampers, nvd=2 (1 location) 
Damping coefficient cvd=450kNsα/mα 
Non-linearity, α=0.50 
Design details 
Design PGA = 0.372 (zone factor z = 0.28, soil cat C) 
Target inter-storey drift: 1.5% 
Hysteretic damping properties 
Total number of hysteretic dampers, nms=4 (2 locations) 
Target moment ratio λ=1.0
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Figure F.2 NZS1170.5 [2004] elastic (5% damped) design spectrum. Zone factor z = 0.28, soil 
class C, return period 500years Ru = 1, 2km distance to fault, structural performance factor 
Sp = 1.0 
 
 
Table F.1 Coordinates for the elastic (5% damped) design spectrum for zone factor z = 0.28, soil 
class C, return period 500years Ru = 1, 2km distance to fault, structural performance factor 
Sp = 1.0 
Period, T [sec] Cd(T) [g] ∆d(T) [mm] 
0.0 0.372 0 
0.1 0.820 2 
0.2 0.820 8 
0.3 0.820 18 
0.4 0.662 26 
0.5 0.560 35 
0.6 0.488 44 
0.7 0.435 53 
0.8 0.394 63 
0.9 0.360 73 
1.0 0.333 83 
1.5 0.246 137 
2.0 0.207 206 
2.5 0.183 285 
3.0 0.168 375 
3.5 0.134 408 
4.0 0.111 441 
4.5 0.091 457 
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In this example, the design specifies a particular local damper properties, i.e. cvd and 
α. The Viscous-DDBD follows Design Method B in Figure 9.4 above. 
 
STEP 1 
For simplicity, elastic deformations are ignored in this design example; therefore, the 
inelastic first mode-shape is assumed to be linear: the SDOF target displacement is 
determined as 
 
 ∆d,ζ =165mm 
 
The effective mass and effective height are calculated 
 
 me =81,818kg 
 He =11000mm 
 
 
STEP 2 
The local-to-global damping constant βvd is first determined from Eq.(9.12) 
 
 ( ) ( )αβ +−⋅= 1rvisvd Ana  
 
For α = 0.50 
 
 a=0.514 
 ( ) ( ) 056.04.41514.0 5.01 =⋅= +−vdβ  
 
Following iteration and a more detailed calculation (discussed in Chapter 8), it is 
found that βvd=0.0606 (an initial error of 6.7%). The revised value of βvd is used here 
on. 
 
The global damping coefficient is computed from below 
 
 ααααβ mkNsmkNscC vdvdVD /3.27/4500606.0 =⋅==  
 
STEP 3 
An estimate of the base shear (Ke∆d, not including φBL,sys) is required to determine the 
critical damping Cc. An initial estimate of 0.1Wt provides a good first estimate; 
however, the converged value of 0.123Wt is used. The effective stiffness and hence 
critical damping is computed: 
 
 mkN
m
kNVK
d
b
e /730165.0
4.120 ==∆=  
 
 mkNsKmC eec /6.4882 ==  
 
Therefore the SDR Ω is defined from Eq.(9.11) 
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 0558.0
/6.488
/3.27 ===Ω
mkNs
mkNs
C
C
c
VD
αα
 
 
STEP 4 
The viscous damping component of EVD ξvd is determined from Eq.(9.10) 
 
 Ω= 1avdξ  
 
From Table 9.1, for α = 0.50 and near-fault seismicity, the coefficient a1 = 0.602. 
Therefore the viscous component of EVD 
 ( ) 034.00558.0602.010 ==Ω+= aavdξ  
 
STEP 5 
The hysteretic damping component of EVD ξhyst is defined from the displacement 
ductility µ∆ of the section using Eq.(9.6): 
 
 73.4
110015.048.0
5.2015.0
,
=⋅⋅
⋅==∆ m
m
HK
D
yyield
d
ε
θµ
θ
 
 
Hence, ξhyst is determined from Eq.(9.14): 
 
 ( ) ⎥⎥⎦
⎤
⎢⎢⎣
⎡
⎟⎟⎠
⎞
⎜⎜⎝
⎛
++⎟⎟⎠
⎞⎜⎜⎝
⎛ −+= debhyst cT
a 1111
1
1
µλξ  
 
While hysteresis parameters corresponding to a Ramberg-Osgood rule would 
normally be recommended for externally mounted steel yielding devices, the non-liner 
time-history verification is carried out with an elastic-perfectly-plastic (EPP) rule. 
Therefore, EPP parameters are used for ξhyst (note, iteration is required on the 
effective period, Te) 
 
 λ  = 1.0 
 a  = 0.224 
 b  = 0.336 
 c  = -0.002 
 d  = 0.250 
 Te  = 2.10s (confirmed later) 
 
 ( ) 083.0002.010.2
11
73.4
11224.0
0.11
1
25.0336.0 =⎥⎥⎦
⎤
⎢⎢⎣
⎡
⎟⎟⎠
⎞
⎜⎜⎝
⎛
−+⎟⎠
⎞⎜⎝
⎛ −+=hystξ  
 
The hysteretic damping is further reduced for near-field seismicity following 
Eq.(9.17). 
 
 ( )[ ] 034.007.0083.007.007.0 5.0 =−+=hystξ  
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STEP 6 
The elastic component of EVD ξel would normally be computed using Eq.(9.9); 
however, a constant damping model is used within the non-linear time-history 
verification. The elastic damping ξel is equal to 0.05 of critical damping, specified at 
the secant stiffness Ke to the target displacement.  
 
 05.0=elξ  
 
Therefore, the total EVD ξeq: 
 
 118.0034.0034.005.0 =++=eqξ  
 
The spectral reduction factor η: 
 
 743.0
118.002.0
07.0
02.0
07.0 =+=+= eqξη  
 
STEP 7 
The equivalent 5% damped displacement 
 
 mmdd 222.0743.0
165.0,
%5, ==
∆=∆ η
ξ  
 
Entering the 5% damped displacement spectrum to define the effective period 
 
 sec10.2=eT  
 
STEP 8 
The effective stiffness is computed 
 
 mkNkg
T
mk
e
e
e /73010.2
818,8144
2
222
=⋅== ππ  
 
 
The system base-shear reduction factor φBL,sys is weighted based on the proportion of 
the viscous and hysteretic component of EVD. The un-weighted base-shear reduction 
φBL for near-field ground motion is interpolated form Table 9.5: the interpolation is 
summarised in Table F.2 below. 
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Table F.2 φBL interpolation of Error! Reference source not found. 
 α=0.30 α=0.75 α=0.50 
 Ω=0.056 Ω=0.056 
Te=1.00s 0.724 0.747 0.734 
Te=2.25s 0.777 0.787 0.781 
Te=3.50s 0.841 0.853 0.846 
 
 
From Table F.2 the un-weighted reduction factor for Te = 2.10s, α = 0.5 and 
Ω = 0.0558 is equal to φBL = 0.776. Therefore, the weighted reduction factor φBL,sys is 
given by Eq.(9.25) 
 
908.0
034.0034.0
034.0)776.01(776.0)1(, =+−+=+−+= vdhyst
hyst
BLBLsysBL ξξ
ξφφφ  
 
Finally, the design base shear is computed 
 
 kNmmkNKV desysBLb 109165.0/730908.0, =⋅⋅=∆= φ  
 
STEP 9 
The critical damping ratio is re-computed and compared with the estimation in Step 1. 
The procedure is iterated until convergence is acceptable. The final iteration has been 
presented in this example 
 
 αα mkNsKmC eec /6.4882 ==  
 
This compares with the value used in Step 3. 
 
Section Design at the Target Displacement ∆d 
The next series of calculations are not explicitly described in the design method but 
are required to determine the specific number of post-tensioned tendons, the initial 
post-tensioning force and the amount of mild steel required to achieve the design base 
shear of Vb = 109.0kN and moment re-centring ratio λ = 1.0 at the target displacement 
∆d. Recalling that the velocity is zero at the target displacement; therefore, the viscous 
damper forces are zero. To determine the number of tendons, initial post-tensioned 
force and the mild steel reinforcement content required, an estimate on the 
dimensionless neutral axis depth χ = clw can be computed from the following 
expression 
 
 ⎥⎦
⎤⎢⎣
⎡ −−== α
µ
βχ
811
2
1
D
c  
 
Where α and β are the compression stress block coefficients and µ is the 
dimensionless moment demand defined as 
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( ) 01711.05.225.045
11109
22'2' =⋅⋅
⋅===
mmMPa
mkN
BDf
HV
BDf
M
c
eb
c
µ  
 
The dimensionless neutral axis depth is approximated as χ = 0.1. Lumping the 
tendons and mild steel at the middle of the section and assuming a stress-block 
coefficient of β = 0.67, the internal lever arm is estimated from the following 
 ( ) mmljd wapprox 116615.0 =−= βχ  
 
The tendon force required to achieve the required lateral capacity is determined from 
the over-turning moment VbHe and the required moment ratio λ 
 
kN
mm
mmkN
jd
HVT
approx
eb
reqpt 51611
1
166,1
000,11109
1,
=⎟⎠
⎞⎜⎝
⎛
+
⋅=⎟⎠
⎞⎜⎝
⎛
+= λ
λ  
 
Knowing that the strain in the tendon must not exceed 0.9εy (NZS3101 [2006]), the 
number of required tendons is estimated based on two tendons ducts 
 
4
7.3
9915609.0
505
9.0 2,
,
=∴
>⋅⋅==
PT
ptypt
reqpt
pt
n
mmMPa
kN
Af
T
n
 
 
The total initial prestress Tpt0 is determined as the difference between the tendon force 
at the design rotation and the tendon force due to gap opening 
 
 ptptpt
ub
w
reqptpt nAEl
l
TT
θχ )5.0(
,0,
−−=  
 
kNmmGPa
mm
mmkNTpt 436499200000,15
%5.1500,24.0516 20, =⋅⋅⋅⋅⋅−=  
 
The total required mild steel force is estimated from the over-turning moment demand 
and target moment ratio within the section. 
 
kN
mm
mmkN
jd
HVT
approx
eb
reqms 51611
1
166,1
000,11109
1
1
, =⎟⎠
⎞⎜⎝
⎛
+
⋅=⎟⎠
⎞⎜⎝
⎛
+= λ  
 
Given that 4 steel devices are located within the section, and assuming that all are 
yielding, the required bar diameter is calculated assuming a 15% increase in steel 
yield strength to account for strain hardening of the material. 
 
m
MPa
kN
fN
T
d
ymsms
reqms
b 022.030015.14
4516
15.1
4, =⋅⋅
⋅=⋅= ππ  
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Note that in this example a) the elastic deformation is ignored, and b) the 
displacement profile is assumed linear; therefore the gap opening is equal to the drift, 
θ=1.5%. 
 
While the computed design parameters above may suffice for a quick design, it should 
be verified by a proper determination of the neutral axis depth involving translation 
equilibrium. The calculation below is based on the final iteration with a neutral axis 
depth of c=254mm (χ=0.103), where the initial prestress was reduced to 420kN. 
First, the decompression moment and curvature are calculated 
 
15
0,
1060.1
175
6
500,2420
6
−−×=
===
m
kNmmmkNlTM
dec
w
ptdec
φ
 
 
The concrete compression force is then calculated from the maximum concrete 
compression strain of 
 
00104.02541060.1
000,11
%5.133 15 =⎟⎠
⎞⎜⎝
⎛ ×+⋅=⎟⎟⎠
⎞
⎜⎜⎝
⎛ += −− mmm
mm
c
h dece
c φθε  
 
The concrete stress block coefficients are defined and the concrete compression force 
is calculated, 
 
520.000104.0
45
470075.0470075.0
'
=== c
cf
εα  
 
 β=0.67 
 
 kNmmmmMPactfC wcc 101725025467.045520.0
' =⋅⋅⋅⋅== βα  
 
The elongation in each tendon is determined (each tendon duct is located 510mm 
from the centreline of the wall section) 
 
])5.0([ ,, iptwipt dl ±−=∆ χθ  
 
mmmmmmpt 6.22]510)103.05.0(500,2%[5.11, =+−=∆  
 
mmmmmmpt 3.7]510)103.05.0(500,2%[5.12, =−−=∆  
 
Similarly, the tendon strain, 
 
 
ub
iPT
ipt l
,
,
∆=∆ε  
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 0,1, 9.000151.0000,15
6.22
ptypt
mm εεε −<==∆  
 
 0,2, 9.000049.0000,15
3.7
ptypt
mm εεε −<==∆  
 
The increase in tendon load is thus, 
 
 iptptptiptipt nAET ,,, ε∆=∆  
 
 kNmmGPaTpt 7.5929920000151.0
2
1, =⋅⋅⋅=∆  
 
 kNmmGPaTpt 3.1929920000049.0
2
1, =⋅⋅⋅=∆  
 
Without going into the detail of calculating the displacement and elongation of the 
hysteretic dampers (mild steel TCY devices), the entire steel group is lumped at the 
centre of the section and assumed to have a yield capacity of 1.15fyms. 
 
 kNMPafANT ymsmsmsms 51730015.14
022.0415.1
2
=⋅⋅== π  
 
Equating force equilibrium 
 
 ∑ ≈−+++=−+= 010175173.197.59420 kNkNkNkNkNCTTF cmspt  
 
The resulting moment capacity, 
 
 lwmsipt
n
i
iptlwptn jdTjdTjdTM 5.0,
1
,5.00, +∆+= ∑
=
 
 
Where the internal lever arms are defined as, 
 
 mmmmljd wlw 164,1)103.067.01(500,25.0)1(5.05.0 =⋅−⋅=−= βχ  
 
 mmdljd ptwpt 674,1)1(5.0 1,1, =+−= βχ  
 
 mmdljd ptwpt 654)1(5.0 1,2, =−−= βχ  
 
Therefore, 
 
 
kNmmmkNmmkN
mmkNmmkNM n
120311645176543.19
674,17.59164,1420
=⋅+⋅+
⋅+⋅=  
 
Thus, satisfying the required lateral capacity at the target displacement  
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And satisfying the moment ratio required of design 
 
 0.1
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601 ==+=
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M
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Nptλ  
 
 
I.  Design of the Supplementary Dampers (Quick Method) 
 
STEP 10-I. 
The EVD damping associated with velocity is computed from Eq.(9.19) 
 
 Ω++= 1bhystelveleq ξξξ  
 
The coefficient b1 is listed in Table 9.1. For a = 0.5 and near-field seismicity, 
b1 = 0.526, hence 
 
 113.00558.0526.0034.005.0 =⋅++=veleqξ  
 
The spectral velocity reduction factor is defined by Eq.(9.21) 
 
738.0
113.002.0
07.0
02.0
07.0 =+=+= veleqvel ξη  
 
Therefore, the design velocity vr (at the intermediate design displacement ∆r) is 
calculated from Eq.(9.21) 
 
smmmm
T
v
disp
vel
e
dr /3462
1
743.0
738.0
10.2
2165
2
12 =⎟⎠
⎞⎜⎝
⎛=⎟⎟⎠
⎞
⎜⎜⎝
⎛∆= πη
ηπ  
 
STEP 11-I 
The final step estimates the average damper velocity. This allows the damper forces to 
be estimated for sizing and pricing issues. First, the internal lever jD arm to the 
centroid of the resultant damper force is estimated. To avoid a detailed calculation the 
neutral axis depth is estimated as χ = c/lw = 0.15 while a stress block factor of β = 0.7 
is assumed. The resultant damper force is assumed to act at the middle of the section, 
hence jD is calculated as 
 ( ) mmljD w 12.1105.015.25.0)1(5.0 =−⋅=−= βχ  
 
The average damper design velocity can be estimated from Eq.(9.24) 
 
smmsmm
m
mv
H
jDv r
e
vd /35/34611
12.1 =⋅=≈  
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Hence, the average viscous damper force (in each damper) 
 
 ( ) ( ) kNsmmkNsvcF vdvdivd 84/035.0/450 5.0, =⋅== ααα  
 
In summary, following a quick design, a damper coefficient of cvd = 450kNsα/mα, 
with a velocity exponent of α = 0.5 is required to satisfy the design requirements. 
 
 
I.  Design of the Supplementary Dampers (Detailed Method) 
 
STEP 10-II to STEP 11-II 
The method to design the supplementary dampers for a hysteretic-viscous system is 
slightly different to a pure viscous post-tensioned system presented in Chapter 8 for 
two reasons: 1) the addition of the mild steel dampers must be considered within the 
section equilibrium, 2) the design has a specified value of damping, cvd = 450kNsα/mα 
as opposed to a specified supplementary damping ratio Ω. With this said, the 
procedure requires iteration to ensure that the global damping coefficient CVD used in 
the design calculations of Step 2-Step 9 is compatible with that computed following a 
detailed section analysis. That is, following a detailed section analysis the global 
damping coefficient CVD must agree with that used during design in Step 2. 
The following calculations step through the section analysis based on a converged 
neutral axis depth of χ=0.126 (314mm). Note that the design verification is carried 
out at an intermediate design displacement of 2/dr ∆=∆ , therefore, the base rotation 
is reduced by the same amount i.e. 2/dr θθ = . The concrete compression strain and 
stress block factors are calculated, 
 
 00091.0314106.1
000,11
%06.133 15 =⎟⎠
⎞⎜⎝
⎛ ×+⋅=⎟⎟⎠
⎞
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 48.000091.0
45
470075.0470075.0
'
=== c
cf
εα  
 
 67.0=β  
 
The concrete compression force, 
 
 kNmmmmMPactfC wcc 111925031467.04548.0
' =⋅⋅⋅⋅== βα  
 
The elongation in each tendon is determined  
 
 ])5.0([ ,, iptwipt dl ±−=∆ χθ  
 
 mmmmmmpt 3.15]510)126.05.0(500,2%[06.11, =+−=∆  
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 mmmmmmpt 5.4]510)126.05.0(500,2%[06.12, =−−=∆  
 
The increase in tendon load is thus, 
 
 iptptpt
ub
ipt
iptptptiptipt nAEl
nAET ,
,
,,,
∆=∆=∆ ε  
 
 kNmmGPa
mm
mmTPT 40299200000,15
3.15 2
1, =⋅⋅⋅=∆  
 
 kNmmGPa
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mmTpt 12299200000,15
5.4 2
2, =⋅⋅⋅=∆  
 
Again, the force contribution of the mild steel dampers is computed assuming the 
stress in the mild steel is equal to 1.15fyms 
 
 kNMPafANT ymsmsmsms 51730015.14
022.0415.1
2
=⋅⋅== π  
 
The force in the viscous dampers is related to the angular velocity of the base, which 
is related to the spectral velocity of the effective mass. The equivalent viscous 
damping used to reduce the spectral velocity differs from that used to reduce the 
spectral displacement and is discussed in Chapter 8. For spectral velocity, the viscous 
component of EVD velvdξ is computed 
 
 Ω= 1bvelvdξ  
 
Where for α = 0.50 and a near-fault rupture mechanism 
 
 b1  =0.526 
 
Therefore, the viscous damping component of EVD to reduce the velocity spectrum, 
 
029.0)0558.0(526.0 ==velvdξ  
 
The total EVD used to reduce the velocity spectrum, 
 
 113.0034.0029.005.0 =++=veleqξ  
 
The spectral velocity reduction factor ηvel is calculated, 
 
 738.0
113.002.0
07.0
02.0
07.0 5.0
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=⎟⎠
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⎛
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The design velocity (at ∆r) is calculated, 
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The corresponding rotational velocity of the base is equal to, 
 
 srad
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h
v
e
r
r /0315.0
11000
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The velocity of each damper layer is calculated as, 
 
 ( )vdwivd dlv ±−= • )5.0(, χθ  
 
 smmmmvvd /21))126.05.0(500,2(0315.01, =−=  
 
Therefore, the force within each damper layer, 
 
 ( )αivdvdivdivd vcnF ,,, ⋅⋅=  
 
 ( ) kNsmmmkNsFvd 130/21/4502 5.01, =⋅⋅= αα  
 
Finally, force equilibrium, 
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≈−+++=
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CFTTTF civdmsiptopt  
 
While the calculation of the lateral capacity is not explicitly required, it will be useful 
to ensure capacity design of the precast wall element is satisfied. The internal lever 
arm to each component is as follows, 
 
 mmmmljd wlw 144,1)126.067.01(500,25.0)1(5.05.0 =⋅−⋅=−= βχ  
 
 mmdljdjd ptwvdpt 654,1)1(5.0 1,1,1, =+−== βχ  
 
 mmdljdjd ptwvdpt 634)1(5.0 1,2,2, =−−== βχ  
 
Finally, the moment capacity 
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This next verification confirms that the system damping is consistent with used in 
Step 2 of design, i.e. Ω  = 0.0558. The procedure and equations used have been 
presented in detail in Appendix E and discussed in Chapter 8. The global-to-local 
damping constant is given below 
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The supplementary damping ratio, SDR is given by 
 
 
c
vdvd
c
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C
c
C
C β==Ω  
 
For a rocking system with a single layer of viscous dampers the internal lever arm to 
the centroid of the damper force is trivial, 
 
 mmmmljdjD w 1143)126.067.01(25005.0)1(5.0 =⋅−⋅=−== βχ  
 
The geometric velocity coefficient γvd is defined in Chapter 8 and reproduced below 
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While not required, the ratio of the system velocity to the damper velocity can be 
computed 
 
 ( ) 085.0292.0 21 === αγ vd
r
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v
v
 
 
The local-to-global damping constant βvd is computed 
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Finally, the SDR Ω is computed and compared with that used during design 
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Convergence is therefore satisfied as the actual SDR compares with the value used in 
design. 
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 Appendix G 
G1. DESIGN EXAMPLE OF A POST-TENSIONED ROCKING BRIDGE 
SYSTEM WITH VISCOUS AND HYSTERETIC DAMPERS 
The six span system of Bridge 5 is designed for a near-field seismic hazard. The piers 
contain non-linear viscous dampers and hysteretic dampers.  
 
 
1. Non-linear viscous dampers properties: 
 Damping coefficient of the fluid viscous dampers (FVD’s), cvd=7500kNsα/mα 
 Damper linearity, α=0.5 
 Total number of fluid viscous dampers at each rocking section, nvd=4 
 Number of damper layers at each rocking section, nvis=2 
  
2. Hysteretic damper properties: 
 Target moment ratio, λ=1.0 
 
The target displacement is governed by the 8m pier corresponding to an arbitrary 
lateral drift of 1.64%. While the design procedure is iterative, only the final iteration 
is presented. In fact, the full procedure requires a triple iteration: the first iteration 
deals with the deformed shape of the bridge, the second considers the proportion of 
base-shear resisted by the superstructure, while the third iteration uses the converged 
value of critical damping to determine the viscous damper contribution to EVD. A 
computer code is written in Matlab to deal with such an iterative procedure. 
 
The converged proportion of base-shear resisted by the superstructure is x=0.097, 
while the converged displaced shape is given by: 
 
 0383.0822.01822.0383.00=φ  
 
L1=30m Li=40m Wdeck=395kN/m 
Ideck=90m4 
H1=4m 
H3=10m 
H2=8m 
D=B=2m 
G.2                             D.J. Marriott.  The Development of High-Performance, Post-Tensioned Systems 
This corresponds to a displaced shape of: 
 
 [ ]mi 00689.01479.018.01479.00689.00=∆  
 
The mass along the bridge: 
 
 [ ]tonnemi 60414091611161116111409604=  
 
The displacement of the effective mass: 
 
 m
m
m
ii
ii
d 1416.0
2
=∆
∆=∆ ∑
∑  
 
The effective mass: 
 
kg
m
m
d
ii
e 6783=∆
∆= ∑  
 
Elastic component of EVD 
The elastic damping of the superstructure and of the piers is taken as 
ξss = ξel,piers = 0.05. Therefore, the elastic damping is trivial: 
 
05.0=elξ  
 
Calculation of the equivalent viscous damping 
From the local damping properties (cvd, α), the global damping coefficient is 
determined for each pier at the location of the effective mass CVD,i and weighted to 
define the total system damping coefficient CVD to be used in the calculation of the 
EVD. The aspect ratio of each pier is first computed: 
 
 [ ]24542=rA  
 
The damping constant βvd is computed for each pier from Eq.(10.21): 
 
 ( ) ( )αβ +−⋅= 1rvisvd Ana  
 
For α = 0.5 the coefficient a = 0.514, therefore: 
 
 [ ]363.0129.0092.0129.0363.0, =ivdβ  
 
It should be recognised, following the design of the bridge, a section analysis should 
be carried out on each pier to confirm the actual value of βvd,i as outlined in the 
worked example of Chapter 8. The damping coefficient at the effective height of each 
pier is computed from Eq.(10.20): 
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ivd
iVD
ivd c
C
,
,
, =β  
 
Therefore: 
 
 [ ] αα mkNsC iVD /27269646909642726, =  
 
The system damping coefficient is weighted according to Eq.(20.22): 
 
 
( )
( ) ααα
α
mkNs
C
C
d
piersi
i
iiVD
VD /48951
1
1
,
=∆
∆
= +
=
=
+∑
 
 
The effective stiffness Ke is required to compute the critical damping Cc of the system. 
This can be computed by estimating the base shear of the system (not including φBL). 
Recalling, an initial estimate of 0.1Wt will provide a good first estimate to compute 
the effective stiffness Ke. The converged value of Ke = 60826kN/m is used. 
 
 mkNKe /60826=  
 
 mkNsKmC eec /406232 ==  
 
The supplementary damping ratio is computed 
 
 120.0
/40623
/4895 ===Ω
mkNs
mkNs
C
C
c
VD
αα
 
 
Finally, the viscous component of EVD can be computed from Eq.(20.23). For α=0.5 
and near-field ground motions, the coefficient is equal to a1=0.602. 
 
0722.0)120.0(602.01 =⋅=Ω⋅= avdξ  
 
Calculation of the hysteretic component of EVD 
First, the displacement ductility is computed for each pier from Eq.(10.14) with 
Kθ,yield = 0.50 and εy = 0.0015: 
 [ ]5.112.68.42.65.11=iµ  
 
The hysteretic component of EVD is determined from Eq.(10.25) with the following: 
 
 ( ) ⎥⎥⎦
⎤
⎢⎢⎣
⎡
⎟⎟⎠
⎞
⎜⎜⎝
⎛
++⎟⎟⎠
⎞
⎜⎜⎝
⎛ −+= debiiihyst cT
a 1111
1
1
, µλξ  
 
 λ  = 1.0 
 a  = 0.224 
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 b  = 0.336 
 c  = -0.002 
 d  = 0.250 
 Te  = 2.10s (confirmed later) 
 
Resulting in: 
 
 [ ]0437.00371.00338.00371.00437.0, =ihystξ  
 
The hysteretic damping is weighted based on the proportion of shear resisted by each 
pier. This is distributed according to 1/H and the proportion of base shear resisted by 
the superstructure x. 
 
0859.0
)/1(
)/1(
)1(
)/1(
)/1(
)1(
1
1
,
=
∆−
∆−
=
∑∑
∑∑
=
=
n
i
ii
i
n
i
ihystii
i
hyst
H
H
x
H
H
x ξ
ξ  
 
A near-field damping reduction is applied using Eq.(10.26): 
 
 ( )[ ] 0341.007.007.007.0 5.0, =−+= DDBDhysthyst ξξ  
 
Therefore, the total EVD ξeq: 
 
 151.00667.00341.005.0 =++=++= vdhysteleq ξξξξ  
 
The spectral reduction factor η: 
 
 64.0
151.002.0
07.0
02.0
07.0 =+=+= eqξη  
 
The equivalent 5% damped displacement: 
 
 mmdd 221.064.0
1416.0,
%5, ==
∆=∆ η
ξ  
 
Entering the 5% damped displacement spectrum, the effective period is determined: 
 
 sec10.2=eT  
 
The effective stiffness is computed: 
 
 mkNtonne
T
mk
e
e
e /6082610.2
678344
2
222
=⋅== ππ  
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The critical damping ratio can be computed and compared with that used to calculate 
the SDR above. 
 
 αα mkNsKmC eec /406232 ==  
 
The value of Cc compares with that used above. The applied loads are computed from 
Eq.(10.10): 
  
 ∑ ∆
∆∆=
ii
ii
dei m
mKP  
 
Where:  
 
 [ ]kNPi 871213726002137871=  
 
The loads are applied to a structural model representing the effective stiffness at the 
target displacement. The effective stiffness of each pier is computed from Eq.(10.12) 
and Eq.(10.13): 
 
 
⎟⎟
⎟⎟
⎠
⎞
⎜⎜
⎜⎜
⎝
⎛
∆
∆−=∆= ∑
=
n
i
i
i
i
de
i
i
i
H
HK
x
V
K
1
/1
/1
)1(  
 
 [ ] mkNKi /2926568144480681429265=  
 
The structural model is constructed as follows: 
 
 
Figure G.1 Structural model of Bridge 5 
 
From the output of the structural analysis the displaced shape is extracted and 
verified/updated with that used in the initial stages of design. 
 
 [ ]mi 00689.01479.018.01479.00689.00=∆  
4480kN/m 
E=30GPa 
Iyy=90m4 
6814kN/m 
29265kN/m 
871kN 2137kN 
2600kN
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Furthermore, the total reaction force at the abutments is extracted and found to equal 
0.097Vb, that is, x=0.097. Convergence is satisfied as all three iteration parameters 
have converged, i.e. the critical damping ratio Cc, the displaced shape ∆i and the 
reactions at the abutments x. 
 
Base shear reduction factor 
The base shear reduction factor φBL,sys is weighted based on the proportion of the 
viscous and hysteretic component of EVD and on the proportion of base shear resisted 
by the superstructure x. The un-weighted base-shear reduction factor φBL factor for 
near-field ground motion is reproduced from Chapter 8 below in Table G.1. The 
interpolation of Table G.1 for Ω = 0.120 and α = 0.50 is given below in Table G.2. 
 
 
Table G.1 Base shear reduction factors φBL: Near-field 
α=0.30 α=0.75  
 Ω=0.05 Ω=0.30 Ω=0.05 Ω=0.30 
Te=1.00s 0.722 0.803 0.745 0.838 
Te=2.25s 0.775 0.861 0.784 0.896 
Te=3.50s 0.840 0.882 0.852 0.898 
 
 
Table G.2 φBL interpolation of Table G.1 
 α=0.30 α=0.75 α=0.50 
 Ω=0.120 Ω=0.120 
Te=1.00s 0.745 0.771 0.757 
Te=2.25s 0.799 0.816 0.807 
Te=3.50s 0.852 0.865 0.858 
 
 
Hence, the un-weighted base-shear reduction factor φBL from Table G.2 with Te=2.10s 
is given 
 
 800.0=BLφ  
 
The weighted system base shear reduction factor φBL,sys is computed from Eq.(10.36): 
 
( )
( )
881.0
097.0097.01
0667.00341.0
0341.0)800.01(800.0
1)1(
,
,
,
=
+−⎥⎦
⎤⎢⎣
⎡
+−+=
+−⎥⎥⎦
⎤
⎢⎢⎣
⎡
+−+=
sysBL
sysBL
vdhyst
hyst
BLBLsysBL xx
φ
φ
ξξ
ξφφφ
 
 
Finally, the design base-shear Vb of the system is computed: 
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 kNmmkNKV desysBLb 75861416.0/60826881.0, =⋅⋅=∆= φ  
 
The final shear distribution within each of the piers, representing the design shear, is 
given by Eq.(10.12): 
 
⎟⎟
⎟⎟
⎠
⎞
⎜⎜
⎜⎜
⎝
⎛
⋅−=
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⎠
⎞
⎜⎜
⎜⎜
⎝
⎛
∆−=
∑∑
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i
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i
i
i
desysBLi
H
H
kN
H
H
KxV
11
,
/1
/1
7586)097.01(
/1
/1
)1( φ  
 
 [ ]kNVi 2016100880610082016=  
 
The shear at the abutments is given by: 
 
 kNkNxVV babut 3667586097.05.05.0 =⋅⋅==  
 
A summary of this design is presented in Table G.3 
 
 
Table G.3 Summary of bridge design 
 Abut 1 Pier 1 Pier 2 Pier 3 Pier 4 Pier 5 Abut 2 Sum = 
Hi  4 8 10 8 4   
mi 604 1409 1611 1611 1611 1409 604 8858 
∆i  0.0689 0.1479 0.180 0.1479 0.0689   
Ar  2 4 5 4 2   
βvd  0.363 0.129 0.092 0.129 0.363   
cvd  2726 964 690 964 2726   
       CVD = 4895 
       ξvd = 0.0667 
µi  11.5 6.2 4.8 6.2 11.5   
ξhyst,i  0.0437 0.0371 0.0338 0.0371 0.0437   
       ξhyst = 0.0341 
Vi 366 2016 1008 806 1008 2016 366 7586 
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G2 DERIVATION OF THE WEIGHTING FUNCTION TO DETERMINE 
THE SYSTEM DAMPING COEFFICIENT CVD 
 
 
Figure G.2 Equating the work done between MDOF and SDOF system 
 
The energy dissipated within each pier is the integral of the viscous force-
displacement response over one cycle. 
 
∫∫
=
=
•∆=∆
=∆
∆=∆=
ei Tt
t
ivdivdi dtttFdtFE
0
,
0
, )()()(4  G.1 
 
Where 
 Fvd,i(t) is the viscous component of lateral resistance of pier i at time t. 
 ∆i is the maximum displacement of pier i. 
 )(t
•∆  is the velocity of pier i at time t. 
 Te is the effective period of the system. 
 
Equating the dissipated energy of the MDOF system to the dissipated energy of the 
SDOF system 
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Considering harmonic motion, the velocity of pier i at time t is given by 
 
)cos()( ttv i ⋅⋅∆= ωω  G.3 
 
Therefore, by substitution into Eq.(G.2) and some rearrangement 
 
[ ]
( ) [ ]∫∑
∑∫
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=
++
=
=
+
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⎡ ∆⋅=
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Similarly, for the SDOF system 
 
( ) [ ]∫ == ++ ⋅∆= 4/0 11 )cos(4 TttdVDSDOF dttCE αα ωω  G.5 
 
Equating the energy between the MDOF and SDOF system defines the weighted 
damping coefficient CVD of the system. 
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G3. DETAILS AND FORMULATION OF AN ELASTIC DAMPING, 
DASHPOT MODEL 
The main idea for implementing a physical damping model consisting of viscous 
dashpots at each DOF, as opposed to a traditional damping model, was to isolate any 
errors between the proposed design procedure and the THA response to the specific 
calibration carried out in this research. That is, if the design of the prototype bridges is 
undertaken accounting for the elastic damping correction factors proposed by Grant et 
al. [2005] combined with the THA being carried out using a tangent stiffness damping 
model, it would be difficult to ascertain how much error is associated with the elastic 
damping calibration of Grant et al. [2005] (if any) and how much is associated with 
the calibration associated with this research. 
Generalised versus Effective SDOF Parameters 
Before going into the details of the damping model, a number of key relationships are 
presented relating the effective and generalised SDOF parameters. The inelastic first 
mode shape φ in Eq.(G.7) is normalised such that the largest term in the vector is 
equal to 1.0 (this normalisation is different to that used in the DDBD procedure where 
φi = 1.0 at the location of the critical pier). The inelastic displacement profile is 
therefore defined as: 
 
{ } { }Yφ=∆  G.7 
 
Where, Y is the displacement of the largest term in the vector {∆}. The displacement 
of the effective mass is given by: 
 
Γ==∆
∆=∆ ∑∑∑∑
YY
m
m
m
m
ii
ii
ii
ii
d φ
φ 22  G.8 
 
Where, Γ is the participation factor of the ith mode (in this case, the inelastic first 
mode), which can be explicitly defined as: 
 
{ } [ ]{ }
{ } [ ]{ }φφ
φ
M
rM
T
T
=Γ  G.9 
 
Where, {r} is the influence vector. The effective mass me is given by: 
 
( ) ( ) ∑∑∑ Γ=∆=∆
∆= 2222
2
2
2
ii
d
ii
d
ii
e mY
mm
m φφ  G.10 
 
Hence, the relationship between the effective mass me and the generalised mass M* is 
given by: 
 
*2Mme Γ=  G.11 
 
Appendix G  G.11 
Similarly, the effective stiffness Ke is related to the generalised stiffness K* by: 
 
( ) ( ) ∑∑∑ Γ=Γ=∆=∆
∆= *22222
2
2
2
KkY
kk
K ii
d
ii
d
ii
e φφ  G.12 
 
This is further confirmed through the following: 
 
*2*
*
2
M
K
m
K
M
K e
e
e
Γ===ω  G.13 
 
Therefore: 
 
*2 KKe Γ=  G.14 
 
Finally, the effective damping is related to the generalised damping in the following 
way 
 
*2*2*2*222 CCKMKmC ceee Γ=Γ=ΓΓ== λλλ  G.15 
 
Therefore, the effective SDOF parameters (me, Ke, Ce) are related to the generalised 
SDOF parameters (M*, K*, C*) by the participation factor squared Γ2. 
Elastic Damping, Dashpot Model 
In this method a Rayleigh damping matrix (Chopra [2001]) is computed; the diagonal 
terms are extracted and manipulated such that the effective damping Ce of the MDOF 
system is equivalent to the damping of the SDOF substitute structure. 
 
Two modes need to be specified to generate the Rayleigh damping matrix; the first 
mode is the inelastic first mode (effective properties specified at the target 
displacement), while the second mode is the elastic (fundamental) mode (note Te>T1). 
At each mode a percentage of critical damping must be specified. The percentage of 
critical damping within the effective mode Te is specified as the elastic damping of the 
bridge ξel, while the percentage of critical damping in the fundamental mode T1 is 
computed such that the effective damping coefficient in the fundamental mode C1 is 
equal to the effective damping coefficient in the effective mode Ce. That is: 
 
e
eee T
mCC πξ 221 ⋅⋅==  G.16 
 
Therefore, the damping ratio in the fundamental mode is computed as: 
 
e
e
e
T
T
M
m ξξ 1
1
*
1
1 Γ=  G.17 
 
It should be recognised that 1
*
1 ΓM  is the effective mass in the fundamental mode T1. 
The Rayleigh damping matrix is computed from the well known formulation: 
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[ ] [ ] [ ]KaMaC 21 +=  G.18 
 
The Rayleigh damping coefficients a1 and a2 are computed from the following: 
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ξ
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The diagonal terms are extracted from [C] resulting in the diagonal matrix [C]diag. 
Isolating the diagonal terms in the damping matrix takes on a similar form to mass 
proportional damping. By extracting only the diagonal terms within the damping 
matrix, some damping can be lost if the off-diagonal terms Cij are similar in 
magnitude to the diagonal terms Cii . Therefore, to account for the possible reduction 
in effective damping, the factor cdamp is computed as a ratio of the damping within the 
SDOF substitute structure Ce to the effective damping formed from the diagonal 
damping matrix [C]diag within the MDOF system. 
 
{ } [ ] { } 2Γ= φφ diagT
e
damp C
C
c  G.20 
 
Where, φ is the inelastic first mode shape. Finally, the diagonal Rayleigh damping 
matrix representing the elastic damping of the structure is computed from: 
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Where Cel,i is the elastic damping coefficient located at DOF i. It can be appreciated 
that this formulation gives a distribution of damping which is similar to the proportion 
of mass along the system. 
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